THE W~'?» NEUMANN PROBLEM FOR HIGHER ORDER
ELLIPTIC EQUATIONS
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ABSTRACT. We solve the Neumann problem in the half space Rfrl, for higher
order elliptic differential equations with variable self-adjoint ¢-independent co-
efficients, and with boundary data in the negative smoothness space W—17p7
where max(0, % — % —e) < % < % Our arguments are inspired by an argument
of Shen and build on known well posedness results in the case p = 2.

We use the same techniques to establish nontangential and square function
estimates on layer potentials with inputs in LP or WEbLP for a similar range
of p, based on known bounds for p near 2; in this case we may relax the

requirement of self-adjointess.
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1. INTRODUCTION

In this paper we study the Neumann boundary value problem and layer potentials
for higher order elliptic differential operators of the form

(1.1) Lu=(-1)" Y 0%(Aapd’u),

loe|=]B]=m
where m is a positive integer, and with coefficients A that are t-independent in the
sense that

(1.2) A(z,t) = A(z,s) = A(x) for all z € R™ and all s, t € R.

Our coefficients may be merely bounded measurable in the n horizontal vari-
ables. We remark that ¢-independent coefficients have been studied extensively
in the second order case (the case 2m = 2). See, for example, [JK81a, KP93,
KKPTO00, KR09, Rul07, AAHO08, AAM10, AAAT11, Bar1l3, HKMP15b, HKMP15a,
HMM15b, BM16b, MM16, AS16, MM17, AA18, AM19]. t-independent coefficients
in the higher order case have received much more limited study; Hofmann and
Mayboroda together with the author of the present paper have begun their study
in [BHM17,BHM19a, BHM19b, BHM 18, BHM20].

Specifically, in [BHM18], we established the following result. Suppose that L is
an operator of the form (1.1) associated to coefficients A that are ¢-independent,
bounded, self-adjoint in the sense that Ang = Agn whenever |a| = || = m, and
satisfy the ellipticity condition

(1.3) Re/ Z Do (0,1) Anp(2) 072, 1) d > AV (]2 ey
la|=|8|=

forall t € R, all p € C’g" (R"*1), and some A > 0 independent of ¢t and ¢. Then
for every ¢ € L?(R™) there is a solution w, unique up to adding polynomials of
degree m — 1, to the L? Neumann problem

Lw=0in R:‘_H,

(1.4) M} w> g,
A (tV" 0yw) | L2 (mm) + igg“vmw( S)llzeey < Clldllp2@ny-

Here A7 is the Lusin area integral given (in Ri“) by

dy dt
(1.5) ASH(z (/ / |2ty+1> for all z € R".
|z— y\<t

We adopt the convention that if a ¢ appears inside the argument of a tent space
operator such as A7, then it denotes the (n + 1)th coordinate function.

1\'/12 w denotes the Neumann boundary values of w, and is the equivalence class
of functions given by

(1.6) g € M} w if Z o(x,0) gy(z) de = Z /]R"+1 %9 Anp 0%w

]R'H,
ly[=m—1 la]=[B]=m

for all smooth test functions ¢ that are compactly supported in R"*!. An inte-
gration by parts argument shows that the right hand side depends only on the
behavior of ¢ near the boundary, and so Mzw is well defined as an operator on
the space {Vm’1g0|0Ri+1 tp € C°(R™1)}. In the second order case 2m = 2,
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Mj{lw consists of a single function or distribution; however, if m > 2, then by
equality of mixed partials MX w contains many arrays of distributions, and so is
indeed an equivalence class. This is the formulation of Neumann boundary data
used in [Barl7, BHM17, BHM19b, BHM18, BHM20], and is closely related to the
Neumann boundary values for the bilaplacian in [CG85, Ver05, She07, MM13a] and
for general constant coefficient systems in [MM13b, Ver10]. We refer the reader
to [BM16a,BHM17] for further discussion of higher order Neumann boundary data.

Let W14(R") denote the homogeneous Sobolev space in R™ with lellviramny =
[V¢llLa@n), where V| denotes the gradient in R™ (rather than R™*!). If 1/p +
1/p =1, let W~1P(R™) be the dual space (W' (R"))* to W1 (R"). A second
result of [BHM18] is that for every g in the negative Sobolev space W~12(R"),
there is a solution v, unique up to adding polynomials of degree m — 2, to the
W12 Neumann problem

Lv =0in R},
(1.7) M} >4,
A3 (V™ 0) || L2 (mny + igg”vm_lv( Sy < Cllgllvi-1.2®ny-

In this case the definition of MZ’U is more delicate, because Vv need not be
locally integrable up to the boundary of R’_ﬁ“. We refer the reader to [BHM19b,
Section 2.3.2] for the precise formulation of the Neumann boundary values M v
of a solution v to Lv = 0 with AJ (tV™v) € L*(R™).

The main result of the paper [BHM20] was that the solutions w and v to the
problems (1.4) and (1.7) also satisfy the estimates

(1.8) [IN: (V™" 0) | L2@ny < Clldllyir-12gnys  IN+(V™0)|[L2@n) < Cllg ey,

where N, is the modified nontangential maximal operator introduced in [KP93]
and given (in the half space) by

N 1/2
(1.9) NyH(x)= sup{ (][ |H(z,t)|2dzdt> 15> 0, |z —y|l < 8}
B((y,),5/2)

We remark that if A is t-independent, then N, (V™ 'v) € L2(R") is a stronger
statement than sup,o||V™ (-, 1)||L2rn) < 00; see [BHM19a, Lemma 3.20], re-
produced as Lemma 3.2 below.

The first of the two main results of the present paper is the following theorem.

Theorem 1.10. Suppose that L is an elliptic operator of the form (1.1) (in the
weak sense of formula (2.7) below) of order 2m associated with coefficients A that
are bounded, t-independent in the sense of formula (1.2), self-adjoint (that is,
Anp(z) = Apa(z) for all || = |B8] = m and all x € R™), and satisfy the ellip-
ticity condition (1.3).

Then there is some € > 0 depending only on the dimension n+ 1, the order m
of the operator L, the number X in the bound (1.3), and ||A| g ®n), such that, if
n+l>4and2—ec<p< %—}—5, orifn+1=2o0rn+1=3and2—¢c <p < o0,

then for every g € W—1P(R™) MW —12(R™) the solution v to the problem (1.7) also
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satisfies
Lv=01in RT’l,
(1.11) Mjv3g,
1A V™ 0) | oqny + [N (V™ 0) | Lo@ny < Colldll gy

where M;v is as defined in [BHM19b], and where C,, depends only on p, n, m, A,
and ||AHL°°(R")~

The technical requirement § € W~=1? (R™) N V.V_l’2(}R")7 rather than merely
gew-tr (R™), is due to difficulties in defining M; v. Specifically, as mentioned
above, V™v need not be locally integrable up to the boundary and so we must use
the definition of M} v formulated in [BHM19b] rather than formula (1.6). One of
the main results of [BHM19b] is that if Lu = 0 in R’ and AJ (tV™0) € LP(R")
for some p with 1 < p < 2, then this formulation of 1\./121} exists and lies in
W-LP(R™). If Af (tV™0) € LP(R") for p > 2, then M} v is only guaranteed to
exist under the additional technical assumption that V™v € L?(R" x (g,00)) for
all € > 0; by requiring that g € W~12(R") and so AJ (tV"™v) € L?(R"), we ensure
that v satisfies this condition and so Mj‘ v exists.

In a forthcoming paper [Bar], we will establish well posedness of the Neumann
problem with boundary data in a Lebesgue space L?(R™) rather than in a negative
Sobolev space W~1P(R™) for a range of p dual to that of Theorem 1.10.

1.1. Layer potentials. We now discuss the method of proof of [BHM18 BHM20).
This is the classic method of layer potentials. The second main result of this paper
(Theorem 1.27 below) consists of some bounds on layer potentials that will be of
use in the present paper and are of interest in their own right.

The double and single layer potentials for Laplace’s equation are given by

DLF(X) = /6 VY) VY ETAXY) (V) do(Y),

Sat9(X)= [ E7A(X,Y)g(Y)do(Y)
a9
where v is the unit outward normal to 9Q and E~* is the fundamental solution for
—A given by E72(X,Y) = —% log|X — Y| (inR?) or E=2(X,Y) =¢,|X — Y|}
(in R™* n > 2). We remark that if —Au = 0 in Q, then the classical Neumann
boundary values v - Vu of u coincide with the boundary values M}*‘u given by
formula (1.6). Layer potentials have a number of useful properties: for reasonably
well behaved domains 2 and input functions f and g, we have that

~ADLf = —AS;%g =0in Q and in R"*1\ Q,
and the jump and continuity relations
_Déf|69+Déf|8W =1 Vﬂ'vpéf’m*'yw'vpéﬂaw =0,
_SS;Ag’asz + SgAglaW =0, vo- VSS;AQ‘BQ Trw VSS;Ag’aW =9

where W = R**1 \ﬁ, Vo is the unit outward normal to €2, and vy = —vgq is the
unit outward normal to W.
Layer potentials may be generalized from L = —A to more general elliptic oper-

ators in such a way that analogues to the above useful properties are true. In the
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second order case, the generalization is straightforward once a fundamental solu-
tion has been constructed. Such potentials have been studied in many papers, in-
cluding [DKV88,FKV88,Fab88,Gao91,She07, KR09,Rul07, AAAT11,MM11,Barl3,
HMM15b, HKMP15a, HMM15a, GAIHH16,BM16b]. (An equivalent formulation in-
volving semigroups was given in [Ros13] and used in [AM14, AS16,AA18,AM19].)
In the higher order case, layer potentials can be generalized either by using the
fundamental solution and a careful integration by parts (see [Agm57, CG83,CG85,
Ver05, She07, MM13b, MM13a]), or by using the Lax-Milgram theorem to directly
construct functions that obey appropriate jump relations (see [Barl7, BHM17] or
Sections 2.4 and 2.5 below).

The classic method of layer potentials constructs a solution to the Neumann

problem

Lu=01in €, MY usg

by showing that either f — M% DG f or b — M% SE h is invertible between appro-
priate function spaces and letting u = D& (M DA) g or u = S§(M% S&)~1g.
Then Lu = 0 in Q because L(DAf) = 0 or L(S5h) = 0 for all f or h, and
1\./1% u > g by definition. Estimates on solutions to the Neumann problem, such as
the nontangential and area integral estimates in the problem (1.11), may be derived
from estimates on layer potentials.

This method was used in [FJR78,Ver84, DK87, FMM98,Zan00,May05] in the case
of harmonic functions, in [DKV88, FKV88, Fab88, Gao91, She07] for second order
constant coefficient systems, in [AAAT11,Barl3, HMM15b, HKMP15a, BM16b] for
second order operators with variable ¢-independent coefficients, in [Agm57, CG83,
CG85, Ver05, She07, MM 13b, MM13a] for higher order operators with constant co-
efficients, and in [BHM18] for higher order operators with variable ¢-independent
coeflicients. In the case of higher order t-independent operators of interest in the
present paper, extensive preliminaries were necessary.

The main results of [BHM17, BHM19a] were the p < 2 cases of the following
estimates on layer potentials. (The p > 2 cases were established later in [BHM20].)

(1.12) [ A3tV 0.8 @) | Lo ®ey < Cpllgll e mny, 2—e<p<2+e,
(L13) AV DAP) || ony < Cpll@llyiare  gnys 2<p<2+g,
(1.14) [ A5 (V™ SER) || Lo @y < Cpllhl| Lo @ny,s 2—e<p<2+e,
(1.15) A5 (tV™ DA F)| Lo rny < Cpllf'IIWAg,;gl(Rn), 2<p<2+e.

The operators DA and S” are the generalizations mentioned above of DL, and
SS;A in the case 2 = ]RT'l. See Sections 2.4 and 2.5 below. The modified single
layer potential Sé was introduced in [BHM19a] based on an analogous operator in
the second order case used in [AAAT11, HMM15a, HMM15b]; we remark that the
estimate (1.14) is equivalent to the two estimates (1.12) and

(1.16) A5 (V™ SEG) | Locny < Cpllgllyir—1. gy

These estimates are valid for operators L of the form (1.1) associated to coeffi-
cients A that are bounded, t-independent in the sense of formula (1.2), and satisfy
the ellipticity condition

(1.17) Re/R Z 0%p(x,t) Anp(x) P p(x,t) da dt > )\HVmcpH%z(RnH)

n+1
le|=|B|=m
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for some A > 0 independent of ¢. Observe that this is a weaker condition than the
condition (1.3). The number e depends only on A, [|Al| e (gn), the order 2m of the
operator L, and the dimension n + 1, and C}, depends only on p, A, [|A|| Lo ®n), m,
and n.

These estimates are valid for ¢ and h in dense subspaces of LP(R™) for the
indicated range of p, and for ¢ and f that satisfy G(z) = V™~ 1®(z,0) and f(z) =
V™=1F(x,0) for some functions ®, F € C§°(R"*1). We may extend ST and S& by
density to operators on all of LP(R™), and D“ to an operator on closed subspaces
of the Sobolev space W' ?(R™) and the Lebesgue space LP(R") (which we denote
by WA:,’Lp,l(R"), WA%{I(R”)). If m > 2, then by equality of mixed partials,
WARP (R™) is a proper subspace of WP(R™) or LP(R™).

A% is the two-sided area integral given by

(1.18) A3H(z) = </ / \H(y, )2 fﬁf’;) for all = € R™.
o0 Ja—y| <]

In [BHM18], we used these four bounds, the trace theorems of [BHM19b], the
classic method of layer potentials described above, and some extensions to the
classic method of layer potentials pioneered in [Ver84, BM13,BM16b] and extended
to the higher order case in [Barl7], to establish existence and uniqueness of solutions
to the Neumann problems (1.4) and (1.7). In particular, the solutions w and v were
both given as DA((M} DA)~1§), and invertibility of the operator

M DA WAL (RY) — (WADZ (R™))",
NI; DA WAL | (R”) — (WAL, (™))"
was established. Thus, the bounds
A3 V" 0w) | 2@y < Cllgllrz@nys IAS EV™0) 2@y < Cllg 1.2y

follow directly from the bounds (1.13) and (1.15).
In [BHM20], we showed that if L and A are as in the bounds (1.12)—(1.15), then
we also have the nontangential bounds

(1.19) 1NV SEG) | ogny < Colldllozn.s 2-c<p<2+e,
(1.20) [N (V"SGR | ony < Collbo]| Logny, 2-c<p<2+e,
(1.21) INAVT DA o@ny < Coll@llyiare @nys  2—e<p<2+s,
(1.22) [NV DA )o@y < Coll fllypace gnyy  2—e<p<2+4e¢

for g, h in LP(R™) and ¢, f in the Whitney-Sobolev or Whitney-Lebesgue spaces

indicated. Here N, is the two-sided modified nontangential maximal function

_ 1/2
(1.23) N.H(z) = Sup{ <][ |H(z,t)2dzdt> seER, |z —y| < |s|}
B((y,9).151/2)

As the problems (1.4) and (1.7) were solved using the method of layer potentials,
the bounds (1.21) and (1.22) immediately yield the bounds (1.8).

We remark that the bounds in [BHM20] are generally stated in terms of the one-
sided nontangential maximal operator N (or AJ); however, [BHM20, Section 3.3]
gives the two-sided estimates.
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The second of the two main results of the present paper is to expand the range
of p in the bounds (1.12)—(1.15) and (1.19)—(1.22). We will use these bounds on
potentials to prove Theorem 1.10. In a forthcoming paper [Bar], we will use these
bounds to establish well posedness of the LP Neumann problem. In future work,
we hope to use the method of layer potentials to solve the Dirichlet problem as well
as the Neumann problem.

To describe the ranges of p in our results, we recall the higher order generalization
of Meyers’s reverse Holder estimate proven in [Cam80, AQ00, Barl6]. Specifically,
by [Barl6, Theorem 24], if j is an integer with 0 < j < m, and if L is an operator of
order 2m of the form (1.1) associated to coeflicients A that are uniformly bounded
and satisfy the ellipticity condition (1.17), then there is an extended real number
pIL in (2,00] such that, if 0 < ¢ < p < p;fL, then there is a constant ¢(j, L, p, q)
such that

1/p . 1/q

_ L .

(1.24) (/ vmw) s(j”)(/ IV’"W)
B(Xo}’r‘) T(n"" )( /q_ /p) B(Xg,z’l")

whenever Lu = 0 in B(Xy, 2r). As noted in [Barl6], it follows from the Gagliardo-
Nirenberg-Sobolev inequality that

1 1 § 1
1.25 <m 0, — — < 0,-— .
( ) p;,_ = ( 7p8_7L n+1> _maX( 72 n+1)

Furthermore, pg’L > 2+ ¢ for some e depending only on m, n+ 1, ||A||L~ and the
number A in the bound (1.17), and the constant ¢(j, L, p, ¢) may be bounded from
above by a constant depending only on p, ¢ and the same parameters, at least for
1/q>1/p>1/(2+2) — j/(n+1).

In Propositions 3.3 and 3.6 below, we will show that if A is t-independent, then
we have the stronger bounds

paL:pr:oo ifn4+1=2,
(1.26) Pl =0 ifn+1=3,

2n
.
> ——+e¢ fn+1>4
Py, n—2 s -

where as usual ¢ depends only on m, n, A, and || Al| e gn).
We will establish the following bounds on layer potentials.

Theorem 1.27. Suppose that L is an operator of the form (2.7) of order 2m
associated with bounded coefficients A that satisfy the ellipticity condition (1.17)
and are t-independent in the sense of formula (1.2).

Then the double and single layer potentials DA, S* and 8L, originally defined
as in Sections 2.4 and 2.5 below, extend by density to operators that satisfy the
following bounds for all p in the given ranges and all inputs f, g, h and ¢ in the
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indicated spaces.

(1.28) INA(V"DAG) Lo (ry < COP) Il via,, , @ny  2<P <Pl
(1.29) IN.(V™ SLQ)”LP(]R" C0,p)lIgll v 2<p<pip
(130) RV DAR) oy < CLD Flnor oy 2P <P
(1.31) IN (V™ SER) | Lo @y < C(L,p)[1Bol| Lo ey, 2<p<piy,
(1.32) A5 (VDA F)| Lo ey < C(1 7P)HJ£HWA?;LP_1(R”)7 2<p<pip,
(1.33) | A5 (t vaV Mir@ny <C(1 ap)Hi"”LP(]Rn)a 2<p< piL,
(130 JAET"ADAG) e < CLDSars gy 2P <P
(1.35) A5 (tV" 0:8"§) | oy < C(L )Gl Lr ) 2<p<piL

Here the numbers sz are as in the bound (1.24), and in particular satisfy the
bound (1.26). The constants C(j,p) depend only on the standard parameters m, n,
A, | Al Lo mny, the number p, and the constants c(j, L,p,2) in the bound (1.24).

We remark that if 2m = 2, then many cases of theorem are known.

If 2m = 2, and if A is constant or if n + 1 = 2, then all eight of the bounds (1.28)—
(1.35) are valid for all p with 1 < p < co. See [AS16, Section 12.3].

If 2m = 2 and the well known De Giorgi-Nash-Moser regularity conditions are
valid, (which is true if A is real and 2m = 2, and which by [AAAT11, Appendix B]
is true for complex ¢-independent coefficients in dimension n + 1 = 3), it was shown
in [AM14, HKMP15a, HMM15a, HMM15b] that there is some € > 0 such that the
four bounds (1.30)—(1.33) are valid for 2 —& < p < oo, the bounds (1.28) and (1.29)
are valid for 1 < p < 2+¢, and the bound (1.35) is valid for 1 < p < oo. If 2m = 2
and the coefficients A are real, then the bound (1.34) follows from the bound (1.28)
with the same value of p and from [HKMP15b, Theorem 1.7], and so is valid for
l<p<2+e.

Finally, in [AS16, Theorem 12.7], it was established that for general second order
t-independent systems in dimension n + 1 > 4, the three bounds (1. 30) (1 32) and
the special case (1.16) of the bound (1.33) are valid for 2 —¢ < p < ;2% + ¢, and
the four bounds (1.28), (1.29), (1.34) and (1.35) are valid for ﬁ —€ < p <2+e¢,
where ¢ is a positive number.

Recall that if n + 1 > 4 then pf’L > anQ +¢; we remark that the De Giorgi-Nash-
Moser condition implies that pi ;, = 00, and if A is constant then péﬁ 5, = 0o. To the
author’s knowledge, even if 2m = 2, if n + 1 > 3 and the coefficients are variable
then the 2+¢e <p < pIL case of the bound (1.34) is new; the 2+¢ <p < pr case
of the bound (1.35) is known for coefficients that satisfy the De Giorgi-Nash-Moser
condition but is new for general second order operators.

1.2. The Neumann subregularity problem. In this section and in Section 1.3
we will discuss the historical context of Theorem 1.10. Specifically, in this section
we will discuss the history of well posedness results for the Neumann problem,
especially the Neumann problem with W~1? boundary data, while in the next
section we will discuss the historical antecedents of our particular method of proof
of well posedness.
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The Neumann problem for a general system of (possibly higher order) elliptic
equations in a domain 2 may be written as

(1.36) (Lu); Z Za“ Ajkﬁﬁuk)—01anor1<j<N M i g,
|a|]=m k=1
|Bl=m

where M% U is given by

(1.37) gEMAule Z / 079 gy, do = Z Z/a%p] 3’8uk

J=1lvl= |o|=m j,k=1
|8l=m
for all g € Cg°(R™1).
We mention some applications of the Neumann problem. As observed in [She07],
an appropriate choice of coefficients A in formulas (1.36) and (1.37) yields the Lamé
system of elastostatics

{ pAT+ (p+ A)Vdivd =0 in Q,

1.38
(1.38) w(Vi + (Vi) v 4 Avdivi = g on 9.

The inhomogeneous Neumann problem for the bilaplacian with zero boundary data
is given by

(1.39) (—A)Yu=hinQ, Mu>0ondQ

where 1\7[;2 is the Neumann boundary operator for the biharmonic equation given
by the formula

n+1

(1.40) ge Mf}uif/pAuAg@Jr (1-p Z O oy U O 2y, 0 — A%y = /6Q§.V<p
7,k=1

for all sufficiently smooth test functions ¢. The number p is called the Poisson ratio.
This inhomogeneous problem describes a thin elastic plate with free edges, acted on
by vertical forces of surface density h. The Poisson ratio is physically meaningful
and depends on the material of the plate. See [Nad63, GN95, Ver05, Swe09] or the
survey paper [BM16a].

The theory of the Neumann problem is closely tied to the theory of the Dirichlet
problem, which may be written as

(1.41) Li=0inQ, V™ 4= fonoQ,

where L is as in the problem (1.36). Both problems have been investigated for
many different operators L. It is common to study the Dirichlet problem with the
estimate

(1.42) INo(V™8) | ooy < CllfllLron)

where ]\79 is either the standard nontangential maximal function Ng given by
NoH(X) = sup{|H(Y)| : | X -Y] < 2dist(Y,09)}, or the modified nontan-
gential maximal operator introduced in [KP93]. See, for example, [Dah79] (the
Laplace operator L = —A), [JK81a] (second order operators with real symmetric
t-independent coefficients), [KKPT00,HKMP15b] (second order operators with real
nonsymmetric t-independent coefficients), [DKV88, FKV88, Gao91,She06a] (second
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order systems with real symmetric constant coefficients), [MMMM16] (second or-
der systems with constant coefficients in the half-space), [DKV86, PV92, She064a]
(the bilaplacian L = (—A)?), and [PV95a, Ver96] (higher order systems with real
symmetric constant coefficients).

It is also common to study the Dirichlet problem with the estimate

(1.43) 1N (V™ @)l s 00) < CllFlirrmcony

where W1» (09) is the boundary Sobolev space of functions whose tangential deriva-
tives lie in LP(9). This is often called the Dirichlet regularity problem. See, for
example, [JK81b, Ver84] (L = —A), [KP93] (second order operators with real sym-
metric t-independent coefficients), [KR09, Rul07, HKMP15a] (second order opera-
tors with real nonsymmetric ¢-independent coefficients), [DKV88, FKV88, Gao9l,
She06a, MMMM16] (second order systems with constant coefficients), [Ver90,PV92,
KS11] (the bilaplacian L = (—A)?), and [PV95a, Ver96] (higher order systems with
real symmetric constant coefficients).

By contrast, the Neumann problem has been studied primarily under the esti-
mate

(1.44) INa(V™"@) || Lo (00) < ClIgllLe o)

See, for example, [JK81b,DK87] (L = —A), [KP93] (second order operators with
real symmetric ¢-independent coefficients), [KR09,Rul07] (second order operators in
dimension n + 1 = 2 with real nonsymmetric t-independent coefficients), [DKV88,
FKV88, She07] (second order systems, such as the Lamé system (1.38), with real
symmetric constant coefficients), [CG85, Ver05,She07] (the bilaplacian L = (—A)?),
and [BHM18,BHM20] (higher order self-adjoint operators with ¢-independent coef-
ficients).

It has only been relatively recently that the Neumann problem has been con-
sidered for || No(V™ 'u)|| € LP(09Q). For such a problem to be well posed, the
Neumann boundary data must have one fewer degree of smoothness than in the
bound (1.44). Thus, the Neumann subregularity problem is the problem (1.36)
together with the estimate

(1.45) INa(V™ D) | r(a) < Cllgllyir-1(00)-

Even for the Laplace operator, the Neumann subregularity problem was not studied
until [Ver05], when it was needed to solve the standard Neumann problem (with the
estimate (1.44)) for the biharmonic operator (—A)?2. The subregularity problem for
(—A)? was also studied in [Ver05]. Inspired by [Ver05], Hofmann, Mayboroda and
the author chose to include results for the subregularity problem for higher order
self-adjoint operators with t-independent coefficients in [BHM18, BHM20).

We would also like to mention [AM14], [AS16], and the theory of boundary value
problems in fractional smoothness spaces.

[AM14] contains numerous extrapolation and duality type results for second
order elliptic systems with ¢-independent coefficients that satisfy a boundary reg-
ularity condition, and in particular contains a duality result between the standard
Neumann problem and the subregular Neumann problem.
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[AS16] considers the equivalences of norms

IN (V)| oy = [AS (EVOD) | Loy ~ 15(- , 0)[lyino ey + 1M Bl o (g
||N+77HLP(RH) ~ ||A;_(tV6)||LP(R") ~ ||v(- 70)||LP(]R") + ||Mii 17||W—1,p(Rn)

for solutions v and w to second order t-independent systems in the upper half space.
This encompasses both Fatou-type results (showing that nontangentially bounded
solutions do have boundary values) and their converses; the full equivalence nec-
essarily includes Neumann boundary values on the right hand side, and so must
contend with subregular Neumann boundary values.

The Besov and Triebel-Lizorkin spaces BS*” (082) and F;-P(02), where the param-
eter s measures smoothness, may be viewed as lying between the spaces LP(9)
and WP(99) (if 0 < s < 1) or between the spaces LP(92) and W~12(9Q) (if
—1 < s <0). See, for example, the standard texts [Tri83, RS96].

The Dirichlet problem has been studied with data in B;’P(aﬂ) or F;’p(aQ),
0 < s < 1. See, for example, [JK95, MMO04] (the Laplace operator L = —A),
[BM16b, AA18] (second order operators with t-independent coefficients), [MMW11,
MM13a] (the bilaplacian L = (—A)?), [MM13b] (systems, possibly of higher order,
with constant coefficients), and [MMS10] (systems with variable coefficients).

The Neumann problem has been studied for boundary data in fractional smooth-
ness spaces; it is generally well posed only for negative orders of smoothness. See, for
example, [FMM98, Zan00, MMO04] (the Laplace operator L = —A), [BM16b, AA18]
(second order operators with t-independent coefficients), [MM13a] (the bilapla-
cian L = (—A)?), and [MM13b] (systems with constant coefficients). Indeed
[FMM98, Zan00, MMO04] predate [Ver05], and thus the fractional smoothness case
was the first studied instance of the Neumann problem with boundary data in a
negative smoothness space.

1.3. Extrapolation techniques. In this section we will discuss the historical an-
tecedents of the method of proof of Theorems 1.10 and 1.27. Specifically, we will
discuss the papers [She06a,She06b], on which our argument is modeled, and related
works.

Recall the general Dirichlet problem for a system (1.41). Suppose that A is
real, constant, and satisfies the symmetry condition Akaﬁ = Agja and the Legendre-
Hadamard ellipticity condition (see [PV95b]), and that © is a bounded Lipschitz
domain. In [PV95b] it was shown that if p is sufficiently close to 2, then the problem
(1.41), with either the estimate (1.42) or the estimate (1.43), is well posed.

In [She06b], Shen used good-\ inequalities, the case p near 2, and local regularity
afforded by the T2 estimate (1.43) to show that the Dirichlet problem with the L?
estimate (1.42) is well posed for 2 < p < % +¢, where n+1> 4 and Q c R*+L,
This was done earlier in the special cases 2m = 2 and for the polyharmonic operator
(—A)™ in [She06a]. In the second order case 2m = 2, a duality argument allowed
Shen to show that the regularity problem is well posed for f—& —e<p<2 (A
similar duality argument for the biharmonic operator A% was established in [KS11].)

Our proof of Theorem 1.10 will be modeled on the arguments of [She06a,She06b].
In a forthcoming paper [Bar], we will establish a duality argument that will allow us
to prove a similar theorem regarding the Neumann problem with the estimate (1.44)

forgeLp(R”)7n2—f2—5<p<2.
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We wish to mention some other extrapolation arguments that will not be used in
the present paper but which have been used in the past to prove results of interest.
The homogeneous biharmonic Neumann problem is given by

(—A)?u=0inQ, Mu> gondQ,

where M 52 is given by formula (1.40). (It complements the inhomogeneous prob-
lem (1.39).) It was shown in [Ver05] that for some values of the parameter p, if p is
close enough to 2 then the biharmonic Neumann problem with the estimate (1.44)
is well posed. Similarly, it was shown in [DKV88] that the traction boundary value
problem (1.38) is well posed for boundary data in L?(992) and with nontangential
estimates. It was observed in [She07] that the arguments of [DKV88,FKV88] imply
well posedness of the L2 Neumann problem for general second order systems of the
form (1.37) with real symmetric coefficients that satisfy the Legendre-Hadamard
ellipticity condition.

In [She07], Shen extrapolated from well posedness of the L? Neumann problem
for second order systems and the biharmonic equation to well posedness of the L”
Neumann problem, where WQT’_LQ —e < p < 2indimension n + 1 > 4. We remark that
the method of proof of [She07] is somewhat different from (and more complicated
than) that of [She06a,She06b], as [She06a,She06b] begin with L? well posedness and
derive LP well posedness for certain values of p greater than 2, while [She07] begins
with L? well posedness and derives LP well posedness for certain values of p less
than 2. In the present paper, despite our focus on the Neumann problem, we will
use the methods that were used in [She06a, She06b] to solve the Dirichlet problem
rather than the more complicated methods used in [She07] to solve the Neumann
problem. It is for this reason that the present paper proves results for the subregular
problem (1.11) and leaves the L? analogue of the Neumann problem (1.4) to the
forthcoming paper [Bar].

We also wish to mention that Shen’s extrapolation method is fairly new, and
that other methods have been used to establish LP well posedness in various cases.

For some boundary value problems, the LP problem was solved simultaneously
with the L? problem. See, for example, the harmonic LP-Dirichlet problem in
[Dah79,JK81a] and W 'P-regularity problem in [Ver84].

In the cases where the L?-Neumann problem was established first and then used
to solve the LP-Neumann problem, a more common technique has been to show that
the corresponding boundary value problem with boundary data in the Hardy space
H' is well posed, and then interpolate to yield LP well posedness for 1 < p < 2.
This technique was used in [DK87] for the harmonic Neumann problem

—Au=0inQ, v-Vu=gondQ, [Nao(Vu)lrroe) <Clgllrro0),

in [DK90] for the Lamé system (1.38) with the estimate (1.44), in [KP93] for the
Neumann problem

divAVu=0inQ, v -AVu=gon 9, HNQ(VU)”LD(@Q) < COllgllzr a9,

in a starlike Lipschitz domain {2 with coefficients A that are real, symmetric, and
radially independent, and in [AM14] for any second-order system of the form (1.37)
with variable t-independent coefficients, in the domain above a Lipschitz graph, that
satisfy a boundary regularity condition and for which the L?-Neumann problem is
solvable. Similar extrapolation results were found in these four papers for the
corresponding W 1P-regularity problem, and also in [PV92, PV95a, Ver96] for the
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biharmonic or general symmetric constant coefficient regularity problem (1.41) with
the estimate (1.43) in a three-dimensional domain .

The H' interpolation technique necessarily yields well posedness for LP boundary
data for the entire range 1 < p < 2. The sharp range of p for which a higher order
LP-Neumann problem is well posed is not known, even for special cases such as the
biharmonic Neumann problem. However, the range of p for which the biharmonic
Wl’p—regularity problem

(-A)?u=0inQ, Vu=Ffond? [Na(V2)llzr@e) < Cllflisoo

is well posed in all Lipschitz domains  C R™*! is known to be [6/5, 2] in dimension
n+1=4,1is [4/3,2] in dimension n +1 =5, 6, or 7, and is known to be a subset
of [4/3,2] in dimension n + 1 > 8. Similarly, the LP-Dirichlet problem

(—A)Qu =0inQ, Vu= fon 09, |[[Na(Vu)|Lr@ea) < C”ﬂ‘LP(aQ)

is well posed in all Lipschitz domains  C R**! if and only if p is in [2,6] (n + 1 =
4),in [2,4] (n4+1 =5, 6, or 7), or in a (currently unknown) subset of [2,4] (n +1 >
8).

This suggests that the Neumann problem (1.4), with estimates in LP(R™) rather
than L?(R"), is probably not well posed for the full range 1 < p < 2 in dimension
4 and higher, and so H' interpolation techniques are probably not applicable.
Similarly, the W~1?-Neumann problem (1.11) is probably not well posed for the
full dual range 2 < p < co.

1.4. Outline. The outline of this paper is as follows. In Section 2 we will define our
terminology, including supplying precise definitions for the Whitney-Sobolev spaces
WAf,’f: L(R™) and of the double and single layer potentials D4 and S*. In Section 3
we will state some known regularity results for solutions to elliptic equations, and
will prove the bounds (1.26) for t-independent coefficients.

In Section 4 we will establish nontangential maximal estimates on layer poten-
tials, that is, the estimates (1.28)—(1.31) in Theorem 1.27. In Section 5 we will
establish the nontangential component of Theorem 1.10 by showing that, if § lies
in a dense subset of W22 N W~2, then the solution v to the W~12-Neumann
problem (1.7) satisfies the estimate ||K7+(Vm’1v)||Lp(Rn) < Cpllgllyir-1.0(gn) for ap-
propriate values of p. The argument for the Neumann problem is much more in-
volved than that for layer potentials; we remark that several of the lemmas proven
in Section 4 will be of use in Section 5.

Given nontangential estimates, passing to area integral estimates (for both layer
potentials and solutions to the Neumann problem) is a relatively straightforward
matter; we will do this in Section 6.

Acknowledgements. The author would like to thank Steve Hofmann and Svit-
lana Mayboroda for many useful conversations on topics related to this paper. The
author would also like to thank the Mathematical Sciences Research Institute for
hosting a Program on Harmonic Analysis, the Instituto de Ciencias Mateméticas
for hosting a Research Term on “Real Harmonic Analysis and Its Applications to
Partial Differential Equations and Geometric Measure Theory”, and the TAS/Park
City Mathematics Institute for hosting a Summer Session with a research topic of
Harmonic Analysis, at which many of the results and techniques of this paper were
discussed.
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2. DEFINITIONS

In this section, we will provide precise definitions of the notation and concepts
used throughout this paper.

We will always work with operators L of order 2m in the divergence form (1.1)
(interpreted in the weak sense of formula (2.7) below) acting on functions defined
in R*! n+1>2.

As usual, we let B(X,r) denote the ball in R**! of radius r and center X.
We let R:L_H and R™™! denote the upper and lower half spaces R™ x (0,00) and
R™ x (—00,0); we will identify R™ with OR™. If Q is a cube (or interval), we will
let £(Q) be its side length (or length), and we let ¢@ be the concentric cube of side
length ¢f(Q). If E is a set of finite measure |E|, we let

][f(x)d;v|;|/ f(z)dzx

If F is a measurable set in Euclidean space and Hisa (p0551bly vector-valued
or array-valued) globally defined function, we will let 1 s H = XEH where xg is
the characteristic function of E. If H : E — V is defined in all of E for some vector
space V', but is not globally defined, we will let 1 g H be the extension of H by
zero, that is,

1pH(X) = {ﬁ(X)’ X e E

Oy, otherwise.
We will use 11 as a shorthand for 1R;L+1.

We let V denote the standard gradient in R**!. We will let V| denote either
the gradient in R™, or the gradient in the first n variables in R**1.

2.1. Multiindices and arrays of functions. We will routinely work with mul-
tiindices in (Np)"*!. (We will occasionally work with multiindices in (Np)".) Here
Ny denotes the nonnegative integers. If { = ((1,Ca,...,(nr1) is a multiindex,
then we define || and 0¢ in the usual ways, as [{| = ¢; + (2 + -+ + (np1 and
9¢ — 961962 ... géntt

z1Yzo

Tn41-

Recall that a vector H is a list of numbers (or functions) indexed by integers j
with 1 < j < N for some N > 1. We similarly let an array H be a list of numbers
or functions indexed by multiindices ¢ with || = k for some k£ > 1. In particular,
if p is a function with weak derivatives of order up to k, then we view the gradient
V¥ as such an array.

The inner product of two such arrays of numbers F and G is given by

G)=> FG
I¢1=k

If F and G are two arrays of functions defined in a set  in Euclidean space, then
the inner product of F' and G is given by

<F7G>Q=/Q< (X),G(X))dX = Z/Fc ) Ge(X) dX.

I<|=k
We let €; be the unit vector in R™™! in the jth direction; notice that €; is
a multiindex with |€j] = 1. We let é; be the unit array corresponding to the

multiindex (; thus, (é, H) = H¢.
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2.2. Function spaces and Dirichlet boundary values. Let {2 be a measurable
set in Euclidean space. We let C3°(€2) be the space of all smooth functions that
are compactly supported in Q. We let LP () denote the usual Lebesgue space with
respect to Lebesgue measure with norm given by

1/p
I fllzr @) = (/Qlf(x)pd:c) .

If Q is a connected open set, then we let the homogeneous Sobolev space V'Vk”’(Q)
be the space of equivalence classes of functions u that are locally integrable in 2 and
have weak derivatives in € of order up to k in the distributional sense, and whose
kth gradient V*u lies in LP(£2). Two functions are equivalent if their difference is
a polynomial of order at most k£ — 1. We impose the norm

”uHWk,p(Q) = ||VkUHLP(Q)«

Then u is equal to a polynomial of order at most k¥ —1 (and thus equivalent to zero)
if and only if its W*?(Q)-norm is zero.

If 1 < p < oo, then we let W ~1?(R™) denote the dual space to W' (R"), where
1/p+1/p’ = 1; this is a space of distributions on R".

The use of a dot to denote homogeneous Sobolev spaces (as opposed to the
inhomogeneous spaces W*P(Q) with ||u||€vw(sz) = Z;?:OHVjuHip(m) is by now
standard. The use of a dot to denote arrays of functions is also standard (see,
for example, [Agm57, CG83, CG85, PV95a, She06b, KS11, MM13b, MM13a]). We
apologize for any confusion arising from this overloading of notation, but these
established conventions seem to require it.

We say that u € L () or u € Wllch(Q) if u e LP(U) or u € W5P(U) for all
bounded open sets U with U C €.

Following [BHM19b], we define the boundary values Tr™ u of a function u defined
in an appropriate subset of R?jl by

(2.1) Trfu=finQ if lim [u(-,t) — fllprx) =0
t—0t

for all compact sets K C 2. We define
Trf u = Tr* Vi,

We remark that if Vu is locally integrable up to the boundary, then Tr™ u exists,
and furthermore Tr™ u coincides with the traditional trace in the sense of Sobolev
spaces. Furthermore, if Vu is locally integrable in a neighborhood of the boundary,
then Trt u = Tr™ u as locally integrable functions; in this case we will refer to the
boundary values (from either side) as Tr u.

We are interested in functions with boundary data in Lebesgue or Sobolev spaces.
However, observe that if 7 > 1, then the components of Tr;tu are derivatives
of a common function and so must satisfy certain compatibility conditions. We
thus define the following Whitney-Lebesgue, Whitney-Sobolev and Whitney-Besov
spaces of arrays that satisfy these conditions.

Definition 2.2. Let
D = {Tr} | ¢: ¢ smooth and compactly supported in R"*1}.
If 1 < p < oo, then we let WA%?  (R™) be the closure of the set © in LP(R™).
We let WALP | (R™) be the closure of D in W1?(R™). Finally, we let WA:,{EE (R™)
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be the closure of © in the Besov space Bl/2 2(]R") the norm in this space may be
written as

1/2
(2.3) 1153725y = (/ e ||§d§)

where fdenotes the Fourier transform of f.

Remark 2.4. It is widely known that f € WA;{E’E (R") if and only if f = Tx! | F

for some F with V" F € L*(R’""). This was essentially proven in [Liz60, Jaw77];
see [BHM19a, Lemma 2.6] for further discussion.

Remark 2.5. There is an extensive theory of Besov spaces (see, for example,
[Tri83, RS96]). We will make use only of the Besov space B;/ >2(R") given by
formula (2.3) and the space By 1/2, ?(R™). This space has norm

/2
26) ol e, = ( [ 0O )

The two properties of this space that we will use are, first, that Bz_ Y 2’2(R”) is

the dual space to Bl/2 Q(R”), and, second, that f € B;/Q’Z(R") if and only if the

gradient V) f exists in the distributional sense and satisfies HVHf||B—1/2,2(
2

~
~

]Rn)
115372y

2.3. Elliptic differential operators and Neumann boundary values. Let
A= (Aaﬂ) be a matrix of measurable coefficients defined on R**! and indexed by
multtiindices «, § with |a| = |8] = m. If H is an array indexed by multiindices of
length m, then AH is the array given by

(AH)a = Z AapHp.
|Bl=m
We let L be the 2mth-order divergence form operator associated with A. That
is, we say that

(2.7) Lu=0in Qif u e W,%(Q) and (V™p, AV u)q = 0 for all ¢ € C°(Q).

loc
This is the standard weak definition of divergence form operators with rough coef-
ficients.
Throughout we require our coefficients to be pointwise bounded and to satisfy
the Garding inequality (1.17), which we restate here as

Re <vm% Avm@mﬂ 2 /\||Vm%0||2L2(Rn+1) for all ¢ € Wm’Q(RnH)

for some A > 0. In some cases, we will also require our coefficients to satisfy the
stronger Garding inequality (1.3).

Recall that the Neumann boundary values of a function w that satisfies Lw = 0
in R and AJ (tV™0w) + N4 (V™w) € L2(R™) are given by formula (1.6), that
is, satisfy

geMhw if (§,Tr, 1 ¢@)rn = (AV™w, V) g
for all ¢ € C§°(R™). We let M;l be the analogous operator in the lower half space.

We may view M+ w as either an equivalence class of array-valued distributions or as
a linear operator on {Tr,, 1 ¢ : ¢ € C3°(R™*1)}. By [BHM19b, Theorem 6.2], for
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such w we have that M; w extends by density to a well defined bounded operator
on WA%? (R™).
By [BHM19b, Lemma 2.4], if u € Wm*z(RiH) and Lu = 0 in R7', then M} u

717{312 (R™), and formula (1.6) is valid for w = v and

is a well defined operator on WA
for all ¢ € W™2(R"1).

If Lv = 0 in R™" and A (tV™v) € L?(R"), as in the problem (1.7), then
M7}, v is as given in [BHM19b]; by [BHM19b, Theorem 6.1], M} v is a well de-
fined bounded operator on WA} (R™). Furthermore, if Lu = 0 in R’ and
AT (tV™u) + AF (tV™0u) + Ny (V™u) € L2(R™), then the definitions of M7 u
given by formula (1.6) and [BHM19b] coincide.

The numbers C and € denote constants whose value may change from line to line,
but which are always positive and depend only on the dimension n + 1, the order 2m
of any relevant operators, the norm ||A| e ®n) of the coefficients, and the number
A in the bound (1.3) or (1.17). Any other dependencies will be noted explicitly. We
say that A ~ B if there are some positive constants € and C' depending only on the
above quantities such that eB < A < CB.

The numbers p;t ;, are always as in the bound (1.24). The notation C(j, p) denotes
a constant that depends only on the standard parameters n, m, A, || Al oo ®n), the
number p, and the constant ¢(j, L, p, 2) in the bound (1.24). (If p < 2 then C(j,p)
may be taken as depending only on n, m, A, ||Al[ze(®n), and p.)

2.4. The double layer potential. In this section we define the double layer po-
tential of Theorem 1.27.

We begin with the related Newton potential. For any H € L2(R™*1), by the
Lax-Milgram lemma there is a unique function IT* H in W™ 2 (R™*1) that satisfies

(2.8)  (V™p, AV"TIE H)goir = (V"0 H)gass  for all ¢ € W™2(R"H).

We refer to the operator II” as the Newton potential.

Suppose that f € WA;{E?(R”) As mentioned in Remark 2.4, f = Tr;_l F for
some F € Wm’2(RfL+1). We define
(2.9) DAf = —1,F + 11X (1, AV™F).
This operator is well-defined, that is, does not depend on the choice of F. See
[BHM17, Section 2.4] or [Barl7, Lemma 4.2]. Furthermore, it is antisymmetric
about exchange of R and R™*?; that is, if Tr, | F=fand Fe Wm2(R"M),
then
(2.10) DAf = —TI*(1_AV™F)+1_F.
See [BHM17, formula (2.27)] or [Bar17, formula (4.8)]. We extend D4 by density.
Specifically, in [BHM20], it was shown that if f € WASP  (R?) 0 WAL/22(R") for
k € {0,1} and for p sufficiently close to 2, then there is an additive normalization
of DA f that satisfies the bound (1.21) or the bounds (1.15) and (1.22); by density
we may extend D4 to an operator defined on all of WAﬁ;’i 1(R™) and mapping into
Wm+k—1,2 (Rl+1) n Wm’2(Rl+1).

loc loc

2.5. The single layer potential. Let g € 351/2’2(]1%”). Then ¢ — (p, G)grn is a

bounded linear operator on the space WA:,{ZZ (R™), and so F — (Tr,,_1 F,§)gn is
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a bounded linear operator on W"2(R"*1). By the Lax-Milgram lemma, there is a
unique function S¥g € W™2(R"*1) that satisfies

(2.11)  (V™, AV™SE G pnsr = (Trp_1 0, g)pn for all o € W™2(R"H).

See [Barl7]. We remark that this definition coincides with the definition of Stg
involving the Newton potential given in [BHM17,BHM19a]. In [BHM20] we showed
that ST extends by density to an operator defined on all of L?(R") for p sufficiently
close to 2 and that satisfies the bound (1.19).

Remark 2.12. If L is an operator of the form (2.7), then L may generally be asso-
ciated to many choices of coefficients A; for example, if Aog = ga,@ + Mg, where
M is constant and M, = —Ma,, then the operators L and L associated to A and
A are equal. The single layer potential S* depends only on the operator L, while
the double layer potential DA depends on the particular choice of coefficients A.

We now define the operator S5. If |3| = m and Bn41 > 1, and if h € L?(R"),
then we let

(2.13)  V™ISE(hés)(x,t) = V™0, ST (hée)(w,t)  where B = + €y

If h € L*(R") N B>}

1/2(R”), and if [8] = m and B,4+1 < |B] = m, then we let

(2.14) V™SE(hég)(x,t) = —V™S(9,,héc)(z,t) where B = + &

where j is any number with 1 < j <n and with &5 < 3.

As shown in [BHM19a, formula (2.27)] and [BHM20, Lemma 4.4], S& is well
defined in the sense that, if 1 < B,41 < m — 1, then the two formulas (2.13)
and (2.14) yield the same result, and if 8,11 < m—1 then the choice of distinguished
direction z; in formula (2.14) does not matter. By [BHM19a, Theorem 1.13] and
[BHM20, Theorems 1.2 and 1.3], S&h satisfies the bounds (1.14) and (1.20), and so
SL extends by density to a well defined operator S& : LP(R") — W7 "*(R%) N
W2 (R for all p sufficiently close to 2.

3. REGULARITY OF SOLUTIONS TO ELLIPTIC EQUATIONS

It is well known that solutions to the elliptic equation Lu = 0 display many
regularity properties. In this section we will state some known regularity results
that will be used throughout the paper, and will then establish the bounds (1.26).

We begin with the higher order analogue of the Caccioppoli inequality. This
lemma was proven in full generality in [Barl6] and some important preliminary
versions were established in [Cam80, AQ00].

Lemma 3.1 (The Caccioppoli inequality). Let L be an operator of the form (2.7)
of order 2m associated to bounded coefficients A that satisfy the ellipticity condi-
tion (1.17). Let u € W™2(B(X,2r)) with Lu = 0 in B(X,2r).

Then we have the bound

. C ,
][ |Viu(z, s)|? deds < - VI~ u(x, 8)|? da ds
B(X,r) ™ JB(X,2r)

or any j with 1 < j <m.
[ Yy J
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Next, we mention that if A is t-independent then solutions to Lu = 0 have
additional regularity. In particular, the following lemma was proven in the case
m = 1in [AAAT11, Proposition 2.1] and generalized to the case m > 2 in [BHM19a,
Lemma 3.20].

Lemma 3.2. Let L be an operator of the form (2.7) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.17).
Let Q@ C R™ be a cube of side length £(Q) and let I C R be an interval with
[I| =4(Q). Ift € I and Lu =0 in 2Q x 21, then

/|Vjafu(:v7t)|p dx < C’(],p)/ |V 0%u(x, s)[P ds dx
Q Z(Q) 2Q J2r

forany0<j<m, any 0 <p< p;ﬂ.’L, and any integer k > 0.

In the next two propositions, we will show that if A is t-independent, then we
can improve on the bound (1.25) on the numbers pj:L in the bound (1.24). We
remark that Lemma 3.2 will be crucial in both cases.

Proposition 3.3. Let L be an operator of the form (2.7) of order 2m associated
to bounded coefficients A that satisfy the ellipticity condition (1.17).
If A is t-independent in the sense of formula (1.2), and if the ambient dimension

n+1=2, then
1/2
esssup|V™u| < C’<][ Vmu|2>
s 25

whenever S C R2 is a square, u € Wm’z(ZS), and Lu = 0 in 2S. In particular,
pS‘L = 00, where pE')'L is as in the bound (1.24).

In the second order case 2m = 2, Proposition 3.3 is [AT95, Théoréme I1.2]. In
order to prove this proposition for 2m > 4, we will need the following lemma.

Lemma 3.4. Let A be bounded, t-independent, and satisfy the ellipticity condi-
tion (1.17) in dimensionn + 1 = 2. Let aj = jé1 +(m—j)é, and let Aj = Aq,ay -
Then Re Apm(x) > X for almost every x € R.

Proof. Let pgr(z,t) = p(x)n(t/R), where p and 7 are smooth, real-valued, com-
pactly supported, and not everywhere zero. Then the bound (1.17) implies that

)\Zo R2m—2j /R\,O(j)(x)|2 dw/RIU(m D(t/R)|* dt
]:

< RGZZﬁ/RPU)@) Aji(x) p™ () dx/n(m‘j)(t/R) n"™ " (t/R) dt.

=0 k=0 R

Making the change of variables ¢ — Rt, dividing both sides by R, and taking the
limit as R — oo, we see that

A / 1™ (@) 2 dr / In(0)[? dt < Re / A (1) (P (2))? dir / (n(t))? dt.

R
Canceling the integral of 7, we observe that

(m)wa (] X (m)x2x
)\/R(p (2))*d SR/RAmm()(p (x))"d
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for all real-valued, smooth, compactly supported functions p. This implies that
Re A > A almost everywhere, as desired. O

Proof of Proposition 3.3. As observed in [Barl6, Theorem 24], by the bound (1.24)
with p > 2 and by Morrey’s inequality, if n + 1 = 2 and Lv = 0 in 25, then vl
is continuous in .S and satisfies

1/2
max |[V™ lo(z,t)] < C (][ |Vm11}|2> .
(z,t)eS 25

If L is t-independent, then 0Fu € WITCZQ(ZS) and L(0Fu) = 0 in 2S for any non-
negative integer k. Thus, if Lu = 0 in 25 then V™~ !d,u is continuous in S, and
furthermore

/2
(3.5) max |V ouu(x,t)| < C (][ |Vmu|2) .

(z,t)€S

We need only bound 97" u(zx, t).
By the definition (2.7) of Lu, if Aji is as in Lemma 3.4, then

o—/QSZZaJam o, £) Ay ()05 07 F i, 1) da dit

7=0 k=0

for all smooth test functions ¢ that are compactly supported in 2S5. Because
P IRy, € W™2(25), we may integrate by parts in ¢ and see that

loc
0= / Z(_l)m_jﬁiw(:& t) Z Ajk(sc)afafm_j_ku(x, t) dx dt.
28 j=0 k=0
Let (zg,to) be the midpoint of S. Let
Z A (2)0F O Fu(, 1)

and if 0 < j <m —1, let f;(x) satlsfy
8;fj(x,t)|mzzo =0foralli <m—j, "I fi(x,t)= ZAjk(x)OI;@fm_j_ku(x,t).
Thus,

0*/ Z D™ 995 p(2, )0 fi(z, )
25 j

+ 5;%(%7 t)fm (2, 8) + 0" () A (2) 0, u(, t) d dt.
Integrating by parts in x, we have that

0*/ O o(x,t) Zf]xt + 07 (2, t) A (2) 0 u(z, t) da dt.

7=0

Let @ and I be intervals such that S = @ x I. By the bound (3.5) (if j = m) or
Lemma 3.2 and the Caccioppoli inequality (if 0 < j < m — 1), we have that if t € T

then
esssup|fJ x,t)| < C(][ Vmu|2>
zeQ
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Furthermore, ¢ — f;(-,t) and ¢t — 8{"u(-,t) are both continuous 21 — L?(2Q).
Choosing ¢(x,t) = p(x )% ((t — 7)/R) for smooth compactly supported functions
p and 7 and letting R — 0™, we have that

0 :/ m) (g Zf] (z,7) + p'™ () A ()0 u(, 7) daz dr
for any 7 € I. Thus, for any such 7,

A ()™ u(z, 7) Zf]xT )+ P.(z)
7=0
for almost every = € @), where P; is a polynomial of degree at most m — 1. Because
P, is a polynomial in x, we have that

sup|Pr(z)| < C’][ |P-(z)|dz < C’][ | A ()0 u(x, t)| do + CZ][ |fi(z,t)|dx
z€Q Q Q j=0"@

which by Lemma 3.2 is at most C £,¢|V™u|. Applying this bound on P, and the
above bound on f;(z,7) completes the proof. O

The following proposition completes the proof of the bounds (1.26). A similar
argument was used in [AAAT11, Appendix B] to show that, in dimension n + 1 = 3,
the De Giorgi-Nash-Moser condition is valid for all operators with ¢-independent
coefficients.

Proposition 3.6. Let L be an operator of the form (2.7) of order 2m associated
to bounded coefficients A that satisfy the ellipticity condition (1.17).

If A is t-independent in the sense of formula (1.2), then the extended real num-
bers p;fL in the bound (1.24) satisfy

1 1 1 1 j
+§max(0,+—) Smax(07+—]>
P Pj1rL M Po, T
for all integers j with 1 < j < m. Furthermore, the numbers c(j,L,p,q) in the

bound (1.24) may be bounded above by a constant that depends only on p, q, the
standard parameters, and on c(j — 1,L,r,2), where 1/p+1/n=1/r.

An induction argument shows that if 1/p > 1/(24¢) —j/n, then ¢(j, L, p, ¢) may
be bounded by a number depending only on p, ¢ and the standard parameters.

Proof of Proposition 3.6. We want to show that if max(0, l/pj'_l,L —1/n) < 1/p
then the bound (1.24) is valid. We begin by considering p that satisfy the bounds

1 1 1 1 J
max| 0, — —— ) <—-<max|(0,=- — .
Pl M p 2 n+1

Choose some such p. Recall that 1/r =1/p+1/n, so

1 1 1 1 1 j
max| —, — R i .
noplig r 2 n n+l
Because j > 1 and n > 1, the right hand side is at most 1, and so we have that
l1<r< max(n,pj‘_LL).
Let @ C R™ be a cube and let I C R be an interval with |I| = ¢(Q) = ¢, the side
length of Q). Let u be a solution to Lu = 0 in 16Q) x 161.
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By the Gagliardo-Nirenberg-Sobolev inequality in @ C R"™,

) . 1/p . 1/r
(f VT u(x, t) — Pyl? d:v) <Gt <f |V Ity t)|" d(L’)
Q Q

where P, is a constant that satisfies Jo V™ u(a,t) - P, dz=0.
Observe that

|P| =

]L V" u(x,t) de|.
Q

By Lemma 3.2 and Holder’s inequality, if ¢ € I then

1/2
|Py| < C’][ ][ V™ Iu(x,s)| deds < C <][ ][ |V Iz, 5)|? da ds>
21 J2Q 21 J2Q

Thus,

. 1/p . 1/r
<][ VT u(x, t)|P dm) < CT€<][ |V Ity (2, )| dm)
Q Q
1/2
—|—C,,(][ ][ |Vm_1u(a:,s)|2dxds) .
21 J2Q

Recall that r < pthL. By Lemma 3.2, if t € I then

1/r 1/r
€<][ |ij+1u(x,t)|rdx) <C(j— 1,r)f<][ ][ |ij+1u(a:,5)rdxds) .
Q 21 J2Q

By Holder’s inequality (if » < 2) or the bound (1.24) (if » > 2), we have that

1/r
£<f |V Ity 8)|" dx) <C(j— 1,r)€(][ ][ Vm_j+1u(x,s)|2dxds)
Q 41 J4Q

By the Caccioppoli inequality,

1/r
e(][vmﬁlu(x,t)vdx) SC(J‘—LT)(][ ][ |iju(x,s)2dmds>
Q 81 J8Q

Thus

‘ 1/p ‘ 1/2
<][ [V u(x, t)|P d:r) <C@G-1,7) <][ ][ |V, s)|? dmds) .
Q 81 J8Q

Taking an average in ¢, we have that if 1/;0;"_1 . —1l/n<1l/p<1/2—j/(n+1),
then

(ﬁjéwm_ju(x,tﬂpdm dt)l/p <C(G-1,7) (]il ]£Q|Vm_ju(a:,s)|2 dmds)l/

By the bound (1.24) and the following remarks, if 1/2 > 1/p > 1/2—j/(n + 1) this
is still true with the constant C'(j—1,7) depending only on the standard parameters
and on p (or, equivalently, on r). By Holder’s inequality this is true for 0 < p < 2.

By the bound (1.24) and a covering argument (if ¢ < 2) or Holder’s inequality
(if ¢ > 2), if 0 < ¢ < oo then

(]él][ v dxds) <CW (][161 ][16Q|vmju(l’,5)qud5)l/q

1/2

1/2

2
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where é(q) depends on ¢, n+ 1 and ¢(j, L, 2, q), and so may be taken depending
only on ¢q and the standard parameters. Thus, if 1/p;r_17L —1/n<1/p<1/qg< o0,

then
1/p 1/q
(ffwm Jup) <C(j—-1,7) (7[ ][ V™= 3u|q> .
81

A covering argument shows that the bound (1.24) is valid with ¢(j, L, p,q) = C(j —
1,7) C(q), as desired. O

4. NONTANGENTIAL ESTIMATES ON LAYER POTENTIALS

In this section we will prove the nontangential bounds (1.28)—(1.31) on layer
potentials. This will require extensive preliminaries.

As described in Section 1.3, in [She06a,She06b], Shen used good-\ inequalities to
bound solutions to the Dirichlet problem for constant coefficient systems of second
or higher order. The following technical lemma is similar to those used in Shen’s
work and will be used in the proofs of Lemmas 4.3 and 6.2 below. In this lemma
we will make use of the following capped maximal-type function. The use of dyadic
maximal functions lets us avoid covering arguments.

Let @ C R™ be a cube. If j > 0 is an integer, let G;(Q) be the set of 27"
pairwise-disjoint open subcubes of side length 277¢(Q) such that Q = URegj(Q)R.
Let G(Q) = U520G;(Q). If b> 1 and F € L*(bQ), then we define

My oF(z) = Sup{]iRF| tReG(Q), R> x}

Lemma 4.1. Let po > 2, Ag > 1, and Cy > 0 be constants. Let Qo C R™ be a
cube, let F € L?(8Qo), and let ® € L*(16Qy).

Suppose that whenever 0 < v <1, A > Ag, and X\ > 0, and whenever Q € G(Qo)
is a subcube that satisfies

FoieF <o Q< [P [ PR <167l
16Q 8Q 15Q
we have that

o€ Qs MaglIFP)@) > 4Nl < o 5 + o )l

Then for each p with 2 < p < py there is a number Cp, depending only on p, pa,
Ap, Co, and the dimension n, such that if ® € LP(16Q) then

C
P p P P
/QO'F(“)' < 1ot Fllzsan + /mo'q)' '
Proof. Let
E(F,)\) ={x € Qo : Msg,(|F|*)(z) > \}

and observe that by the Lebesgue differentiation theorem and the definition of the
Lebesgue integral,

o |F(x)[P da < /Q MS»Q0(|F|2)(:1:)Z’/2 da :/O |E(F, /\)‘g)\p/Qfl d\.
Y 0
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Choose some A > 0. Let G = G(Qg) be the grid of dyadic subcubes of Qg as given
above. For each x € E(F, \), there is some largest cube @ such that Q 3 z, Q € G,
and fy,|F[> > A Thus,

= U e

QEF(N)
where F(A) is the set of all maximal cubes in {Q € G : f8Q|F|2 > A}. Observe that
the cubes in F(\) are pairwise-disjoint. Let

H(N ) = {Q cF(\): ]€6Q|<1>|2 < w}.
If A>1, then E(F, A\) C E(F,\). Thus
|B(F, AN = Y Hz€Q: Msq,(F?)(z) > AN}

QeF(N)
< S QI+ Y HreQ: Mg, (F?)(x) > AN},
QEF(M\H(AY) QeH(N,)

If @ € F(A)\ H(A, ), then for all z € Q we have that
Mo, (9F)) 2 £, [of >
16

If Q € F(N), then fp|F|> < A < fyol FI* for all R € G with R 2 Q. Thus, if
z € Q, then MS,QO( %) (@) = Ms o (F?)(2).

Thus,

|BE(F, AN)| < {z € Qo : Mig,q0(2)(2) > YA}
+ Y fzeQ: Msq(F?)(z) > AN}.
QEH(AY)

We claim that if @ € H(\,v) and A is large enough, then @ satisfies the conditions
of the lemma. By definition of H(\,v), we have that f16Q|<I>|2 < vA. By definition
of F(N), we have that 8"\|Q| < fSQ\F\z. We are left with the upper bound on
JislFI.

If @ € F()A), then

8"AIQ] < / PP <Pl g,

and so |Q| < M Let
1F 12 00)
8"|Qo

If A > g, then |Q| < |Qo| and so @ # Qp. In particular, the dyadic parent P(Q)
of @ is an element of G, and so by maximality of @,

M6"Q| = ASP(Q)| > / P2
8P(Q)

Ao =

and because 15Q C 8P(Q),

neQ [ (e
15Q
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Thus, if A > Ag and @ € H(\, ), then for all A > Aj, where Ay is as in the
statement of the lemma, we have that

o€ Qs MagFP)o) > AN < o § + s ) 1)

Ap2/2
Recalling that E(F,A) = > oc7(,)|Q 2 X gen(n)|Ql, we have that if A > Ag and
A > Ag, then

1

~y

)lE(FJ)I +[{z € Qo : Mis.q,(|21) () > yA}.

We multiply both sides by AP/2(p/2)AP/2~1 and integrate from Ao to A for some
A > X\g. Making appropriate changes of variables, and expanding the final integral
to all positive numbers and applying the definition of Lebesgue integral, we have
that if A > Ay and A > )\, then

AA A
1
[ JEENER T ir< (A(p_m” * M) [ 1EENG
0

AXo
A P/2
+<) | M (o).
Y Qo

Applying the LP/?2-boundedness of the maximal operator, and using the fact that
|E(F,\)| < |Qol|, we have that

AA p 1 A »
[, iEENE < o <A(p2)/2” A(pz—p)/Z) [ 1
0

A I)/2
- 1Qol(AN)? + C<> / el
Y 16Qo

for some constant C, depending only on n and p. Let

1
_ 2/(p2—p) — mi
A = max(Ay, (4Cp) ), v = min <4C'OA(p_2)/2 , 1> .
Then
AA p )
| IEENERE <Gl 4 ¢, [ el
0 16Qo

where C), depends only on Ay, Co, p, p2, and n. Taking the limit as A — oo and
recalling the definition of A¢ completes the proof. O

We now consider bounds on nontangential maximal operators. Recall the defi-
nition (1.23) of the two-sided modified nontangential maximal function. We define

N 1/2
Nia(z) = sup sup <][ |u|2> ,
—£<t<e Jz—y|<|t| \J B((y,1),]t]/2)

N 1/2
Nf'd(x) = sup sup (7[ |u|2) .
[t1=£ |z—y|<|t| \I B((y,t),[t]/2)

N.i(z) = max(Nju(z), Now(z)).
We may thus use bounds on ]\Nfﬁ and ]Vfﬁ to bound Kf*.

Observe that
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We begin with a very simple bound on N fﬁ The following lemma is well known;
for the sake of completeness we will provide a proof.

Lemma 4.2. If t € R™ and £ > 0, and if 0 < p < oo, then
Moy < 2"][ Na(z)P dz
|lz—z|<l
whenever the right hand side is finite.

Proof. Let € R™. Choose some t with |¢| > ¢ and some y € R" with |x — y| < |¢].
If z € R™ is such that |z — y| < |t|, then

/2
(][ |u|2> < Nja(z)P.
B((y,t),1t/2)

The set of all z with |y — 2| < || and with |z — z| < £ contains a disk A, of radius
£/2, and so

p/2 . _
(7[ |a|2> < ][ Nea(2)P dz < 2"][ N2 dz
B((yt),t]/2) Ay |z—z| <0

whenever |z — y| < |t|. Recalling the definition of N;ﬁu(x) completes the proof. O

We now show how local estimates may be used with Lemma 4.1 to produce
global estimates.

Lemma 4.3. Suppose that & € L? (R} UR™ ") is such that N4 € L2(R™).

loc
Suppose that there exist numbers pa > 2 and ¢ > 0, a function ®, and a set of

Junctions g indexed by cubes Q) in R™ such that, for any cube Q € R™,
INLigl L2sq) < el ®lL2(16q),
N (e — 1) || L2 (sq) < WH@HLZ(IGQ) + W%/MHN*aHLZ(IE)Q)
where £ = £(Q) /4.

Then, for every p with 2 < p < pa, there is a number C, depending only on p,
pa2, ¢ and the dimension n, such that

[Nett|| Lo gny < Cpl| @]l e ®n)
whenever the right hand side is finite.

Proof. We will use Lemma 4.1, with F = ZV*'[L, and let Qy — R™.
Choose some v with 0 < v <1 and some A > 0. Let @ C Qg be such that

(1.4) F P
16Q
(45) Sioh < [ |N.af
8Q
(4.6) [ faP < 16mjQ)
15Q

We need to show that there is some Cy and Aq independent of v and A such that,
if A > Ao, then

o € Q: Mag(Fed) (o) > AN < Go( ] + s )G
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Let a,, = 1, and let @ty = @ — 1,, = @ — %g. We compute
N.i(z)? < max((Nit, (z) + Nty (z))?, Nia(z)?)
< 2NLi, (2)? + 2Ny (2)? + Nia(z)?
and so
4.7) [z €Q: Msq((No)*)(z) > AN}
< [z € Q: My o((Niin)*) (@) > AN/5)]
+ o € Q: Mso((Nyig)*)(w) > AN/5}|
+ {z € Q: My o((Nf@)?)(z) > AN/5}].
By assumption on g,
1Nl 2(s) < cll®lF2160)-

By the weak L' boundedess of the maximal operator,

{2 € Q: My o(Nin))?)(x) > AN/5}| < M
By the bound (4.4),
(4.8) {z € Q: Ms o((Nit,)?)(z) > AN/5}] < c%@\_

By assumption on @ty = % — g and by the bounds (4.4) and (4.6),
~, . c =
INgaef]l Lre (sQ) < Qz1/m (I12ll2(60) + [ Nvttl| L2150)) < ClQIMP2VA.

By boundedness of M on LP2/2
IMs.o((Naie ) prara(qy < CIQIPP2A.

Thus,
(4.9) {z € Q: Ms.o((Nyiy)?) > AN/5}| < CA L7z 1Ql-
By Lemma 4.2,

Nia(z)® < 2"]{ e Nit(z)? d.
If € @ then the region of integration is contained in (3/2)Q C 15Q. Thus, by the
bound (4.6) and the definition of ¢,
2n ~ 2m 128"
sup Npa(a) < o [ (Wpap < 220aa) =2
TEQ wn[” 15Q wngn Wn,

where w,, is the area of the unit disk in R™. We let Ag = 5128 then if A > Ay,
then

(4.10) {z€Q: Mso(Nfu®)(z) > AN/5} = 0.
By the bounds (4.7), (4.8), (4.9), and (4.10), the conditions of Lemma 4.1 are
satisfied, and so the proof of Lemma 4.3 is complete. (]

The next lemma allows us to apply Lemma 4.3 in the case where @t — g =
Vm=iy, where Lv = 0 in 8Q x (—4(Q),£(Q)).
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Lemma 4.11. Let L be an operator of the form (2.7) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.17).
Let Q be a cube and let £ = £(Q)/4. Let 0 < j <m and let 2 < ps < p;L, where

p;-‘jL is as in the bound (1.24). Let v € VV;:}(lOQ x (—3¢,30)) and suppose that
Lv =0 in 10Q x (—3¢,3(). Then

_ ‘ 1/p2 _ ‘ 1/2
(f Nf;(vmﬂmm) Sc(j,p2)< NS‘(V’"W) .
8Q 10Q

Proof. Let © € 8Q, let —¢ < t < ¢ with t # 0, and let |z — y| < |t|]. We wish to

bound the quantity
1/2
<][ |Vm_jv(z,r)2dzdr>
B((yt),[t]/2)

with a bound depending only on x and v, not y or t.
Using the same argument as in the proof of [BHM20, Lemma 3.19], we have that

2[t]

2
][ V™ (2, T)erdz<0( / |om =ty (2 T)ldeZ>
B((y,t),1t1/2) lz—yl<[t| J —2[t|

2
+C<][ Tr,, v(z)|dz> .
lz—yl<[t|
Thus, if z € 8Q), then

NL(V™ ) (z) < CMU(z) + CM(Log Tr,j v) ()
where M is the Hardy-Littlewood maximal operator and where

20 )
U(z) = 100V (), V(2) :/_2[\8:“_J+1v(z,r)|dr.

By Lemma 3.2 and the bound (1.24), if py < p;:L then

14 . p2/2
tag By o(e) < Clpll(f, f 9 oenParas)
Rn 10Q J —¢
By Holder’s inequality,

/ U2)P dx < (40)P~ 1/ / Om I+ (2, )P dr d.

Because 0" Jflj isa solution, we may apply the bound (1.24) provided py < p;’ I

by this bound and the Caccioppoli inequality,

p2/2
/U( )2 dz < C(m, p2) IQ< ][ 0 u( zrzdrdz> .
n IOQ

By the LP2-boundedness of the maximal operator, we have that

» ) 3¢ ) p2/2
/ NfL(Vm*Jv)(:v)p2 dx < C(j,p2)|Q|<f ][ |8;"3v(z,r)|2drdz> .
8Q 10Q J —3¢

It is straightforward to control the right hand side by Ngf(vm—j v). This completes
the proof. 0

We now establish the bounds (1.28)—(1.31).
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Theorem 4.12. Let L be an operator of the form (2.7) of order 2m associated
to bounded t-independent coefficients A that satisfy the ellipticity condition (1.17).

Let p;fL be as in the bound (1.24). If2 <p < piL, if h € LP(R™) N L2(R™), and if
f =Tr,,_1 F for some smooth, compactly supported function F', then

(4.13) [NV LSER) | 1oy < C(L, D) 1Rl Lo )

(4.14) |V (71 DA |y < COLD Flipasr -

Let j = 0 orj =1andlet2 <p < p;fL, Let g € LP(R™) N L*(R™) and let
@ =Tr,,_1 ¢ for some smooth, compactly supported function ¢. Then

(4.15) [NV 0/ 8"§)|| Loy < C(,P) 1G]] o ),

(4.16) IN (T DAG) Loy < CG B lars -

We may as usual extend layer potentials by density in such a way that the given
bounds are valid for all inputs such that the respective right hand sides are finite.

Proof of Theorem 4.12. We make one of the following six choices of u, ug, ®1,
and j, where @ is any cube in R".

u=SLh, ug = S&(1160h), ®, = |h, j=1,
u="D"f, UQ:DA(.f10Q)7 o) = |f], Jj=1
u=0{8"g, ug = 018" (11604), 1 =g/, j €40,1},
u=0{DA,  ug=09Dpug), 1 =|Vel,  je{01}.

Here, ¢10g = Trm_l((qS — P11g)moq + Pi1g), where n10¢ is smooth, supported in
11Q and identically equal to 1 in 10Q, and where P14 is an appropriate polynomial
of degree at most m — 1. Then ¢35 = ¢ in 10Q and V4, = 0 outside 11Q.
As is standard (see, for example, [She06b, Lemma 3.3] or [BHM20, Definition 5.3]),
if we choose Py correctly, then by the Poincaré inequality, [|[Viogllpemn) =
[Vérogllzaaiq) < CollV@lLaig) for any g with 1 < ¢ < co.

We construct f10Q similarly, but with a polynomial of degree at most m — 2, so

that me = fin10Q, me = O outside 11@Q, and ”.flOQHL‘I(]R”) = ”.flOQHL‘I(llQ) <
Cq”f”L‘J(llQ) for any 1 < ¢ < oo.

(In this section, we need only require that H.flOQ | La@ny < C'qu'HLq(mQ); we will
need the tighter bound || f100reen) < Cqllfllze1¢) in Section 5.)

Choose some p with 2 < p < pj:L. By standard self-improvement properties
of reverse Holder estimates (see, for example, [Gia83, Chapter V, Theorem 1.2]),
there is a ps > p such that the bound (1.24) is valid for p = py (that is, such that
P2 < p;fL), with po and ¢(j, L, p2,2) depending only on p and ¢(j, L, p, 2).

In all cases, u — ug € Wl?f(lOQ x (—0(Q),4(Q))), and L(u —ug) = 0 in
10Q x (—4(Q),4(Q)). By Lemma 4.11 with v = u — ug, we have that

(i@ NE(V™ T (u — uQ))p2> 1/p2 < C(j,po) < N3 (ymi(y — uQ))Q) 1/2.

10Q
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Let @ = V™ 7y and let g = V™ Jug. By the bounds (1.19)—(1.22) established
in [BHM20], we have that

[N« (@) L2@n) < Cll®a]lL2@n) <00,  [[Nu(tg)|L2n) < Cll®1llL2160)

and so

C(jap2)

C(jap2) =~ .
HNSZ(U)HLZ(NQ) + W||¢1||L2(16Q)~

NS (@ — 4Q) || vz s@) < [Q[/2-1/m

The conditions of Lemma 4.3 are thus satisfied, and so

[N+ (V" )| porny < C,p) |11 ]| Lo ey,
as desired. O

5. NONTANGENTIAL ESTIMATES FOR THE NEUMANN PROBLEM

In this section we will prove part of Theorem 1.10. Our precise result is The-
orem 5.15, stated below. However, we will need extensive preliminaries before
Theorem 5.15 can be proven.

Our analysis will involve the interplay between the Dirichlet and Neumann
boundary values of solutions. Thus, we will want a straightforward estimate on
the Dirichlet boundary values of various solutions. The following lemma is much
weaker than traditional Fatou-type theorems, as the existence of boundary traces
is assumed, not proven; however, the lemma is straightforward to establish and will
be useful in our proof of Theorem 1.10.

Lemma 5.1. Let v be a (possibly zero) multiindex in (No)™. Let @ be defined and
locally square integrable in RT’l. Suppose that the weak derivative OV exists in

RT‘l and that Ku (074) € LP(R™) for some p with 1 < p < co. Suppose that Tyt 1
exists in the sense of formula (2.1); that is, there is an array of functions Trt 1
such that
lim / |a(x,t) — Trt a(x)| de =0

K

t—0+

for any compact set K C R™. Then 07 Trt 4 exists in the weak sense and satisfies
107 T | o (rny < |N4(074) || o ey

Proof. Let 17 be smooth and supported in a compact set K C R"™. By the weak
definition of derivative, we seek to bound (979, Tr™ @)gn.

Let W (y,t) = B((y,t),t/2) be the Whitney balls in the definition of N;. For each
y € R™ and each s, t € R, let E¢(y, s) be the horizontal cross section of W (y, t) given
by Ei(y,s) = {z € R" : (z,5) € W(y,t)}. Observe that Fi(y,s) = 0 if s > 3t/2
or s < t/2, and that E;(y, s) is a disk in R™ centered at y if t/2 < s < 3t/2, with
radius depending only on t and s, not on y.

Let e(s) = |E:(y, s)| and w(t) = |W(y,t)|, where e;(s) is defined in terms of n-
dimensional Lebesgue measure and w(t) is defined in terms of (n + 1)-dimensional
Lebesgue measure. Observe that the right hand sides are independent of y provided

y € R". Furthermore, [ e¢(s)ds = jﬁ;ﬂ e(s) ds = w(t). Thus, for any ¢ > 0,

8/2 ¢ (g
@), T i) [ ) 4 ay.

87',Tr+’l'l, n :/
(0, T ) e w(D)

K

i) = [

K
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Changing the order of integration and adding and subtracting appropriate values
of u, we see that

81/2 ¢, (
<67'I7,Tr U)rr —/t/Q wEt)) /K<mﬁ(y)’Tr+".”(y)_ﬂ(y,s»dyds
3t/2 er(s) S )
Jr/t/z w(t) /K<8 n(y), w(y, s)) dy ds.

Because % is nonnegative and integrates to 1, the first integral is at most
sup 071l gy [ [T i) — iy ) dy
5<3t/2 K
which by definition of Tr™ converges to zero as t — 0. Thus,
(77, Tt @)gn = lim (1)1 /3“2 @/ (y), 04y, s)) dy ds
n, R — Fareet 12 ’U}(t) X ny), Y, yas.
Recall that e;(s) = |E¢(y, s)|. Thus,
o 3t/2 4
(1,07 Tr" 4)gn = lim (—1)1 / —/ dx/ (n(y), "y, s)) dy ds.
t—0t+ t/2 w(t) E:(y,s) n

Observe that = € Ei(y,s) if and only if y € Ei(x,s). Changing the order of
integration and recalling the definitions of E; and w(t), we see that

(07, Tr* 4)pn = lim (—1) ”‘/ ][ ), 074y, s)) dy ds dz.
n W(mt)

t—>04r

Let K; = {x € R™ : 5)(y) # 0 for some (y,s) € W(x,t)}. Because 1) is compactly
supported, Up<t<1 K is bounded. Adding and subtracting 7(z), we have that

(677, Tr* dhge = lim ((—1)'7' /K ][ t<1'7(y)—ﬁ(x),é‘”ﬂ(y,s»dydsdx

t—0+
M/][ x), 07 u(y, ))dydsdx).
W (z,t)

If y € W(x,t) then [0(y) — 9(z)| < 3tV ®n). Furthermore, fW(m,t)|87d| <
N4 (874)(x). Thus, the first integral is at most

1 . ~ ,
| 5t ) N (@) )

t

which converges to zero as t — 07. Thus,

(071, Tr™ 4)gn = lim (—1) |'Y|/ ][W( : u(y, s)) dy dsdx
x,t

t—>OJr

and so
(@ )| < [ i) N @) ) do
]Rn

for all smooth, compactly supported functions 7). By density of such functions,
7+ (077, Tr @)~ extends to a bounded linear operator on all of v (R™); thus,
7 Trt 4 exists in the weak sense and lies in LP(R"), as desired. O
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We now recall a few properties of layer potentials. Specifically, the jump and
continuity relations
(5.2) Trh
(5.3) ML DAf + M, DAf >0,
(5.4) Try,_ 8"g—Tr,_ 8" =0,
(5.5) M, Shg+M, St 4

DAf —Tr, DA =—F,

are valid for all f € WA1/22(R”) and all § € B_l/QQ(R"). See [Barl7]; these
relations are also clear from the definitions (2.9) and (2.11) of DA and S* and
formula (1.6) for Neumann boundary values. (As noted in Section 2.3, if Lu =
0 in RY™ and u € W™2(R™), then by [BHM19b, Lemma 2.4] we have that
formula (1.6) for M% u is valid for all ¢ € W™2(R%1).)

Recall that we extend D4 and S by density. If A is as in Theorem 4.12, then
by Lemma 5.1 we have that the jump relation (5.2) is valid for all fe WAS;F_I(R”),
2<p< pIL, or for all f € WA},’LP 1R™M),2<p< p('{L. By the bounds (1.13),
(1.15) and (1.21) and [BHM19b, Theorems 6.1 and 6.2], we have that the continuity
relation (5.3) is valid for all f € WA%?> (R") and all f € WAL | (R™). Similarly,
the jump and continuity relations (5.4) and (5.5) are valid for all g € L*(R"™) and
all g € W—1L2(R™).

We now establish a compatibility result of the type discussed in [Axel0].

Lemma 5.6. Let L be an operator of the form (2.7) of order 2m associated to
bounded self-adjoint t-independent coefficients A that satisfy the ellipticity condi-
tion (1.3). Let g € L>(R") N W~L2(R™). Then there is a function v, unique up to
adding polynomials of degree at most m — 2, that satisfies
Lo =0 R},

MX v 3 g,
IAS (V™ 0) || L2 @n) + [N+ (V™7 0) [ L2y < CllGllyir-1.2gnys
IAF (V™ 0,0) || 2@y + [N+ (V™) || 2@y < Cllgll L2 @ny-
Furthermore, v is also the solution to the problem (1.7), and is the solution to

the problem (1.4) in the sense of that problem (that is, if w is a solution to the
problem (1.4), then w = v + P for some polynomial P of degree m — 1).

(5.7)

Proof. We will follow the argument of [BHM18], in which well posedness of the
problems (1.4) and (1.7) were established.

We begin with the case where A = Ag is the (constant) coefficient matrix
discussed in [BHM18, Section 6]. In this case the solution wg to the problem (1.4)
with A = Ay is given by

ka €) exp(2mi|€|e™ R/ (M)

where Wy denotes the Fourier transform of wq in the n horizontal variables alone,
and where

u en
Z kv 94(¢ mmﬂw\

[vI=



THE W~'? NEUMANN PROBLEM FOR HIGHER ORDER ELLIPTIC EQUATIONS 33

for some constants My,." Here v = (71,...,7n). A straightforward computation
and Plancherel’s theorem yields that

IAF (7™ 00y + 5Pl 9™ el ey < € [ 6B 21l .
k:l n

But i
| £:(6)] < Cle]=™|g(€)]
and so
m 2m—2 2 _o 9 _ -
S [ IR e e < IO e = Ol
Thus,

A3 (EV ™ wo) |72 ey + iglgllvm’lwo( SO @y < Cllgllyr—r 2@

Thus, v = wy solves the problem (1.7) as well as the problem (1.4). By the
bounds (1.8), the nontangential estimates in the problem (5.7) are valid. Thus,
solutions to the problem (5.7) exist; uniqueness of solutions to the problem (1.7)
implies uniqueness of solutions (and thus well posedness) of the problem (5.7).

The change of variables (z,t) — (x,—t) shows that a problem analogous to the
problem (5.7) in the lower half space is well posed.

We now apply the method of layer potentials of [Ver84,BM13,BM16b,Bar17], as
in [BHM18, Section 7.2]. Specifically, we will use [Barl7, Theorems 6.23 and 6.24].
We need to verify Conditions 6.14-6.22 in [Bar17]. Let the space XT be given by

lvllx+ = HA;(tva)HL"’(R") + ||A7+(Vm_1“)||L2(Rn)

+[|AS (tV™00) | L2 ) + [IN4 (V™) | L2 er )
and let X~ be the analogous space of functions defined in R™*!. Let

D = WA (R™) N WAL | (R™)
with [ fllo = [ Flirane oy + 1 Flirare | oy and let

N = (WARL (R™)" N (WAL, (R™))".

We remark that if g € L2(R")NW~12(R™) then ¢ is a representative of an element
G of M with ||GHf_n < CHgHLz(Rn)mWsz(Rn)-

By the main results of [BHM19b], if A is as in Theorem 1.27, and if v € x*
and Lv = 0 in RE™, then TrE v € ® and M4 v € M. By the bounds (1.12)~
(1.15), (1.19)—(1.22) and (2.14), we have that D4 : ® — X* and ST : Mt — X* are
bounded operators.

By [BHM18, Theorem 4.3], if v € X* and Lv = 0 in Riﬂ, then the Green’s

formula
1.V™y = VDA (TxE

m—1 U) + vaL(M,:S U)
is valid. '
Finally, the jump relations (5.2) and (5.3) are valid for all f € ©, and the jump

relations (5.4) and (5.5) are valid for all G € M. (We let S*G = Sg for any

IThere is a minor error in [BHM18, Section 6], namely a forgotten complex conjugate.
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representative ¢ € L2(R"™) N W~12(R") of G; by the definition (2.11) of S*, SL'G
is well defined.)

Thus, Conditions 6.14-6.22 in [Barl7] are valid. Therefore, by [Barl7, Theo-
rems 6.23 and 6.24], we have that M;U DAo is an invertible operator ® — M.
Furthermore, the norm of (MZO DAo)~1 depends only on the standard parameters
and the constant C' in the estimate ||[v]|x+ < C||G||n.

As in [BHM18, Section 7.2], let A; = (1 — s)Ag + sA and let M, = M:g DA
By the bounds (1.13), (1.15) and (1.21) and [BHM19b, Theorems 6.1 and 6.2], we
have that M is bounded ® — 91, uniformly for s in a complex neighborhood € of
[0,1]. Let r € [0,1] be such that M, : ® — N is invertible. As in [BHMIS8, Section
7.2, if 7 < s <1 and |s — 7| is small enough (depending only on sup,cq | M. |o_n
and ||M,|lsto), then My is invertible ® — 91, and indeed satisfies

NI; =3 NI (N, — ML) NI
j=0

Thus, v = DA+ (M; ! §) solves the Neumann problem
Lo=0m R, M v=g, [lv]z+ < CIM osnlgl

Then v is also the solution to the problems (1.4) and (1.7), and so v is a solution
to the problem (5.7) (with two distinct estimates rather than the single estimate
lvllx+ < CJ|g|lm). Furthermore, the constant C' in the problem (5.7) may be
controlled by the constants in the problems (1.4) and (1.7), and so is uniformly
bounded for all 0 < s <1 for which the problem (5.7) is well posed. This affords a
uniform bound on ||M;*|jm_o for all such s.

Thus by continuity, M is invertible and the problem (5.7) is well posed for all
0 < s <1, in particular for s =1 and Ay = A. This completes the proof. O

In our proof of Theorem 1.10, we will need the following analogue to Lemma 4.11
for solutions u whose Neumann boundary values are zero in a cube.

Lemma 5.8. Let L be an operator of the form (2.7) of order 2m associated to

bounded t-independent coefficients A that satisfy the ellipticity condition (1.17).
Let Q C R™ be a cube and let £ = ((Q)/4. Let u € W™2(11Q x (0, 3¢)). Suppose

that Lu = 0 in 10Q x (0,3¢) and that

(5.9) (V" o, AV™u)1009x(0,30) = 0 for all o € C5°(10Q x (=34, 30)).

If 2 <p<pr, then

~ 1/p . 1/p
(f Nﬁ(hvmlu)f’) gcu,p)(][ m;luw)
8Q 11Q

B 1/2
+ C(l,p)( Ngf(vmluF) .
10Q
We remark that if § € M}, u in the sense of formula (1.6) for some function §
with ¢ = 0 in 10Q, then formula (5.9) is valid.

Proof of Lemma 5.8. By standard trace theorems (see, for example, the standard
text [Eva98]), Try,—1u € L2(11Q). Let fioq = (Tr} _; u)10q be as in the proof
of Theorem 4.12. That is, let P11 be a polynomial of degree at most m — 2 such
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that [}, Tr(0%u — 8°Prig) = 0 for all £ with [§] < m — 2. Let 1i9g be a smooth
cutoff function equal to 1 in 10Q x (—¢,¢) and supported in 11Q x (—3¢,3¢). Let
g = moq(u — Pr1g) + Prig and let fioo = Tr! | ig. We extend f10g by zero
outside of 11Q).

We observe that g € Wm’z(RT'l), and so by Remark 2.4, f'loQ € WA;{%?(R")
We further observe that me = Tr;fl u in 10Q, wa is supported in 11Q), and
by the Poincaré inequality we have that ||f'10Q||L2(11Q) <Co|ix) ul| £2(11Q)-

Let ug = 1yu + DA(floQ). Because f'loQ € WA;{E?(R"), we have that
DA(f10g) € W™2(R™1) and so ug € W™2(11Q x ((—3¢,0) U (0,30))). By the
jump relation (5.2),

Trrtﬁl uQ = Tr;ﬂ U+ Trjr;ﬂ DA(flOQ)
=Tr} _ju- flOQ S DA(me)
= (Tr),,_yu— Ffro0) + Tr,,_; ug-
Thus Tr_ug = Tr,,_, ug in 10Q, and so ug € W™2(10Q x (—3¢,3()). Let
v € C§°(10Q x (—3¢,3¢)). Then
(V™o, AV™uqg)100x (—30,30) = (V"0, AV™U) 100 (0,30)
+ (V™0 AV DA(£100)) 100x (0,30
+(V™0, AV DA(£100)) 100% (~36.0)-

By assumption the first inner product is zero. By the continuity relation (5.3) we
have that the sum

(V™p, AV™D(F100))100x(0.30) + (V™ 0, AV DA(£100)) 100% (~3,0) = 0
and so Lug = 0 in 10Q x (=3¢, 30).
By Lemma 4.11,if 2 < p < p;fL then

_ ) 1/p ~ ) 1/2
<][ NE(V™Tug)? d:v> < C’(l,p)( NSZ(Vm]uQ)2>
8Q 10Q

We bound N*(Vm’jDA(f'wQ)) using Theorem 4.12. This completes the proof. [

Observe that the boundary values Tr;rl_l u appear in Lemma 5.8. We now

establish a bound on Tr; | u. The proof of the following lemma is based on the
proof of [BHM18, Theorem 5.1].

Lemma 5.10. Let L be an operator of the form (2.7) of order 2m associated to
bounded self-adjoint t-independent coefficients A that satisfy the ellipticity condi-
tion (1.3). Let u satisfy the bounds

143 ¢V )| 2@y + A5 (EV ™ Ong1w)l| L2 ()
—|— \|N+(Vm_lu)||Lz(Rn) + ||N+(VmU)HL2(Rn) < Q.

Let Q@ C R™ be a cube. Suppose that Lu = 0 in Riﬂ and that M;u > g for some
g with ¢ =0 in 14Q. Then

Tyt 2 2 N (U142 12
< — m-= .
(/HQ m“') w(@)( g+ “)>
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Proof. Let € > 0 and let u.(z,t) = u(x,t+¢). Because A is t-independent, we have
that Lu. = 0 in R?*". We begin by bounding Tr}’ u. = V™u(-,¢) in 12Q.

Let o(z,t) = p(x) n(t), where p and 7 are smooth, real-valued, supported in 13Q

and (—44(Q),4¢(Q)), and equal to 1 in 12Q and (—24(Q), 2¢(Q)), respectively. If
0 < e <20(Q), then

/ |V u(x,e)|? do < / IV (ugp)(x, €)|? d.
12Q R™
By the bound (1.3),

Rn\Vm(uw)(w,E)Pdw < %Re/ (V™ (up)(,2), A(2)V™ (up)(,€)) da.

n

Because A is t-independent and self-adjoint, and because ¢(y,s) = 0 for all s >
40(Q), we have that

[ @ wa o AV (o) = —2Re [ [ (970,000, AT ).

We wish to write the right hand side in terms of M} u.. Let |a| = |3| = m. By
Leibniz’s rule,

0O 41(wp) Aap 07 (up) = 0°(p Dnp1 (up)) Aap 9’

-3 ()T Tt a0

y<a

5 (A
5<pB

where (:) is an appropriate constant, and where v < a if v € (Ng)"*L, || < |a,
and v; < ajforall 1 <j<n+41.
Because A is t-independent, an integration by parts in ¢ shows that

/ 0%On41(up) Aap 5‘57690 u
€ Rn

__ / 3% (up) Aap Ons1 (0500 %)
5 Rn

~ | 0% (up)(x,€) Anp(x) 8°°p(x, ) Bu(x, €) da.
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Thus,
[ IV ) do
< —Re/ / (o B (1)), AV™ )
+§ReZ/ / ( )3a7g0373n+1(u90) Aup 0%u
+ iReZ/ /< )aa 0P) Aug Ons1 (0700 0Pu)
42 SReY / ( )Mo(me)A 5(2) 0P p(w, £) Dulz, €) dr

=I+I1I+1IT+1V
where the sums are over approprlate ranges of multiindices.
We normalize u so that f13Q @ iy = 0 whenever 0 <7 <m—2. By the
Poincaré inequality, if 0 < 7 < m — 2 then
@@ _ 40(Q)
(5.11) / / Viuf? < ce(cg)?m—?—?J/ / VL)
13Q Jo 13Q Jo

Furthermore, by boundedness of the trace map (see, for example, [Eva98]), we have
that for such j, if 0 < e < 2¢(Q) then

. ) 4(Q)
(5.12) / |Viu(z,e)|? de < CH(Q)*™ 3% / / |V )2,
13Q 13Q JO
Applying these bounds, we see that
44(Q) 40(Q)
I+ 11T < 5oos / |V ul? + |V L2
13Q 13Q Jo

and

C
IV < ——IV™(up) (-, &) | L2 [|V™ (-, €)|| 12
< é(Q)ll (up) (-, )l 2@ l (- o)llzzasQ)

c @\
+ oIV DM ([ [T 1)

By the boundary Caccioppoli inequality (see [Barl6, Lemma 16)),

40(Q) 513(62
13Q Jo 14Q

and so by Young’s inequality, Lemma 3.2 and the definition of N ,

c - 1
IT+IIT+1V < —— N (V)2 + 2V (up) (-, €)||22 s -
é(Q)Q 14Q +( ) 2” ( 90)( )”L (R™)

We are left with the term I. Using the definition (1.6) of Neumann boundary values
and the fact that 9;p(x,t) = 0 for ¢ small enough, we see that

-2 . .
I= - Re <Trm_1(g023n+1u5), Mjg U5>Rn
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Because 1\./12 u = 01in 14Q and Trm_l(<p28n+1ua) = 0 outside of 13Q, we have that

) . . .
I = Y Re(Trm,l(goQBnHuE), MX U — MX UYRn .

Furthermore, by Lemma 3.2 and the assumed nontangential bounds on V™u and
V™ lu, we have that Tr; u. and Tr;, | u. are in L?(R"), uniformly in &, and by
the bound (5.12), we have that Tr;' us. € L?(13Q) for all 0 < j < m — 2, again
uniformly in e. Thus, Trp, 1 (©?0ny1u.) € WAY? | (R™) with a norm that may be
bounded independently of €. By [BHM18, Lemma 4.2], we have that MZ(u—ug) —
0in (WA%? (R™))* as e — 0F. Thus, lim._,o+ I = 0, and so

lim [ V™ (ug)(z,e)|? de < N (V™ L),

e—=0F Jgn £(Q)* 14Q

By [BHM19b, Theorem 5.2],

/ ITr,, u? = lim |V u(x,e)|? do < lim/ |V (ugp) (w0, €)|? da
12Q 2Q R"

e—0t Jq e—0t

and so

. C ~
Tr,, ul? < N (V™ 1y)?
/m' TG 14Q + )

as desired. O

We are now in a position to prove the main result of this section. We will
establish that the solutions to the Neumann problem (5.7) satisfy a nontangential
estimate for all § in a certain dense subspace of W17, This subspace is defined
as follows.

Suppose that h is an array of vector-valued functions, so that 57 : R™ — C™ for
ecach multiindex v with |y| = m — 1. We define div k as the array given by

(5.13) (divh)y =divhy =" 0y, (hy);.

j=1

Remark 5.14. If 1 < p < oo and h € LP(R™), and if the divergence is taken in the
distributional sense, then divh € W~1P(R") With. [div Al 10 @ny < [RllLe@n)-
Conversely, by the Hahn-Banach theorem, if § € W~1P(R") for some 1 < p < oo,
then there is an h with [|h[|rr®n) & [|gllyi-1.0 gy and with g = divh. Thus,
because C3°(R™) is dense in LP(R™), we have that {divh : b € C3°(R™)} is dense
in W=LP(R").

Theorem 5.15. Let L be an operator of the form (2.7) of order 2m associated to
bounded self-adjoint t-independent coefficients A that satisfy the ellipticity condi-
tion (1.3).

There is some € > 0 such that if

< 1 1 > 1
max|{0,- ———¢) < -=-<
2 n p

DN | =
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then there is a number C, such that if h e C§°(R™) is an array of vector-valued
functions and g = div h, then the solution v to the problem (5.7) also satisfies

{ Lo=0nR™,  Mavsg,

(5.16) o ,
INL (V™ 0)|lperey < Cpllb|l pe@ny-

Proof. Choose some such A and let v be the solution to the problem (5.7).

We will use Lemma 4.3 with & = 1, V™ 'v. We construct ¢ as follows. For
each cube Q C R", let 1714 be as in the proof of Theorem 4.12. Then 7;4¢ is smooth
and compactly supported Mmag = 1 in 14Q and mi4g = 0 outside of 15.4Q) C 16Q).
Let hQ = 7714Qh and let g, = div hQ Let vg be the solution to the problem (5.7)
with data gg and let @ = 1, V™ ug.

Choose some such cube @ € R and let u = v —vg. Let R C @ be a cube
contained in Q. Observe that Lu = 0 in R’™, that N4 (V™u) € L2(R™) and so
u € W™2(11R x (0,£(R)), and by formula (1.6), u satisfies the condition (5.9).
Thus, u satisfies the conditions of Lemma 5.8. Let 1/p3 =1/2 —1/nif n+1 > 4,
and let 2 <p3 <ooifn+1=2o0rn+1=3. By Proposition 3.6, p3 <p;“,L and
¢(1, L, ps3,2) depends only on p3 and the standard constants. Thus,

1/ps 1/ps
(][ NE@L V™ )P ) SC(][ T 1U|”3)
11R

_ 1/2
+ C( Nf;f(vm—lu)?> :
10R

By the Gagliardo-Nirenberg-Sobolev inequality (if n > 3), the Gagliardo-Nirenberg-
Sobolev inequality and Holder’s inequality (if n = 2), or Morrey’s inequality (if

n=1),
, 1/ps . 1/2
(/ Trm_lu|p3) sO|R””31/2“/"(/ Trmm?)
11R 11R

. 1/2
+ C|R|*/Ps <][ |Tr,, 1 u|2> .
11R
By Lemma 5.10,

1/2 c 1/2
’I‘rrflu 2> < ( N (V™ 1y 2) .
</12R' | AV

Combining these estimates and applying Lemma 5.1, we have that

_ 1/ps _ 1/2
(][ N5(1+vm—1u)ps> < c( N+(Vm_1u)2> .
8R 14R

By Lemma 4.2, Z\7}€(1+Vm_1u)(aﬁ) < C(fur ]\~f+(Vm_1u)2)1/2 for all z € 8R, and

SO
_ 1/ps _ 1/2
(][ N+(vm1u)m> gc( N+(Vm1u)2> .
8R 14R

Because p3 > 2, this is a reverse Holder inequality. It is well known that reverse
Holder inequalities are self-improving. For example, by [Gia83, Chapter V, Theo-
rem 1.2], there is some ps > p3 and Cy < 0o depending only on n, C' and ps such
that this bound is true with py replaced by p3 and C replaced by Cs.
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Recall that @ = 1, V™ v and that N, (V™ ) € L2(R"). Recall also that
g = 1.V 1ug. Thus, for any cube Q C R”,

[INg | 2@y < CllAllL2(160)s

_ 1/p2 ~ 1/2
(f Feta-aor) " <o(f Fia-ier) .
8Q 14Q

By Lemma 4.3, if 2 < p < ps then ||JV*11\|LP(R”) < Cp||h|| Lo (gny- This completes
the proof. O
6. AREA INTEGRAL ESTIMATES

In this section we will establish the area integral bounds (1.32)—(1.35) in Theo-
rem 1.27, and show that the solution v to the Neumann problem in Theorem 5.15
satisfies an area integral estimate.

In the introduction, we defined the Lusin area integral A;, Aj. See formulas
(1.5) and (1.18). We will also need the corresponding operator in the lower half
space; thus, we define

0
dydt dy dt
x)2:/ / |H(y, 22 / / s
—oo Jje—y|<lt] \t| o y|<t t

We begin with the analogue to Lemma 4.2 for the area integral. Let £ € R,

£ # 0. We define
dydt)
2
H(y,sgn )
</€ /|z yl<t ())| tr+l

n=([" /lx_yldH(y,sgn<e>t>|2fff‘f) ,

AT H(z)? = ASH(2)? + ALH(z)? if £>0,
Ay H(z)? = AYH(x)? + ALH(2)? if £ < 0.
Lemma 6.1. Let ¢ #0. We have that
ASH(z)? < 2nf e ASH(2) dz

whenever the right hand side is finite.

so that

Proof. Let A(x, [¢]) = {z € R : |z — z| < |¢|}. We compute that

ydt
dz_][ / / H(y, sen(0)t)222
][Amm N R y\<t it !

= H(y,sgn(0)t .
/w /x—y|<t+e INCAD] P H (s 0 51

If |[vt —y| < tand t > |¢|, then A(x, |¢|) N A(y,t) contains a disk of radius |¢|/2, and

SO
A |0 N A 1

A, [€])] 2n
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Therefore,
1 [ dy dt 1
ALH(2)?dz > —/ / |H (y,sgn(€)t)|? = —AH(x)?
][Ame) g 2" Jiop Jja—yl<t gt gn
as desired. O

The main tool in our argument will be the following lemma. This result will
perform the same role as Lemmas 4.3 and 4.11.

Lemma 6.2. Let L be an operator of the form (2.7) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.17).
Let AT denote either AS or A; .
Let 2 < p<oo. Letu € W/I?C’Z(Rﬁﬂ UR™M™) be such that
(6.3) A3 (tV™u) € L*(R™),
(6.4) N.(V™tu) € LP(R™).
Suppose that there is a constant ¢, a function ® € LP(R™) ,and a family of functions
ug indezed by cubes QQ in R™ that satisfy the conditions

(6.5) A5 (V™ u0) | 12 s0) < cll®1lz2(160)
(6.6) ||ﬁ*(vm_1UQ)||L2(10Q) < | ®1llr2160),
(6.7) u—ug € W™?(10Q x (~£(Q), £(Q))).
(6.8) L(u—ug) = 0 in 10Q x (—£(Q). £(Q)).

Then there is a constant C depending only on ¢, p, and the standard parameters
such that

AS (V™) || o (ny < Cl®1]| o (ny + ClIN (V™ 0)]| Lo (en).-

We emphasize that, while we do require two-sided nontangential estimates (that
is, bounds on N, (V™ ') rather than N, (V™ 'u) alone), we will only need one-
sided L? square function estimates. We will need Lemma 6.2 in this generality in
the forthcoming paper [Bar].

Proof of Lemma 6.2. The result follows from Lemma 4.1 with F = AF(tV™u) and

with @ = &, = ®; + N,(V™ 'u). We need only show that the conditions of
Lemma 4.1 are valid.
Let Qo be a large cube. Let 0 <y <1 and A > 0, and let Q C Qg satisfy

(6.9) ][ | Do) < A,
16Q
(6.10) 8"[QIA < / AE (V™ )2,
8Q
(6.11) AEEV™)® < 16™Q)A.
15Q

Let £ = £4(Q)/4, let u, = uq, and let uy = u — ug. The bound
(6.12) o € Q: Mso((Az (tV™w)?)(z) > AN}
< o € Q : Ms g((AF(tV™u))?) () > AN/2}
+{z € Q: Ms g((A,(tV™w)*)(x) > AX/2}]



42 ARIEL BARTON

may be established in the same way as the bound (4.7). If A is large enough
(depending only on dimension), then the formula

(6.13) {z € Q: Msq(AL(tV™u)?)(z) > AN/2} = 0

follows from the bound (6.11) and Lemma 6.1, analogously to formula (4.10).
By the bounds (6.5) and (6.9),

M (1Y ™ un) [ 228y < €16™7AIQ.

By definition of A%, we have that

d
/A@ tV <c// Uf:csgn())\2tdtdm<0\€|/ /e g2

By formula (6.8), we may use the Caccioppoli inequality to see that

240
/Af;(tvmuf)2gc/ ][ VL 2.
8Q 10Q J —2¢

By definition of N, and u ¢, we have that

/ ALVt < C N,(V™ tug)?
8Q 10Q

<C [ NV +C | NV lug)?
10Q 10Q

By definition of ®5, the bound (6.6), and the bound (6.9),
[ Aavrar<e [ @2 <ol
8Q 16Q

Thus, by the weak L' boundedness of the maximal operator,

(6.14) o € Q@ My (A, (19 uy)?)(@) > Arj2)] < T4

By the bounds (6.12), (6.13), and (6.14), we may apply Lemma 4.1 and complete
the proof. O

We may now establish the area integral estimates mentioned in the introduction.

Theorem 6.15. Let L be an operator of the form (2.7) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.17).

Let2 <p< pf’L. Let h, f, g, and ¢ be as in Theorem 4.12. Then we have the
bounds

(6.16) A5 (4 SER) | o ey < CCLp) ol 1 e
(6.17) A5 (V™ DA )| oy < C(1 ,p>||f||WAwl<Rn>,
(6.18) A5 (V™ SE3) | poany < CCL )G 2o eny,

(6.19) A5tV DAG) [y < CL D) [Bllrarr (e

Suppose furthermore that p and A are such that if h € C§°(R™) is an array
of vector-valued functions, and if § = divh in the sense of formula (5.13), then
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there is a function v that solves the Neumann problems (5.7) and (5.16). Then the
solution v also satisfies

(6.20) IAZ (V™ 0) | Lo @ny < Collhallo@n)

where Cp, depends only on the standard parameters, p, ¢(1, L, p,2), and the constants
in the problems (5.7) and (5.16).

Proof. To establish the bounds (6.16)—(6.19), we will apply Lemma 6.2 with u, ug,
and ®; as in the proof of Theorem 4.12 with j = 1. Then the bounds (6.3) and (6.5)
follow from the bounds (1.12)—(1.15). The bound (6.4) follows from Theorem 4.12.
As observed in the proof of Theorem 4.12, formula (6.8) and the bound (6.6) are
valid. Thus, ||A3 (tV™ )| s @n) < C(1,p)]|®1]| 1o (gn), as desired.

We now turn to the bound (6.20). As in the proof of Theorem 5.15, let hg =
7714sz, where 714¢ is smooth, supported in 16Q) and identically equal to 1 in 14Q.
Let gy = div hg. Let vg be a solution to the problems (5.7) and (5.16) with
boundary data gg,.

By [BHM19b, Theorems 5.1 and 5.2], we have that f = Tr,,_; v and fQ =
Tr,,_; vg exist and lie in L?(R™). In particular,

I Trm—1vollL2n) < CIlAT (EV™00) || L2mn) < C2|Ag| r2@ny < C?lR| 12(160)-

By Lemma 5.1 and the estimate in the problem (5.16), we have that Tr,,_1v,
Tr,, 1 vg € WO (R™) with

IEems vllor oy < Clillagny. [Tt vgllior @ < Clilleaso)-

Let u=1 v+ DA f and let ug = 1yvg + DAfQ.

Then A;(tV™u) € L*(R™) by the bound (1.15) and because v is a solution to
the problem (5.7). HN*(Vm_lu)HLp(Rn) < C(Lp)”il”Lp(Rn) by the bound (4.14)
and because v is a solution to the problem (5.16). By the bounds (1.15) and (1.22)
on the double layer potential and because vg is a solution to the problem (5.7), we
have that [|A3(tV™uQ)||r2@@n) + [|N (V™ ug) | 2rny < CllAl|L2(160)-

Thus, the bounds (6.3)-(6.6) are valid with ®; = |h|.

Finally, u — ug is in W™2(10Q x ((—£(Q),0) U (0,£(Q)))) because N, (V™u),
N,(V™ug) € L2(R™). As in the proof of Lemma 5.8, by the jump relation (5.2),
we have that u — ug is in W2(10Q x (—£(Q),£(Q))), and by the continuity re-
lation (5.3), the definition (1.6) of Neumann boundary values and the weak defini-
tion (2.7) of L, we have that L(u —ug) = 0 in 10Q x (—£(Q), (Q)).

Thus, by Lemma 6.2, we have that the bound (6.20) is valid. |

A straightforward density argument lets us pass from Theorems 4.12 and 6.15
to Theorem 1.27, and from Theorem 5.15 and Theorem 6.15 to Theorem 1.10.
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