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Abstract. Recent years have brought significant advances in the theory of

higher order elliptic equations in non-smooth domains. Sharp pointwise es-
timates on derivatives of polyharmonic functions in arbitrary domains were

established, followed by the higher order Wiener test. Certain boundary value

problems for higher order operators with variable non-smooth coefficients were
addressed, both in divergence form and in composition form, the latter being

adapted to the context of Lipschitz domains. These developments brought new

estimates on the fundamental solutions and the Green function, allowing for
the lack of smoothness of the boundary or of the coefficients of the equation.

Building on our earlier account of history of the subject in [BM14], this survey

presents the current state of the art, emphasizing the most recent results and
emerging open problems.
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1. Introduction

The theory of boundary value problems for second order elliptic operators on Lip-
schitz domains is a well-developed subject. It has received a great deal of study in
the past decades and while some important open questions remain, well-posedness
of the Dirichlet, Neumann, and regularity problems in Lp and other function spaces
has been extensively studied in the full generality of divergence form operators
− divA∇ with bounded measurable coefficients.

The corresponding theory for elliptic equations of order greater than two is much
less well developed. Such equations are common in physics and in engineering
design, with applications ranging from standard models of elasticity [Mel03] to
cutting-edge research of Bose-Einstein condensation in graphene and similar mate-
rials [SGK14]. They naturally appear in many areas of mathematics too, including
conformal geometry (Paneitz operator, Q-curvature [Cha05], [CY02]), free bound-
ary problems [Ada92], and non-linear elasticity [Skr94], [Cia97], [Ant05].

It was realized very early in the study of higher order equations that most of the
methods developed for the second order scenario break down. Further investigation
brought challenging hypotheses and surprising counterexamples, and few general
positive results. For instance, Hadamard’s 1908 conjecture regarding positivity of
the biharmonic Green function [Had08] was actually refuted in 1949 (see [Duf49],
[Gar51], [ST94]), and later on the weak maximum principle was proved to fail as
well, at least in high dimensions [MR91], [PV95b]. Another curious feature is a
paradox of passage to the limit for solutions under approximation of a smooth
domain by polygons [Bab63], [MN86b].

For the sake of concreteness, we will mention that the prototypical example of
a higher-order elliptic operator, well known from the theory of elasticity, is the
bilaplacian ∆2 = ∆(∆); a more general example is the polyharmonic operator ∆m,
m ≥ 2. The biharmonic problem in a domain Ω ⊂ Rn with Dirichlet boundary
data consists, roughly speaking, of finding a function u such that for given f , g, h,

(1) ∆2u = h in Ω, u
∣∣
∂Ω

= f, ∂νu
∣∣
∂Ω

= g,
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subject to appropriate estimates on u in terms of the data. To make it precise, as
usual, one needs to properly interpret restriction of solution to the boundary u

∣∣
∂Ω

and its normal derivative ∂νu
∣∣
∂Ω

, as well as specify the desired estimates.
This survey concentrates on three directions in the study of the higher order

elliptic problems. First, we discuss the fundamental a priori estimates on solutions
to biharmonic and other higher order differential equations in arbitrary bounded
domains. For the Laplacian, these properties are described by the maximum prin-
ciple and by the 1924 Wiener criterion. The case of the polyharmonic operator has
been only settled in 2014–2015 [MM14b], [MM14a], and is one of the main sub-
jects of the present review. Then we turn to the known well-posedness results for
higher order boundary problems on Lipschitz domains with data in Lp, still largely
restricted to the constant coefficient operators and, in particular, to the polyhar-
monic case. Finally, we present some advancements of the past several years in
the theory of variable coefficient higher order equations. In contrast to the second
order operators, here the discussion splits according to severals forms of underlying
operators. Let us now outline some details.

On smooth domains the study of higher order differential equations went hand-
in-hand with the second order theory; in particular, the weak maximum principle
was established in 1960 ([Agm60]; see also [Mir48], [Mir58]). Roughly speaking,
for a solution u to the equation Lu = 0 in Ω, where L is a differential operator of
order 2m and Ω ⊂ Rn is smooth, the maximum principle guarantees

(2) max
|α|≤m−1

‖∂αu‖L∞(Ω) ≤ C max
|β|≤m−1

‖∂βu‖L∞(∂Ω),

with the usual convention that the zeroth-order derivative of u is simply u itself.
For the Laplacian (m = 1), this formula is a slightly weakened formulation of the
maximum principle. In striking contrast with the case of harmonic functions, the
maximum principle for an elliptic operator of order 2m ≥ 4 may fail, even in a
Lipschitz domain. To be precise, in general, the derivatives of order (m − 1) of
a solution to an elliptic equation of order 2m need not be bounded. However, in
the special case of three dimensions, (2) was proven for the m-Laplacian (−∆)m

in domains with Lipschitz boundary, ([PV93], [PV95b]; see also [DJK84], [PV92],
[She06a], [She06b] for related work), and, by different methods, in three-dimensional
domains diffeomorphic to a polyhedron ([KMR01], [MR91]).

Quite recently, in 2014, the boundedness of the (m−1)-st derivatives of a solution
to the polyharmonic equation (−∆)mu = 0 was established in arbitrary three-
dimensional domains [MM14b]. Moreover, the authors derived sharp bounds on the
k-th derivatives of solutions in higher dimensions, with k strictly less than m − 1
when the dimension is bigger than 3. These results were accompanied by pointwise
estimates on the polyharmonic Green function, also optimal in the class of arbitrary
domains. Furthermore, introducing the new notion of polyharmonic capacity, in
[MM14a] the authors established an analogue of the Wiener test. In parallel with
the celebrated 1924 Wiener criterion for the Laplacian, the higher order Wiener
test describes necessary and sufficient capacitory conditions on the geometry of
the domain corresponding to continuity of the derivatives of the solutions. Some
earlier results were also available for boundedness and continuity of the solutions
themselves (see, e.g., [Maz79], [Maz99a], [Maz02]).

We shall extensively describe all these developments and their historical context
in Section 3.
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Going further, in Sections 4 and 5 we consider boundary value problems in ir-
regular media. Irregularity can manifest itself through lack of smoothness of the
boundary of the domain and/or lack of smoothness of the coefficients of the un-
derlying equation. Section 4 largely concentrates on constant coefficient higher
order operators, in particular, the polyharmonic equation, in domains with Lips-
chitz boundaries. Large parts of this section are taken verbatim from our earlier
survey [BM14]; we have added some recent results of I. Mitrea and M. Mitrea.
We have chosen to keep our description of the older results, for completeness, and
also to provide background and motivation for study of the boundary problems for
operators with variable coefficients—the subject of Section 5.

The simplest example is the Lp-Dirichlet problem for the bilaplacian

(3) ∆2u = 0 in Ω, u
∣∣
∂Ω

= f ∈W p
1 (∂Ω), ∂νu

∣∣
∂Ω

= g ∈ Lp(∂Ω),

in which case the expected sharp estimate on the solution is

(4) ‖N(∇u)‖Lp(∂Ω) ≤ C‖∇τf‖Lp(∂Ω) + C‖g‖Lp(∂Ω),

where N denotes the non-tangential maximal function and W p
1 (∂Ω) is the Sobolev

space of functions with one tangential derivative in Lp (cf. Section 2 for precise
definitions). In Sections 4.1–4.6 we discuss (3) and (4), and more general higher-
order homogeneous Dirichlet and regularity boundary value problems with constant
coefficients, with boundary data in Lp. Section 4.7 describes the specific case
of convex domains. The Neumann problem for the bilaplacian is addressed in
Section 4.8. In Section 4.9, we discuss inhomogeneous boundary value problems
(such as problem (1), with h 6= 0); for such problems it is natural to consider
boundary data f , g in Besov spaces, which, in a sense, are intermediate between
those with Dirichlet and regularity data.

Finally, in Section 5 we discuss higher order operators with non-smooth coeffi-
cients. The results are still very scarce, but the developments of past several years
promise to lay a foundation for a general theory.

To begin, let us mention that contrary to the second order scenario, there are
several natural generalizations of higher order differential equations to the variable
coefficient context. Recall that the prototypical higher order operator is the bihar-
monic operator ∆2; there are two natural ways of writing the biharmonic operator,
either as a composition ∆2u = ∆(∆u), or in higher-order divergence form

∆2u =

n∑
j=1

n∑
k=1

∂j∂k(∂j∂ku) =
∑
|α|=2

2

α!
∂α(∂αu).

If we regard ∆2 as a composition of two copies of the Laplacian, then one generaliza-
tion to variable coefficients is to replace each copy by a more general second-order
variable coefficient operator L2 = −divA∇ for some matrix A; this yields operators
in composition form

(5) Lu(X) = divB(X)∇(a(X) divA(X)∇u(X))

for some scalar-valued function a and two matrices A and B. Conversely, if we
regard ∆2 as a divergence-form operator, we may generalize to a variable-coefficient
operator in divergence form

(6) Lu(X) = (−1)m divmA(X)∇mu(X) = (−1)m
∑

|α|=|β|=m

∂α(aαβ(X)∂βu(X)).
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Both classes of operators will be defined more precisely in Section 2; we will see that
the composition form is closely connected to changes of variables, while operators
in divergence form are directly associated to positive bilinear forms.

Sections 5.1 and 5.2 discuss higher order operators in divergence form (6): these
sections discuss, respectively, the Kato problem and the known well-posedness re-
sults for higher-order operators, all of which at present require boundary data in
fractional smoothness spaces (cf. Section 4.9). Section 5.3 addresses well-posedness
of the Dirichlet boundary value problem for a fourth order operator in a composition
form (5) with data in Lp, p = 2, in particular, generalizing the corresponding results
for the biharmonic problem (3). To date, this is the only result addressing well-
posedness with Lp boundary data for higher order elliptic operators with bounded
measurable coefficients, and its extensions to more general operators, other values
of p, and other types of boundary data are still open. Returning to divergence form
operators (6), one is bound to start with the very foundations of the theory—the
estimates on the fundamental solutions. This is a subject of Section 5.4, and the
emerging results are new even in the second order case. Having those at hand, and
relying on the Kato problem solution [AHMT01], we plan to pass to the study of
the corresponding layer potentials and eventually, to the well-posedness of bound-
ary value problems with data in Lp. In this context, an interesting new challenge,
unparalleled in the second order case, is a proper definition of “natural” Neumann
boundary data. For higher order equations the choice of Neumann data is not
unique. Depending on peculiarities of the Neumann operator, one can be led to
well-posed and ill-posed problems even for the bilaplacian, and more general oper-
ators give rise to new issues related to the coercivity of the underlying form. We
extensively discuss these issues in the body of the paper and present a certain func-
tional analytic approach to definitions in Section 5.5. Finally, Section 5.6 lays out
open questions and some preliminary results.

To finish the introduction, let us point out a few directions of analysis of higher
order operators on non-smooth domains not covered in this survey. First, an ex-
cellent expository paper [Maz99b] by Vladimir Maz’ya on the topic of the Wiener
criterion and pointwise estimates details the state of the art near the end of the
previous century and provides a considerably more extended discussion of the ques-
tions we raised in Section 3, surrounding results and open problems. Here, we have
concentrated on recent developments for the polyharmonic equation and their his-
torical context. Secondly, we do not touch upon the methods and results of the
part of elliptic theory studying the behavior of solutions in the domains with iso-
lated singularities, conical points, cuspidal points, etc. For a good first exposure
to that theory, one can consult, e.g., [KMR01] and references therein. Instead, we
have intentionally concentrated on the case of Lipschitz domains, which can dis-
play accumulating singularities—a feature drastically affecting both the available
techniques and the actual properties of solutions.

2. Higher order operators: divergence form and composition form

As we pointed out in the introduction, the prototypical higher-order elliptic
equation is the biharmonic equation ∆2u = 0, or, more generally, the polyhar-
monic equation ∆mu = 0 for some integer m ≥ 2. It naturally arises in numerous
applications in physics and in engineering, and in mathematics it is a basic model for
a higher-order partial differential equation. For second-order differential equations,
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the natural generalization of the Laplacian is a divergence-form elliptic operator.
However, it turns out that even defining a suitable general higher-order elliptic
operator with variable coefficients is already a challenging problem with multiple
different solutions, each of them important in its own right.

Recall that there are two important features possessed by the polyharmonic
operator. First, it is a “divergence form” operator in the sense that there is an
associated positive bilinear form, and this positive bilinear form can be used in a
number of ways; in particular, it allows us to define weak solutions in an appropri-
ate Sobolev space. Secondly, it is a “composition operator”, that is, it is defined
by composition of several copies of the Laplacian. Moreover, if one considers the
differential equation obtained from the polyharmonic equation by change of vari-
ables, the result would again be a composition of second-order operators. Hence,
both generalizations are interesting and important for applications, albeit leading
to different higher-order differential equations.

Let us discuss the details. To start, a general constant coefficient elliptic operator
is defined as follows.

Definition 2.1. Let L be an operator acting on functions u : Rn 7→ C`. Suppose
that we may write

(7) (Lu)j =
∑̀
k=1

∑
|α|=|β|=m

∂αajkαβ∂
βuk

for some coefficients ajkαβ defined for all 1 ≤ j, k ≤ ` and all multiindices α, β of

length n with |α| = |β| = m. Then we say that L is a differential operator of
order 2m.

Suppose the coefficients ajkαβ are constant and satisfy the Legendre-Hadamard
ellipticity condition

(8) Re
∑̀
j,k=1

∑
|α|=|β|=m

ajkαβξ
αξβζj ζ̄k ≥ λ|ξ|2m|ζ|2

for all ξ ∈ Rn and all ζ ∈ C`, where λ > 0 is a real constant. Then we say that L
is an elliptic operator of order 2m.

If ` = 1 we say that L is a scalar operator and refer to the equation Lu = 0 as
an elliptic equation; if ` > 1 we refer to Lu = 0 as an elliptic system. If ajk = akj ,

then we say the operator L is symmetric. If ajkαβ is real for all α, β, j, and k, we
say that L has real coefficients.

Here if α is a multiindex of length n, then ∂α = ∂α1
x1
. . . ∂αnxn .

Now let us discuss the case of variable coefficients. A divergence-form higher-
order elliptic operator is given by

(9) (Lu)j(X) =
∑̀
k=1

∑
|α|=|β|=m

∂α(ajkαβ(X)∂βuk(X)).

If the coefficients ajkαβ : Rn → C are sufficiently smooth, we may rewrite (9) in
nondivergence form

(10) (Lu)j(X) =
∑̀
k=1

∑
|α|≤2m

ajkα (X)∂αuk(X).
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This form is particularly convenient when we allow equations with lower-order terms
(note their appearance in (10)).

A simple criterion for ellipticity of the operators L of (10) is the condition that

(8) holds with ajkαβ replaced by ajkα (X) for any X ∈ Rn, that is, that

(11) Re
∑̀
j,k=1

∑
|α|=2m

ajkα (X)ξαζj ζ̄k ≥ λ|ξ|2m|ζ|2

for any fixed X ∈ Rn and for all ξ ∈ Rn, ζ ∈ C2. This means in particular that
ellipticity is only a property of the highest-order terms of (10); the value of ajkα , for
|α| < 2m, is not considered.

Returning to divergence form operators (9), notice that in this case we have a
notion of weak solution; we say that Lu = h weakly if

(12)
∑̀
j=1

ˆ
Ω

ϕj hj =
∑

|α|=|β|=m

∑̀
j,k=1

(−1)m
ˆ

Ω

∂αϕj a
jk
αβ ∂

βuk

for any function ϕ : Ω 7→ C` smooth and compactly supported. The right-hand
side 〈ϕ,Lu〉 may be regarded as a bilinear form A[ϕ, u]. If L satisfies the ellipticity
condition (11), then this bilinear form is positive definite. A more general ellipticity

condition available in the divergence case is simply that 〈ϕ,Lϕ〉 ≥ λ‖∇mϕ‖2L2 for
all appropriate test functions ϕ (see formula (108) below); this condition is precisely
that the form A[ϕ, u] be positive definite.

As mentioned above, there is another important form of higher-order operators.
Observe that second-order divergence-form equations arise from a change of vari-
ables as follows. If ∆u = h, and ũ = u ◦ ρ for some change of variables ρ, then

a divA∇ũ = h̃,

where a(X) is a real number and A(X) is a real symmetric matrix (both depend-
ing only on ρ; see Figure 1). In particular, if u is harmonic then ũ satisfies the
divergence-form equation ∑

|α|=|β|=1

∂α(aαβ(X) ∂β ũ(X)) = 0

and so the study of divergence-form equations in simple domains (such as the upper
half-space) encompasses the study of harmonic functions in more complicated, not
necessarily smooth, domains (such as the domain above a Lipschitz graph).

If ∆2u = 0, however, then after a change of variables ũ does not satisfy a
divergence-form equation (that is, an equation of the form (9)). Instead, ũ satisfies
an equation of the following composition form:

(13) divA∇(a divA∇ũ) = 0.

In Section 5.3 we shall discuss some new results pertaining to such operators.
Finally, let us mention that throughout we let C and ε denote positive constants

whose value may change from line to line. We let
ffl

denote the average integral, that

is,
ffl
E
f dµ = 1

µ(E)

´
E
f dµ. The only measures we will consider are the Lebesgue

measure dX (on Rn or on domains in Rn) or the surface measure dσ (on the
boundaries of domains).
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∆u = h

x 7→ ρ(x) = x̃

|Jρ|div

(
1

|Jρ|
Jρ J

t
ρ

)
∇ũ = h̃

Figure 1. The behavior of Laplace’s equation after change of vari-
ables. Here ũ = u◦ρ and Jρ is the Jacobean matrix for the change
of variables ρ.

3. Boundedness and continuity of derivatives of solutions, the
maximum principle and the Wiener test

3.1. Miranda-Agmon maximum principle and related geometric restric-
tions on the boundary. The maximum principle for harmonic functions is one
of the fundamental results in the theory of elliptic equations. It holds in arbi-
trary domains and guarantees that every solution to the Dirichlet problem for the
Laplace equation, with bounded data, is bounded. Moreover, it remains valid for
all second-order divergence-form elliptic equations with real coefficients.

In the case of equations of higher order, the maximum principle has been es-
tablished only in relatively nice domains. It was proven to hold for operators with
smooth coefficients in smooth domains of dimension two in [Mir48] and [Mir58], and
of arbitrary dimension in [Agm60]. In the early 1990s, it was extended to three-
dimensional domains diffeomorphic to a polyhedron ([KMR01, MR91]) or having
a Lipschitz boundary ([PV93, PV95b]). However, in general domains, no direct
analog of the maximum principle exists (see Problem 4.3, p. 275, in Nečas’s book
[Neč67]). The increase of the order leads to the failure of the methods which work
for second order equations, and the properties of the solutions themselves become
more involved.

To be more specific, the following theorem was proved by Agmon.

Theorem 3.1 ([Agm60, Theorem 1]). Let m ≥ 1 be an integer. Suppose that Ω is
domain with C2m boundary. Let

L =
∑
|α|≤2m

aα(X)∂α

be a scalar operator of order 2m, where aα ∈ C |α|(Ω). Suppose that L is elliptic in
the sense of (11). Suppose further that solutions to the Dirichlet problem for L are
unique.

Then, for every u ∈ Cm−1(Ω) ∩ C2m(Ω) that satisfies Lu = 0 in Ω, we have

(14) max
|α|≤m−1

‖∂αu‖L∞(Ω) ≤ C max
|β|≤m−1

‖∂βu‖L∞(∂Ω).

We remark that the requirement that the Dirichlet problem have unique solu-
tions is not automatically satisfied for elliptic equations with lower-order terms;
for example, if λ is an eigenvalue of the Laplacian then solutions to the Dirichlet
problem for ∆u− λu are not unique.
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Equation (14) is called the Agmon-Miranda maximum principle. In [Sch75],
Šul’ce generalized this to systems of the form (10), elliptic in the sense of (11), that
satisfy a positivity condition (strong enough to imply Agmon’s requirement that
solutions to the Dirichlet problem be unique).

Thus the Agmon-Miranda maximum principle holds for sufficiently smooth op-
erators and domains. Moreover, for some operators, the maximum principle is valid
even in domains with Lipschitz boundary, provided the dimension is small enough.
We postpone a more detailed discussion of the Lipschitz case to Section 4.6; here we
simply state the main results. In [PV93] and [PV95b], Pipher and Verchota showed
that the maximum principle holds for the biharmonic operator ∆2, and more gen-
erally for the polyharmonic operator ∆m, in bounded Lipschitz domains in R2 or
R3. In [Ver96, Section 8], Verchota extended this to symmetric, strongly elliptic
systems with real constant coefficients in three-dimensional Lipschitz domains.

For Laplace’s equation and more general second order elliptic operators, the
maximum principle continues to hold in arbitrary bounded domains. In contrast,
the maximum principle for higher-order operators in rough domains generally fails.

In [MNP83], Maz’ya, Nazarov and Plamenevskii studied the Dirichlet problem
(with zero boundary data) for constant-coefficient elliptic systems in cones. Coun-
terexamples to (14) for systems of order 2m in dimension n ≥ 2m+ 1 immediately
follow from their results. (See [MNP83, formulas (1.3), (1.18) and (1.28)].) Further-
more, Pipher and Verchota constructed counterexamples to (14) for the biharmonic
operator ∆2 in dimension n = 4 in [PV92, Section 10], and for the polyharmonic
equation ∆mu = 0 in dimension n, 4 ≤ n < 2m + 1, in [PV95b, Theorem 2.1].
Independently Maz’ya and Rossmann showed that (14) fails in the exterior of a
sufficiently thin cone in dimension n, n ≥ 4, where L is any constant-coefficient
elliptic scalar operator of order 2m ≥ 4 (without lower-order terms). See [MR92,
Theorem 8 and Remark 3].

Moreover, with the exception of [MR92, Theorem 8], the aforementioned coun-
terexamples actually provide a stronger negative result than simply the failure of
the maximum principle: they show that the left-hand side of (14) may be infinite
even if the data of the elliptic problem is as nice as possible, that is, smooth and
compactly supported.

The counterexamples, however, pertain to high dimensions. This phenomenon
raises two fundamental questions: whether the boundedness of the (m−1)-st deriva-
tives remains valid in dimensions n ≤ 3, and whether there are some other, possibly
lower-order, estimates that characterize the solutions when n ≥ 4. This issue has
been completely settled in [MM09b] and [MM14b] for the polyharmonic equation
in arbitrary domains.

3.2. Sharp pointwise estimates on the derivatives of solutions in arbi-
trary domains. The main results addressing pointwise bounds for solutions to
the polyharmonic equation in arbitrary domains are as follows.

Theorem 3.2 ([MM14b]). Let Ω be a bounded domain in Rn, 2 ≤ n ≤ 2m + 1,
and

(15) (−∆)mu = f in Ω, f ∈ C∞0 (Ω), u ∈ W̊m,2(Ω).

Then the solution to the boundary value problem (15) satisfies

(16) ∇m−n/2+1/2u ∈ L∞(Ω) when n is odd, ∇m−n/2u ∈ L∞(Ω) when n is even.
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In particular,

(17) ∇m−1u ∈ L∞(Ω) when n = 2, 3.

Here the space W̊m,2(Ω), is, as usual, a completion of C∞0 (Ω) in the norm given

by ‖u‖W̊m,2(Ω) = ‖∇mu‖L2(Ω). We note that W̊m,2(Ω) embeds into Ck(Ω) only

when k is strictly smaller than m − n
2 , n < 2m. Thus, whether the dimension

is even or odd, Theorem 3.2 gains one derivative over the outcome of Sobolev
embedding.

The results of Theorem 3.2 are sharp, in the sense that the solutions do not
exhibit higher smoothness than warranted by (16)–(17) in general domains. Indeed,
assume that n ∈ [3, 2m+ 1] ∩ N is odd and let Ω ⊂ Rn be the punctured unit ball
B1 \ {O}, where Br = {x ∈ Rn : |x| < r}. Consider a function η ∈ C∞0 (B1/2) such
that η = 1 on B1/4. Then let

(18) u(x) := η(x) ∂
m−n2−

1
2

x (|x|2m−n), x ∈ B1 \ {O},
where ∂x stands for a derivative in the direction of xi for some i = 1, . . . , n. It
is straightforward to check that u ∈ W̊m,2(Ω) and (−∆)mu ∈ C∞0 (Ω). While

∇m−n2 + 1
2u is bounded, the derivatives of order m− n

2 + 3
2 are not, and moreover,

∇m−n2 + 1
2u is not continuous at the origin. Therefore, the estimates (16)–(17) are

optimal in general domains.
As for the case when n is even, the results in [KMR01, Section 10.4] demonstrate

that in the exterior of a ray there is an m-harmonic function behaving as |x|m−n2 + 1
2 .

Thus, upon truncation by the aforementioned cut-off η, one obtains a solution to
(15) in B1\{x1 = 0, . . . , xn−1 = 0, 0 ≤ xn < 1}, whose derivatives of order m− n

2 +1
are not bounded. More delicate examples can be obtained from our results for the
Wiener test to be discussed in Section 3.4. Those show that the derivatives of order
m − n

2 need not be continuous in even dimensions. Therefore, in even dimensions
(16) is a sharp property as well.

It is worth noting that the results above address also boundedness of solutions
(rather than their derivatives) corresponding to the case the case whenm−n

2 + 1
2 = 0

in odd dimensions, or, respectively, m − n
2 = 0 in the even case. In this respect,

we would also like to mention higher dimensional results following from the Green
function estimates in [Maz99b]. As will be discussed in the next section, one can
show that, in addition to our results above, if Ω ⊂ Rn is bounded for n ≤ 2m+ 2,
and if u is a solution to the polyharmonic equation (15), then u ∈ L∞(Ω). This
result also holds if Ω ⊂ R7 and m = 2.

If Ω ⊂ Rn is bounded and n ≥ 2m+ 3, or if m = 2 and n ≥ 8, then the question
of whether solutions u to (15) are bounded is open. In particular, it is not known
whether solutions u to

∆2u = h in Ω, u ∈ W̊ 2
2 (Ω)

are bounded if Ω ⊂ Rn for n ≥ 8. However, there exists another fourth-order oper-
ator whose solutions are not bounded in higher-dimensional domains. In [MN86a],
Maz’ya and Nazarov showed that if n ≥ 8 and if a > 0 is large enough, then there
exists an open cone K ⊂ Rn and a function h ∈ C∞0 (K \{0}) such that the solution
u to

(19) ∆2u+ a ∂4
nu = h in K, u ∈ W̊ 2

2 (K)

is unbounded near the origin.
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3.3. Green function estimates. Theorem 3.2 has several quantitative manifes-
tations, providing specific estimates on the solutions to (15). Most importantly,
the authors established sharp pointwise estimates on Green’s function of the poly-
harmonic operator and its derivatives, once again without any restrictions on the
geometry of the domain.

To start, let us recall the definition of the fundamental solution for the polyhar-
monic equation (see. e.g., [ACL83]). A fundamental solution for the m-Laplacian
is a linear combination of the characteristic singular solution (defined below) and
any m-harmonic function in Rn. The characteristic singular solution is

Cm,n|x|2m−n, if n is odd, or if n is even with n ≥ 2m+ 2,(20)

Cm,n|x|2m−n log |x|, if n is even with n ≤ 2m.(21)

The exact expressions for constants Cm,n can be found in [ACL83], p. 8. Hereafter
we will use the fundamental solution given by

(22) Γ(x) = Cm,n


|x|2m−n, if n is odd,

|x|2m−n log diam Ω
|x| , if n is even and n ≤ 2m,

|x|2m−n, if n is even and n ≥ 2m+ 2.

As is customary, we denote the Green’s function for the polyharmonic equation
by G(x, y), x, y ∈ Ω, and its regular part by S(x, y), that is, S(x, y) = G(x, y) −
Γ(x− y). By definition, for every fixed y ∈ Ω the function G( · , y) satisfies

(23) (−∆x)mG(x, y) = δ(x− y), x ∈ Ω,

in the space W̊m,2(Ω). Here ∆x stands for the Laplacian in the x variable. Similarly,
we use the notation ∆y, ∇y, ∇x for the Laplacian and gradient in y, and gradient
in x, respectively. By d(x) we denote the distance from x ∈ Ω to ∂Ω.

Theorem 3.3. Let Ω ⊂ Rn be an arbitrary bounded domain, m ∈ N, n ∈ [2, 2m+
1] ∩ N, and let

(24) λ =

{
m− n/2 + 1/2 when n is odd,

m− n/2 when n is even.

Fix any number N ≥ 25. Then there exists a constant C depending only on m, n,
N such that for every x, y ∈ Ω the following estimates hold.

If n ∈ [3, 2m+ 1] ∩ N is odd then
(25)

|∇ix∇jyG(x, y)| ≤ C d(y)λ−j

|x− y|λ+n−2m+i
, when |x− y| ≥ N d(y), 0 ≤ i, j ≤ λ,

and
(26)

|∇ix∇jyG(x, y)| ≤ C d(x)λ−i

|x− y|λ+n−2m+j
, when |x− y| ≥ N d(x), 0 ≤ i, j ≤ λ.

Next,

(27) |∇ix∇jyG(x, y)| ≤ C

|x− y|n−2m+i+j
,
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when |x−y| ≤ N−1 max{d(x), d(y)}, and i+ j ≥ 2m−n, 0 ≤ i, j ≤ m−n/2 + 1/2,
and

(28) |∇ix∇jyG(x, y)| ≤ C min{d(x), d(y)}2m−n−i−j ,

when |x−y| ≤ N−1 max{d(x), d(y)}, and i+ j ≤ 2m−n, 0 ≤ i, j ≤ m−n/2 + 1/2.
Finally,

|∇ix∇jyG(x, y)| ≤ C

min{d(x), d(y), |x− y|}n−2m+i+j
(29)

≈ C

max{d(x), d(y), |x− y|}n−2m+i+j
,

when N−1 d(x) ≤ |x− y| ≤ Nd(x) and N−1 d(y) ≤ |x− y| ≤ Nd(y), 0 ≤ i, j ≤ λ.
Furthermore, if n ∈ [3, 2m + 1] ∩ N is odd, the estimates on the regular part of

the Green function S are as follows:
(30)

|∇ix∇jyS(x−y)| ≤ C

|x− y|n−2m+i+j
when |x−y| ≥ N min{d(x), d(y)}, 0 ≤ i, j ≤ λ.

Next,

(31) |∇ix∇jyS(x, y)| ≤ C

max{d(x), d(y)}n−2m+i+j
,

when |x−y| ≤ N−1 max{d(x), d(y)}, and i+ j ≥ 2m−n, 0 ≤ i, j ≤ m−n/2 + 1/2,
and

(32) |∇ix∇jyS(x, y)| ≤ C min{d(x), d(y)}2m−n−i−j ,

when |x−y| ≤ N−1 max{d(x), d(y)}, and i+ j ≤ 2m−n, 0 ≤ i, j ≤ m−n/2 + 1/2.
Finally,

|∇ix∇jyS(x, y)| ≤ C

min{d(x), d(y), |x− y|}n−2m+i+j
(33)

≈ C

max{d(x), d(y), |x− y|}n−2m+i+j
,

when N−1 d(x) ≤ |x − y| ≤ Nd(x) and N−1 d(y) ≤ |x − y| ≤ Nd(y), 0 ≤ i, j ≤
m− n/2 + 1/2.

If n ∈ [2, 2m] ∩ N is even, then (25)–(26) and (29) are valid with λ = m − n
2 ,

and

(34) |∇ix∇jyG(x, y)| ≤ C min{d(x), d(y)}2m−n−i−j
(
C ′ + log

min{d(x), d(y)}
|x− y|

)
,

when |x− y| ≤ N−1 max{d(x), d(y)} and 0 ≤ i, j ≤ m− n/2.
Furthermore, if n ∈ [2, 2m] ∩ N is even, the estimates on the regular part of the

Green function S are as follows:

(35) |∇ix∇jyS(x− y)| ≤ C |x− y|−n+2m−i−j
(
C ′ + log

diam (Ω)

|x− y|

)
when |x− y| ≥ N min{d(x), d(y)}, 0 ≤ i, j ≤ m− n/2. Next,

(36) |∇ix∇jyS(x, y)| ≤ C min{d(x), d(y)}2m−n−i−j
(
C ′ + log

diam Ω

max{d(x), d(y)}

)
,
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when |x− y| ≤ N−1 max{d(x), d(y)}, 0 ≤ i, j ≤ m− n/2. Finally,

(37) |∇ix∇jyS(x, y)| ≤ C min{d(x), d(y), |x− y|}2m−n−i−j×

×
(
C ′ + log

diam Ω

max{d(x), d(y), |x− y|}n−2m+i+j

)
when N−1 d(x) ≤ |x − y| ≤ Nd(x) and N−1 d(y) ≤ |x − y| ≤ Nd(y), 0 ≤ i, j ≤
m− n/2.

We would like to highlight the most important case of the estimates above,
pertaining to the highest order derivatives.

Corollary 3.4. Let Ω ⊂ Rn be an arbitrary bounded domain. If n ∈ [3, 2m+1]∩N
is odd, then for all x, y ∈ Ω,

(38)
∣∣∣∇m−n2 + 1

2
x ∇m−

n
2 + 1

2
y (G(x, y)− Γ(x− y))

∣∣∣ ≤ C

max{d(x), d(y), |x− y|}
,

and, in particular,

(39)
∣∣∣∇m−n2 + 1

2
x ∇m−

n
2 + 1

2
y G(x, y)

∣∣∣ ≤ C

|x− y|
.

If n ∈ [2, 2m] ∩ N is even, then for all x, y ∈ Ω,

(40)
∣∣∣∇m−n2x ∇m−

n
2

y (G(x, y)− Γ(x− y))
∣∣∣
≤ C log

(
1 +

diam Ω

max{d(x), d(y), |x− y|}

)
,

and

(41)
∣∣∣∇m−n2x ∇m−

n
2

y G(x, y)
∣∣∣ ≤ C log

(
1 +

min{d(x), d(y)}
|x− y|

)
.

The constant C in (38)–(41) depends on m and n only. In particular, it does
not depend on the size or the geometry of the domain Ω.

We mention that the pointwise bounds on the absolute value of Green’s function
itself have been treated previously in dimensions 2m + 1 and 2m + 2 for m >
2 and dimensions 5, 6, 7 for m = 2 in [Maz99b, Section 10] (see also [Maz79]).
In particular, in [Maz99b, Section 10], Maz’ya showed that the Green’s function
Gm(x, y) for ∆m in an arbitrary bounded domain Ω ⊂ Rn satisfies

(42) |Gm(x, y)| ≤ C(n)

|x− y|n−2m

if n = 2m + 1 or n = 2m + 2. If m = 2, then (42) also holds in dimension
n = 7 = 2m+ 3 (cf. [Maz79]). Whether (42) holds in dimension n ≥ 8 (for m = 2)
or n ≥ 2m + 3 (for m > 2) is an open problem; see [Maz99b, Problem 2]. Also,
similarly to the case of general solutions discussed above, there exist results for
Green functions in smooth domains [DS04], [Kra67], [Sol70], [Sol71], in conical
domains [MP79], [KMR01], and in polyhedra [MR91].

Furthermore, using standard techniques, the Green’s function estimates can be
employed to establish the bounds on the solution to (15) for general classes of data
f , such as Lp for a certain range of p, Lorentz spaces etc. A sample statement to
this effect is as follows.
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Proposition 3.5. Let Ω ⊂ Rn be an arbitrary bounded domain, m ∈ N, n ∈
[2, 2m + 1] ∩ N, and let λ retain the significance of (24). Consider the boundary
value problem

(43) (−∆)mu =
∑
|α|≤λ

cα∂
αfα, u ∈ W̊m,2(Ω).

Then the solution satisfies the following estimates.
If n ∈ [3, 2m+ 1] ∩ N is odd, then for all x ∈ Ω,

(44) |∇m−n2 + 1
2u(x)| ≤ Cm,n

∑
|α|≤m−n2 + 1

2

ˆ
Ω

d(y)m−
n
2 + 1

2−|α|

|x− y|
|fα(y)| dy,

whenever the integrals on the right-hand side of (44) are finite. In particular,

(45) ‖∇m−n2 + 1
2u‖L∞(Ω)

≤ Cm,n,Ω
∑

|α|≤m−n2 + 1
2

‖d( · )m−n2− 1
2−|α|fα‖Lp(Ω), p >

n

n− 1
,

provided that the norms on the right-hand side of (45) are finite.
If n ∈ [2, 2m] ∩ N is even, then for all x ∈ Ω,

(46) |∇m−n2 u(x)|

≤ Cm,n
∑

|α|≤m−n2

ˆ
Ω

d(y)m−
n
2−|α| log

(
1 +

d(y)

|x− y|

)
|fα(y)| dy,

whenever the integrals on the right-hand side of (46) are finite. In particular,

‖∇m−n2 u‖L∞(Ω) ≤ Cm,n,Ω
∑

|α|≤m−n2

‖d(·)m−n2−|α|fα‖Lp(Ω), p > 1,(47)

provided that the norms on the right-hand side of (47) are finite.
The constants Cm,n above depend on m and n only, while the constants denoted

by Cm,n,Ω depend on m, n, and the diameter of the domain Ω.

By the same token, if (42) holds, then solutions to (15) satisfy

‖u‖L∞(Ω) ≤ C(m,n, p) diam(Ω)2m−n/p‖f‖Lp(Ω)

provided p > n/2m (see, e.g., [Maz99b, Section 2]). Thus, e.g., if Ω ⊂ Rn is
bounded for n = 2m + 2, and if u satisfies (15) for a reasonably nice function f ,
then u ∈ L∞(Ω). This result also holds if Ω ⊂ R7 and m = 2. This complements
the results in Theorem 3.2, as discussed in Section 3.2.

To conclude our discussion of Green’s functions, we mention two results from
[MM11]; these results are restricted to relatively well-behaved domains. In [MM11],
D. Mitrea and I. Mitrea showed that, if Ω is a bounded Lipschitz domain in R3,
and G denotes the Green’s function for the bilaplacian ∆2, then the estimates

∇2G(x, · ) ∈ L3(Ω), dist( · , ∂Ω)−α∇G(x, · ) ∈ L3/α,∞

hold, uniformly in x ∈ Ω, for all 0 < α ≤ 1.
Moreover, they considered more general elliptic systems. Suppose that L is

an arbitrary elliptic operator of order 2m with constant coefficients, as defined
by Definition 2.1, and that G denotes the Green’s function for L. Suppose that
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Ω ⊂ Rn, for n > m, is a Lipschitz domain, and that the unit outward normal ν to
Ω lies in the Sarason space VMO(∂Ω) of functions of vanishing mean oscillations
on ∂Ω. Then the estimates

∇mG(x, · ) ∈ L
n

n−m ,∞(Ω),(48)

dist( · , ∂Ω)−α∇m−1G(x, · ) ∈ L
n

n−m−1+α ,∞(Ω)

hold, uniformly in x ∈ Ω, for any 0 ≤ α ≤ 1.

3.4. The Wiener test: continuity of solutions. In this section, we discuss
conditions that ensure that solutions (or appropriate gradients of solutions) are
continuous up to the boundary. These conditions parallel the famous result of
Wiener, who in 1924 formulated a criterion that ensured continuity of harmonic
functions at boundary points [Wie24]. Wiener’s criterion has been extended to a
variety of second-order elliptic and parabolic equations ([LSW63, FJK82, FGL89,
DMM86, MZ97, AH96, TW02, Lab02, EG82]; see also the review papers [Maz97,
Ada97]). However, as with the maximum principle, extending this criterion to
higher-order elliptic equations is a subtle matter, and many open questions remain.

We begin by stating the classical Wiener criterion for the Laplacian. If Ω ⊂ Rn
is a domain and Q ∈ ∂Ω, then Q is called regular for the Laplacian if every solution
u to

∆u = h in Ω, u ∈ W̊ 2
1 (Ω)

for h ∈ C∞0 (Ω) satisfies limX→Q u(X) = 0. According to Wiener’s theorem [Wie24],
the boundary point Q ∈ ∂Ω is regular if and only if the equation

(49)

ˆ 1

0

cap2(B(Q, s) \ Ω)s1−n ds =∞

holds, where

(50) cap2(K) = inf
{
‖u‖2L2(Rn) + ‖∇u‖2L2(Rn) : u ∈ C∞0 (Rn), u ≥ 1 on K

}
.

For example, suppose Ω satisfies the exterior cone condition at Q. That is,
suppose there is some open cone K with vertex at Q and some ε > 0 such that
K ∩ B(Q, ε) ⊂ ΩC . It is elementary to show that cap2(B(Q, s) \ Ω) ≥ C(K)sn−2

for all 0 < s < ε, and so (49) holds and Q is regular. Regularity of such points was
known prior to Wiener (see [Poi90], [Zar09], and [Leb13]) and provided inspiration
for the formulation of the Wiener test.

By [LSW63], if L = −divA∇ is a second-order divergence-form operator, where
the matrix A(X) is bounded, measurable, real, symmetric and elliptic, then Q ∈ ∂Ω
is regular for L if and only if Q and Ω satisfy (49). In other words, Q ∈ ∂Ω is regular
for the Laplacian if and only if it is regular for all such operators. Similar results
hold for some other classes of second-order equations; see, for example, [FJK82],
[DMM86], or [EG82].

One would like to consider the Wiener criterion for higher-order elliptic equa-
tions, and that immediately gives rise to the question of natural generalization of
the concept of a regular point. The Wiener criterion for the second order PDEs
ensures, in particular, that weak W̊ 2

1 solutions are classical. That is, the solution
approaches its boundary values in the pointwise sense (continuously). From that
point of view, one would extend the concept of regularity of a boundary point as
continuity of derivatives of order m−1 of the solution to an equation of order 2m up
to the boundary. On the other hand, as we discussed in the previous section, even
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the boundedness of solutions cannot be guaranteed in general, and thus, in some
dimensions the study of the continuity up to the boundary for solutions themselves
is also very natural. We begin with the latter question, as it is better understood.

Let us first define a regular point for an arbitrary differential operator L of order
2m analogously to the case of the Laplacian, by requiring that every solution u to

(51) Lu = h in Ω, u ∈ W̊ 2
m(Ω)

for h ∈ C∞0 (Ω) satisfy limX→Q u(X) = 0. Note that by the Sobolev embedding

theorem, if Ω ⊂ Rn for n ≤ 2m − 1, then every u ∈ W̊ 2
m(Ω) is Hölder continuous

on Ω and so satisfies limX→Q u(X) = 0 at every point Q ∈ ∂Ω. Thus, we are only
interested in continuity of the solutions at the boundary when n ≥ 2m.

In this context, the appropriate concept of capacity is the potential-theoretic
Riesz capacity of order 2m, given by

(52) cap2m(K) = inf
{ ∑

0≤|α|≤m

‖∂αu‖2L2(Rn) : u ∈ C∞0 (Rn), u ≥ 1 on K
}
.

The following is known. If m ≥ 3, and if Ω ⊂ Rn for n = 2m, 2m+ 1 or 2m+ 2,
or if m = 2 and n = 4, 5, 6 or 7, then Q ∈ ∂Ω is regular for ∆m if and only if

(53)

ˆ 1

0

cap2m(B(Q, s) \ Ω)s2m−n−1 ds =∞.

The biharmonic case was treated in [Maz77] and [Maz79], and the polyharmonic
case for m ≥ 3 in [MD83] and [Maz99a].

Let us briefly discuss the method of the proof in order to explain the restrictions
on the dimension. Let L be an arbitrary elliptic operator, and let F be the funda-
mental solution for L in Rn with pole at Q. We say that L is positive with weight
F if, for all u ∈ C∞0 (Rn \ {Q}), we have that

(54)

ˆ
Rn
Lu(X) · u(X)F (X) dX ≥ c

m∑
k=1

ˆ
Rn
|∇ku(X)|2|X|2k−n dX.

The biharmonic operator is positive with weight F in dimension n if 4 ≤ n ≤ 7,
and the polyharmonic operator ∆m, m ≥ 3, is positive with weight F in dimension
2m ≤ n ≤ 2m+ 2. (The Laplacian ∆ is positive with weight F in any dimension.)
The biharmonic operator ∆2 is not positive with weight F in dimensions n ≥ 8,
and ∆m is not positive with weight F in dimension n ≥ 2m + 3. See [Maz99a,
Propositions 1 and 2].

The proof of the Wiener criterion for the polyharmonic operator required pos-
itivity with weight F . In fact, it turns out that positivity with weight F suffices
to provide a Wiener criterion for an arbitrary scalar elliptic operator with constant
coefficients.

Theorem 3.6 ([Maz02, Theorems 1 and 2]). Suppose Ω ⊂ Rn and that L is a
scalar elliptic operator of order 2m with constant real coefficients, as defined by
Definition 2.1.

If n = 2m, then Q ∈ ∂Ω is regular for L if and only if (53) holds.
If n ≥ 2m+ 1, and if the condition (54) holds, then again Q ∈ ∂Ω is regular for

L if and only if (53) holds.

This theorem is also valid for certain variable-coefficient operators in divergence
form; see the remark at the end of [Maz99a, Section 5].
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Similar results have been proven for some second-order elliptic systems. In par-
ticular, for the Lamé system Lu = ∆u+α grad div u, α > −1, positivity with weight
F and Wiener criterion have been established for a range of α close to zero, that is,
when the underlying operator is close to the Laplacian ([LM10]). It was also shown
that positivity with weight F may in general fail for the Lamé system. Since the
present review is restricted to the higher order operators, we shall not elaborate on
this point and instead refer the reader to [LM10] for more detailed discussion.

In the absense of the positivity condition (54), the situation is much more in-
volved. Let us point out first that the condition (54) is not necessary for regularity
of a boundary point, that is, the continuity of the solutions. There exist fourth-
order elliptic operators that are not positive with weight F whose solutions exhibit
nice behavior near the boundary; there exist other such operators whose solutions
exhibit very bad behavior near the boundary.

Specifically, recall that (54) fails for L = ∆2 in dimension n ≥ 8. Nonetheless,
solutions to ∆2u = h are often well-behaved near the boundary. By [MP81], the
vertex of a cone is regular for the bilaplacian in any dimension. Furthermore, if
the capacity condition (53) holds with m = 2, then by [Maz02, Section 10], any
solution u to

∆2u = h in Ω, u ∈ W̊ 2
2 (Ω)

for h ∈ C∞0 (Ω) satisfies limX→Q u(X) = 0 provided the limit is taken along a
nontangential direction.

Conversely, if n ≥ 8 and L = ∆2 + a∂4
n, then by [MN86a], there exists a cone

K and a function h ∈ C∞0 (K \ {0}) such that the solution u to (19) is not only
discontinuous but unbounded near the vertex of the cone. We remark that a careful
examination of the proof in [MN86a] implies that solutions to (19) are unbounded
even along some nontangential directions.

Thus, conical points in dimension eight are regular for the bilaplacian and irregu-
lar for the operator ∆2+a ∂4

n. Hence, a relevant Wiener condition must use different
capacities for these two operators. This is a striking contrast with the second-order
case, where the same capacity condition implies regularity for all divergence-form
operators, even with variable coefficients.

This concludes the discussion of regularity in terms of continuity of the solution.
We now turn to regularity in terms of continuity of the (m − 1)-st derivatives.
Unfortunately, much less is known in this case.

3.5. The higher order Wiener test: continuity of derivatives of poly-
harmonic functions. The most natural generalization of the Wiener test to the
higher order scenario concerns the continuity of the derivatives of the solutions,
rather than solutions themselves, as derivatives constitute part of the boundary
data. However, a necessary prerequisite for such results is boundedness of the cor-
responding derivatives of the solutions—an extremely delicate matter in its own
right as detailed in Section 3.2. In the context of the polyharmonic equation, The-
orem 3.2 has set the stage for an extensive investigation of the Wiener criterion and,
following earlier results in [MM09a], the second author of this paper and V. Maz’ya
have recently obtained a full extension of the Wiener test to the polyharmonic con-
text in [MM14a]. One of the most intricate issues is the proper definition of the
polyharmonic capacity, and we start by addressing it.
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At this point Theorem 3.2 finally sets the stage for a discussion of the Wiener
test for continuity of the corresponding derivatives of the solution, which brings us
to the main results of the present paper.

Assume that m ∈ N and n ∈ [2, 2m + 1] ∩ N. Let us denote by Z the following
set of indices:

Z ={0, 1, . . . ,m− n/2 + 1/2} if n is odd,(55)

Z ={−n/2 + 2,−n/2 + 4, . . . ,m− n/2− 2,m− n/2} ∩ (N ∪ {0})(56)

if n is even, m is even,

Z ={−n/2 + 1,−n/2 + 3, . . . ,m− n/2− 2,m− n/2} ∩ (N ∪ {0})(57)

if n is even, m is odd.

Now let Π be the space of linear combinations of spherical harmonics

(58) P (x) =
∑
p∈Z

p∑
l=−p

bplY
p
l (x/|x|), bpl ∈ R, x ∈ Rn \ {O},

with the norm

(59) ‖P‖Π :=

∑
p∈Z

p∑
l=−p

b2pl

 1
2

and Π1 := {P ∈ Π : ‖P‖Π = 1}.

Then, given P ∈ Π1, an open setD in Rn such that O ∈ Rn\D, and a compactum
K in D, we define

(60) CapP (K,D)

:= inf

{ˆ
D

|∇mu(x)|2 dx : u ∈ W̊m,2(D), u = P in a neighborhood of K

}
,

with

(61) Cap (K,D) := inf
P∈Π1

CapP (K,D).

In the context of the Wiener test, we will be working extensively with the capacity
of the complement of a domain Ω ⊂ Rn in the balls B2−j , j ∈ N, and even more
so, in dyadic annuli, C2−j ,2−j+2 , j ∈ N, where Cs,as := {x ∈ Rn : s < |x| < as}, s,
a > 0. As is customary, we will drop the reference to the “ambient” set

(62) CapP (C2−j ,2−j+2 \ Ω) := CapP (C2−j ,2−j+2 \ Ω, C2−j−2,2−j+4), j ∈ N,

and will drop the similar reference for Cap. In fact, it will be proven below that there
are several equivalent definitions of capacity, in particular, for any n ∈ [2, 2m + 1]
and for any s > 0, a > 0, K ⊂ Cs,as, we have

(63) CapP (K,Cs/2,2as)

≈ inf

{
m∑
k=0

ˆ
Rn

|∇ku(x)|2

|x|2m−2k
dx : u ∈ W̊m,2(Rn \ {O}),

u = P in a neighborhood of K

}
.
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In the case when the dimension is odd, also

CapP (Cs,as \ Ω, Cs/2,2as) ≈ CapP (Cs,as \ Ω,Rn \ {O}).
Thus, either of the above can be used in (62), as convenient.

Let Ω be a domain in Rn, n ≥ 2. The point Q ∈ ∂Ω is k-regular with respect
to the domain Ω and the operator (−∆)m, m ∈ N, if the solution to the boundary
problem

(64) (−∆)mu = f in Ω, f ∈ C∞0 (Ω), u ∈ W̊m,2(Ω),

satisfies the condition

(65) ∇ku(x)→ 0 as x→ Q, x ∈ Ω,

that is, all partial derivatives of u of order k are continuous. Otherwise, we say
that Q ∈ ∂Ω is k-irregular.

Theorem 3.7 ([MM09a], [MM14a]). Let Ω be an arbitrary open set in Rn, m ∈ N,
2 ≤ n ≤ 2m+ 1. Let λ be given by

(66) λ =

{
m− n/2 + 1/2 when n is odd,

m− n/2 when n is even.

If

(67)

∞∑
j=0

2−j(2m−n) inf
P∈Π1

CapP (C2−j ,2−j+2 \ Ω) = +∞, when n is odd,

and

(68)

∞∑
j=0

j 2−j(2m−n) inf
P∈Π1

CapP (C2−j ,2−j+2 \ Ω) = +∞, when n is even,

then the point O is λ-regular with respect to the domain Ω and the operator (−∆)m.
Conversely, if the point O ∈ ∂Ω is λ-regular with respect to the domain Ω and

the operator (−∆)m then

(69) inf
P∈Π1

∞∑
j=0

2−j(2m−n) CapP (C2−j ,2−j+2 \ Ω) = +∞, when n is odd,

and

(70) inf
P∈Π1

∞∑
j=0

j 2−j(2m−n) CapP (C2−j ,2−j+2 \ Ω) = +∞, when n is even.

Here, as before, C2−j ,2−j+2 is the annulus {x ∈ Rn : 2−j < |x| < 2−j+2}, j ∈
N ∪ {0}.

Let us now discuss the results of Theorem 3.7 in more detail. This was the first
treatment of the continuity of derivatives of an elliptic equation of order m ≥ 2
at the boundary, and the first time the capacity (60) appeared in the literature.
When applied to the case m = 1, n = 3, it yields the classical Wiener criterion
for continuity of a harmonic function (cf. (49)). Furthermore, as discussed in the
previous section, continuity of the solution itself (rather than its derivatives) has
been previously treated for the polyharmonic equation, and for (−∆)m the resulting
criterion also follows from Theorem 3.7, in particular, when m = 2n, the new notion
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of capacity (55)–(59) coincides with the potential-theoretical Bessel capacity used
in [Maz02]. In the case λ = 0, covering both of the above, necessary and sufficient
condition in Theorem 3.7 are trivially the same, as P ≡ 1 when n = 2m in even
dimensions and n = 2m + 1 in odd ones. For lower dimensions n the discrepancy
is not artificial, for, e.g., (67) may fail to be necessary as was shown in [MM09a].

It is not difficult to verify that we also recover known bounds in Lipschitz and
in smooth domains, as the capacity of a cone and hence, capacity of an intersec-
tion with a complement of a Lipschitz domains, assures divergence of the series in
(67)–(68). On the other hand, given Theorem 3.7 and following considerations tra-
ditional in this context (choosing sufficiently small balls in the consecutive annuli
to constitute a complement of the domain), we can build a set with a conver-
gent capacitory integral and, respectively, an irregular solution with discontinuous
derivatives of order λ at the point O. Note that this yields further sharpness of
the results of Theorem 3.2. In particular, in even dimensions, it is a stronger coun-
terexample than that of a continuum (not only m − n/2 + 1 derivatives are not
bounded, but m − n/2 derivatives might be discontinuous). We refer the reader
back to Section 3.2 for more details.

One of the most difficult aspects of proof of Theorem 3.7 is finding a correct
notion of polyharmonic capacity and understanding its key properties. A peculiar
choice of linear combinations of spherical harmonics (see (55)–(57) and (58)) is
crucial at several stages of the argument, specific to the problem at hand, and no
alterations would lead to reasonable necessary and sufficient conditions. At the
same time, the new capacity and the notion of higher-order regularity sometimes
exhibit surprising properties, such as for instance sensitivity to the affine changes
of coordinates [MM09a], or the aforementioned fact that in sharp contrast with the
second order case [LSW63], one does not expect the same geometric conditions to
be responsible for regularity of solutions to all higher order elliptic equations.

It is interesting to point out that despite fairly involved definitions, capacitory
conditions may reduce to a simple and concise criterion, e.g., in a case of a graph.
To be precise, let Ω ⊂ R3 be a domain whose boundary is the graph of a function ϕ,
and let ω be its modulus of continuity. If

(71)

ˆ 1

0

t dt

ω2(t)
=∞,

then every solution to the biharmonic equation satisfies ∇u ∈ C(Ω). Conversely,
for every ω such that the integral in (71) is convergent, there exists a C0,ω domain
and a solution u of the biharmonic equation such that ∇u /∈ C(Ω). In particular, as
expected, the gradient of a solution to the biharmonic equation is always bounded
in Lipschitz domains and is not necessarily bounded in a Hölder domain. Moreover,
one can deduce from (71) that the gradient of a solution is always bounded, e.g.,

in a domain with ω(t) ≈ t log1/2 t, which is not Lipschitz, and might fail to be
bounded in a domain with ω(t) ≈ t log t. More properties of the new capacity and
examples can be found in [MM09a], [MM14a].

4. Boundary value problems in Lipschitz domains for elliptic
operators with constant coefficients

The maximum principle (14) provides estimates on solutions whose boundary
data lies in L∞. Recall that for second-order partial differential equations with real
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coefficients, the maximum principle is valid in arbitrary bounded domains. The
corresponding sharp estimates for boundary data in Lp, 1 < p <∞, are much more
delicate. They are not valid in arbitrary domains, even for harmonic functions,
and they depend in a delicate way on the geometry of the boundary. At present,
boundary-value problems for the Laplacian and for general real symmetric elliptic
operators of the second order are fairly well understood on Lipschitz domains. See,
in particular, [Ken94].

We consider biharmonic functions and more general higher-order elliptic equa-
tions. The question of estimates on biharmonic functions with data in Lp was raised
by Rivière in the 1970s ([CFS79]), and later Kenig redirected it towards Lipschitz
domains in [Ken90, Ken94]. The sharp range of well-posedness in Lp, even for
biharmonic functions, remains an open problem (see [Ken94, Problem 3.2.30]). In
this section we shall review the current state of the art in the subject, the main
techniques that have been successfully implemented, and their limitations in the
higher-order case.

Most of the results we will discuss are valid in Lipschitz domains, defined as
follows.

Definition 4.1. A domain Ω ⊂ Rn is called a Lipschitz domain if, for every
Q ∈ ∂Ω, there is a number r > 0, a Lipschitz function ϕ : Rn−1 7→ R with
‖∇ϕ‖L∞ ≤M , and a rectangular coordinate system for Rn such that

B(Q, r) ∩ Ω = {(x, s) : x ∈ Rn−1, s ∈ R, |(x, s)−Q)| < r, and s > ϕ(x)}.
If we may take the functions ϕ to be Ck (that is, to possess k continuous deriva-

tives), we say that Ω is a Ck domain.
The outward normal vector to Ω will be denoted ν. The surface measure will be

denoted σ, and the tangential derivative along ∂Ω will be denoted ∇τ .

In this paper, we will assume that all domains under consideration have con-
nected boundary. Furthermore, if ∂Ω is unbounded, we assume that there is a sin-
gle Lipschitz function ϕ and coordinate system that satisfies the conditions given
above; that is, we assume that Ω is the domain above (in some coordinate system)
the graph of a Lipschitz function.

In order to properly state boundary-value problems on Lipschitz domains, we
will need the notions of non-tangential convergence and non-tangential maximal
function.

In this and subsequent sections we say that u
∣∣
∂Ω

= f if f is the nontangential
limit of u, that is, if

lim
X→Q, X∈Γ(Q)

u(X) = f(Q)

for almost every (dσ) Q ∈ ∂Ω, where Γ(Q) is the nontangential cone

(72) Γ(Q) = {Y ∈ Ω : dist(Y, ∂Ω) < (1 + a)|X − Y |}.
Here a > 0 is a positive parameter; the exact value of a is usually irrelevant to
applications. The nontangential maximal function is given by

(73) NF (Q) = sup{|F (X)| : X ∈ Γ(Q)}.
The normal derivative of u of order m is defined as

∂mν u(Q) =
∑
|α|=m

ν(Q)α
m!

α!
∂αu(Q),
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where ∂αu(Q) is taken in the sense of nontangential limits as usual.

4.1. The Dirichlet problem: definitions, layer potentials, and some well-
posedness results. We say that the Lp-Dirichlet problem for the biharmonic op-
erator ∆2 in a domain Ω is well-posed if there exists a constant C > 0 such that,
for every f ∈W p

1 (∂Ω) and every g ∈ Lp(∂Ω), there exists a unique function u that
satisfies

(74)


∆2u = 0 in Ω,

u = f on ∂Ω,

∂νu = g on ∂Ω,

‖N(∇u)‖Lp(∂Ω) ≤ C‖g‖Lp(∂Ω) + C‖∇τf‖Lp(∂Ω).

The Lp-Dirichlet problem for the polyharmonic operator ∆m is somewhat more
involved, because the notion of boundary data is necessarily more subtle. We say
that the Lp-Dirichlet problem for ∆m in a domain Ω is well-posed if there exists a
constant C > 0 such that, for every g ∈ Lp(∂Ω) and every ḟ in the Whitney-Sobolev
space WApm−1(∂Ω), there exists a unique function u that satisfies

(75)



∆mu = 0 in Ω,

∂αu
∣∣
∂Ω

= fα for all 0 ≤ |α| ≤ m− 2,

∂m−1
ν u = g on ∂Ω,

‖N(∇m−1u)‖Lp(∂Ω) ≤ C‖g‖Lp(∂Ω) + C
∑

|α|=m−2

‖∇τfα‖Lp(∂Ω).

The space WApm(∂Ω) is defined as follows.

Definition 4.2. Suppose that Ω ⊂ Rn is a Lipschitz domain, and consider arrays
of functions ḟ = {fα : |α| ≤ m − 1} indexed by multiindices α of length n, where

fα : ∂Ω 7→ C. We let WApm(∂Ω) be the completion of the set of arrays ψ̇ = {∂αψ :
|α| ≤ m− 1}, for ψ ∈ C∞0 (Rn), under the norm

(76)
∑

|α|≤m−1

‖∂αψ‖Lp(∂Ω) +
∑

|α|=m−1

‖∇τ∂αψ‖Lp(∂Ω).

If we prescribe ∂αu = fα on ∂Ω for some f ∈WApm(∂Ω), then we are prescribing
the values of u, ∇u, . . . ,∇m−1u on ∂Ω, and requiring that (the prescribed part of)
∇mu

∣∣
∂Ω

lie in Lp(∂Ω).

The study of these problems began with biharmonic functions in C1 domains.
In [SS81], Selvaggi and Sisto proved that, if Ω is the domain above the graph of
a compactly supported C1 function ϕ, with ‖∇ϕ‖L∞ small enough, then solutions
to the Dirichlet problem exist provided 1 < p < ∞. Their method used certain
biharmonic layer potentials composed with the Riesz transforms.

In [CG83], Cohen and Gosselin proved that, if Ω is a bounded, simply connected
C1 domain contained in the plane R2, then the Lp-Dirichlet problem is well-posed
in Ω for any 1 < p <∞. In [CG85], they extended this result to the complements
of such domains. Their proof used multiple layer potentials introduced by Agmon
in [Agm57] in order to solve the Dirichlet problem with continuous boundary data.
The general outline of their proof parallelled that of the proof of the corresponding
result [FJR78] for Laplace’s equation. We remark that by [MM13b, Theorem 6.30],
we may weaken the condition that Ω be C1 to the condition that the unit outward
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normal ν to Ω lies in VMO(∂Ω). (Recall that this condition has been used in
[MM11]; see formula (48) above and preceding remarks. This condition was also
used in [MMS10]; see Section 5.2.)

As in the case of Laplace’s equation, a result in Lipschitz domains soon followed.
In [DKV86], Dahlberg, Kenig and Verchota showed that the Lp-Dirichlet problem
for the biharmonic equation is well-posed in any bounded simply connected Lips-
chitz domain Ω ⊂ Rn, provided 2− ε < p < 2 + ε for some ε > 0 depending on the
domain Ω.

In [Ver87], Verchota used the construction of [DKV86] to extend Cohen and
Gosselin’s results from planar C1 domains to C1 domains of arbitrary dimension.
Thus, the Lp-Dirichlet problem for the bilaplacian is well-posed for 1 < p < ∞ in
C1 domains.

In [Ver90], Verchota showed that the Lp-Dirichlet problem for the polyharmonic
operator ∆m could be solved for 2 − ε < p < 2 + ε in starlike Lipschitz domains
by induction on the exponent m. He simultaneously proved results for the Lp-
regularity problem in the same range; we will thus delay discussion of his methods
to Section 4.3.

All three of the papers [SS81], [CG83] and [DKV86] constructed biharmonic
functions as potentials. However, the potentials used differ. [SS81] constructed
their solutions as

(77) u(X) =

ˆ
∂Ω

∂2
nF (X − Y ) f(Y ) dσ(Y ) +

n−1∑
i=1

ˆ
∂Ω

∂i∂nF (X − Y )Rig(Y ) dσ(Y )

where Ri are the Riesz transforms. Here F (X) is the fundamental solution to the
biharmonic equation; thus, u is biharmonic in Rn \ ∂Ω. As in the case of Laplace’s
equation, well-posedness of the Dirichlet problem follows from the boundedness
relation ‖N(∇u)‖Lp(∂Ω) ≤ C‖f‖Lp(∂Ω) + C‖g‖Lp(∂Ω) and from invertibility of the

mapping (f, g) 7→ (u
∣∣
∂Ω
, ∂νu) on Lp(∂Ω)× Lp(∂Ω) 7→W p

1 (∂Ω)× Lp(∂Ω).

The multiple layer potential of [CG83] is an operator of the form

(78) Lḟ(P ) = p.v.

ˆ
∂Ω

L(P,Q)ḟ(Q) dσ(Q)

where L(P,Q) is a 3 × 3 matrix of kernels, also composed of derivatives of the

fundamental solution to the biharmonic equation, and ḟ = (f, fx, fy) is a “compat-
ible triple” of boundary data, that is, an element of W 1,p(∂Ω)× Lp(∂Ω)× Lp(∂Ω)
that satisfies ∂τf = fxτx + fyτy. Thus, the input is essentially a function and its
gradient, rather than two functions, and the Riesz transforms are not involved.

The method of [DKV86] is to compose two potentials. First, the function f ∈
L2(∂Ω) is mapped to its Poisson extension v. Next, u is taken to be the solution
of the inhomogeneous equation ∆u(Y ) = (n + 2Y · ∇)v(Y ) with u = 0 on ∂Ω. If
G(X,Y ) is the Green’s function for ∆ in Ω and kY is the harmonic measure density
at Y , we may write the map f 7→ u as

(79) u(X) =

ˆ
Ω

G(X,Y )(n+ 2Y · ∇)

ˆ
∂Ω

kY (Q) f(Q) dσ(Q) dY.

Since (n+ 2Y · ∇)v(Y ) is harmonic, u is biharmonic, and so u solves the Dirichlet
problem.
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4.2. The Lp-Dirichlet problem: the summary of known results on well-
posedness and ill-posedness. Recall that by [Ver90], the Lp-Dirichlet problem
is well-posed in Lipschitz domains provided 2 − ε < p < 2 + ε. As in the case of
Laplace’s equation (see [FJL77]), the range p > 2 − ε is sharp. That is, for any
p < 2 and any integers m ≥ 2, n ≥ 2, there exists a bounded Lipschitz domain
Ω ⊂ Rn such that the Lp-Dirichlet problem for ∆m is ill-posed in Ω. See [DKV86,
Section 5] for the case of the biharmonic operator ∆2, and the proof of Theorem 2.1
in [PV95b] for the polyharmonic operator ∆m.

The range p < 2 + ε is not sharp and has been studied extensively. Proving or
disproving well-posedness of the Lp-Dirichlet problem for p > 2 in general Lipschitz
domains has been an open question since [DKV86], and was formally stated as such
in [Ken94, Problem 3.2.30]. (Earlier in [CFS79, Question 7], the authors had posed
the more general question of what classes of boundary data give existence and
uniqueness of solutions.)

In [PV92, Theorem 10.7], Pipher and Verchota constructed Lipschitz domains
Ω such that the Lp-Dirichlet problem for ∆2 was ill-posed in Ω, for any given
p > 6 (in four dimensions) or any given p > 4 (in five or more dimensions). Their
counterexamples built on the study of solutions near a singular point, in particular
upon [MNP83] and [MP81]. In [PV95b], they provided other counterexamples to
show that the Lp-Dirichlet problem for ∆m is ill-posed, provided p > 2(n−1)/(n−3)
and 4 ≤ n < 2m+ 1. They remarked that if n ≥ 2m+ 1, then ill-posedness follows
from the results of [MNP83] provided p > 2m/(m− 1).

The endpoint result at p = ∞ is the Agmon-Miranda maximum principle (14)
discussed above. We remark that if 2 < p0 ≤ ∞, and the Lp0-Dirichlet problem
is well-posed (or (14) holds) then by interpolation, the Lp-Dirichlet problem is
well-posed for any 2 < p < p0.

We shall adopt the following definition (justified by the discussion above).

Definition 4.3. Suppose that m ≥ 2 and n ≥ 4. Then pm,n is defined to be the
extended real number that satisfies the following properties. If 2 ≤ p ≤ pm,n, then
the Lp-Dirichlet problem for ∆m is well-posed in any bounded Lipschitz domain
Ω ⊂ Rn. Conversely, if p > pm,n, then there exists a bounded Lipschitz domain
Ω ⊂ Rn such that the Lp-Dirichlet problem for ∆m is ill-posed in Ω. Here, well-
posedness for 1 < p < ∞ is meant in the sense of (75), and well-posedness for
p =∞ is meant in the sense of the maximum principle (see (91) below).

As in [DKV86], we expect the range of solvability for any particular Lipschitz
domain Ω to be 2−ε < p < pm,n+ε for some ε depending on the Lipschitz character
of Ω.

Let us summarize here the results currently known for pm,n. More details will
follow in Section 4.3.

For any m ≥ 2, we have that

• If n = 2 or n = 3, then the Lp-Dirichlet problem for ∆m is well-posed in
any Lipschitz domain Ω for any 2 ≤ p <∞. ([PV92, PV95b])
• If 4 ≤ n ≤ 2m+ 1, then pm,n = 2(n− 1)/(n− 3). ([She06a, PV95b].)
• If n = 2m + 2, then pm,n = 2m/(m − 1) = 2(n − 2)/(n − 4). ([She06b,

MNP83].)
• If n ≥ 2m + 3, then 2(n − 1)/(n − 3) ≤ pm,n ≤ 2m/(m − 1). ([She06a,

MNP83].)
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The value of pm,n, for n ≥ 2m+ 3, is open.
In the special case of biharmonic functions (m = 2), more is known.

• p2,4 = 6, p2,5 = 4, p2,6 = 4, and p2,7 = 4. ([She06a] and [She06b])
• If n ≥ 8, then

2 +
4

n− λn
< p2,n ≤ 4

where

λn =
n+ 10 + 2

√
2(n2 − n+ 2)

7
.

([She06c])
• If Ω is a C1 or convex domain of arbitrary dimension, then the Lp-Dirichlet

problem for ∆2 is well-posed in Ω for any 1 < p < ∞. ([Ver90, She06c,
KS11a].)

We comment on the nature of ill-posedness. The counterexamples of [DKV86]
and [PV95b] for p < 2 are failures of uniqueness. That is, those counterexamples
are nonzero functions u, satisfying ∆mu = 0 in Ω, such that ∂kνu = 0 on ∂Ω for
0 ≤ k ≤ m− 1, and such that N(∇m−1u) ∈ Lp(∂Ω).

Observe that if Ω is bounded and p > 2, then Lp(∂Ω) ⊂ L2(∂Ω). Because the L2-
Dirichlet problem is well-posed, the failure of well-posedness for p > 2 can only be
a failure of the optimal estimate N(∇m−1u) ∈ Lp(∂Ω). That is, if the Lp-Dirichlet

problem for ∆m is ill-posed in Ω, then for some Whitney array ḟ ∈ WApm−1(∂Ω)
and some g ∈ Lp(∂Ω), the unique function u that satisfies ∆mu = 0 in Ω, ∂αu = fα,
∂m−1
ν u = g and N(∇m−1u) ∈ L2(∂Ω) does not satisfy N(∇m−1u) ∈ Lp(∂Ω).

4.3. The regularity problem and the Lp-Dirichlet problem. In this section
we elaborate on some of the methods used to prove the Dirichlet well-posedness
results listed above, as well as their historical context. This naturally brings up a
consideration of a different boundary value problem, the Lq-regularity problem for
higher order operators.

Recall that for second-order equations the regularity problem corresponds to
finding a solution with prescribed tangential gradient along the boundary. In anal-
ogy, we say that the Lq-regularity problem for ∆m is well-posed in Ω if there exists
a constant C > 0 such that, whenever ḟ ∈WAqm(∂Ω), there exists a unique function
u that satisfies

(80)


∆mu = 0 in Ω,

∂αu
∣∣
∂Ω

= fα for all 0 ≤ |α| ≤ m− 1,

‖N(∇mu)‖Lq(∂Ω) ≤ C
∑

|α|=m−1

‖∇τfα‖Lq(∂Ω).

There is an important endpoint formulation at q = 1 for the regularity problem.
We say that the H1-regularity problem is well-posed if there exists a constant
C > 0 such that, whenever ḟ lies in the Whitney-Hardy space H1

m(∂Ω), there
exists a unique function u that satisfies

∆mu = 0 in Ω,

∂αu
∣∣
∂Ω

= fα for all 0 ≤ |α| ≤ m− 1,

‖N(∇mu)‖L1(∂Ω) ≤ C
∑

|α|=m−1

‖∇τfα‖H1(∂Ω).
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The space H1
m(∂Ω) is defined as follows.

Definition 4.4. We say that ȧ ∈WAqm(∂Ω) is a H1
m(∂Ω)-Lq atom if ȧ is supported

in a ball B(Q, r) ∩ ∂Ω and if∑
|α|=m−1

‖∇τaα‖Lq(∂Ω) ≤ σ(B(Q, r) ∩ ∂Ω)1/q−1.

If ḟ ∈WA1
m(∂Ω) and there are H1

m-L2 atoms ȧk and constants λk ∈ C such that

∇τfα =

∞∑
k=1

λk∇τ (ak)α for all |α| = m− 1

and such that
∑
|λk| < ∞, we say that ḟ ∈ H1

m(∂Ω), with ‖ḟ‖H1
m(∂Ω) being the

smallest
∑
|λk| among all such representations.

In [Ver90], Verchota proved well-posedness of the L2-Dirichlet problem and the
L2-regularity problem for the polyharmonic operator ∆m in any bounded starlike
Lipschitz domain by simultaneous induction.

The base case m = 1 is valid in all bounded Lipschitz domains by [Dah79] and
[JK81b]. The inductive step is to show that well-posedness for the Dirichlet problem
for ∆m+1 follows from well-posedness of the lower-order problems. In particular,
solutions with ∂αu = fα may be constructed using the regularity problem for ∆m,
and the boundary term ∂mν u = g, missing from the regularity data, may be at-
tained using the inhomogeneous Dirichlet problem for ∆m. On the other hand,
it was shown that the well-posedness for the regularity problem for ∆m+1 follows
from well-posedness of the lower-order problems and from the Dirichlet problem
for ∆m+1, in some sense, by realizing the solution to the regularity problem as an
integral of the solution to the Dirichlet problem.

As regards a broader range of p and q, Pipher and Verchota showed in [PV92] that
the Lp-Dirichlet and Lq-regularity problems for ∆2 are well-posed in all bounded
Lipschitz domains Ω ⊂ R3, provided 2 ≤ p <∞ and 1 < q ≤ 2. Their method relied
on duality. Using potentials similar to those of [DKV86], they constructed solutions
to the L2-Dirichlet problem in domains above Lipschitz graphs. The core of their
proof was the invertibility on L2(∂Ω) of a certain potential operator T . They were
able to show that the invertibility of its adjoint T ∗ on L2(∂Ω) implies that the
L2-regularity problem for ∆2 is well-posed. Then, using the atomic decomposition
of Hardy spaces, they analyzed the H1-regularity problem. Applying interpolation
and duality for T ∗ once again, now in the reverse regularity-to-Dirichlet direction,
the full range for both regularity and Dirichlet problems was recovered in domains
above graphs. Localization arguments then completed the argument in bounded
Lipschitz domains.

In four or more dimensions, further progress relied on the following theorem of
Shen.

Theorem 4.5 ([She06b]). Suppose that Ω ⊂ Rn is a Lipschitz domain. The fol-
lowing conditions are equivalent.

• The Lp-Dirichlet problem for L is well-posed, where L is a symmetric el-
liptic system of order 2m with real constant coefficients.
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• There exists some constant C > 0 and some p > 2 such that

(81)

( 
B(Q,r)∩∂Ω

N(∇m−1u)p dσ

)1/p

≤ C

( 
B(Q,2r)∩∂Ω

N(∇m−1u)2 dσ

)1/2

holds whenever u is a solution to the L2-Dirichlet problem for L in Ω, with
∂αu ≡ 0 on B(Q, 3r) ∩ ∂Ω for any |α| ≤ m− 1.

For the polyharmonic operator ∆m, this theorem was essentially proven in
[She06a]. Furthermore, the reverse Hölder estimate (81) with p = 2(n− 1)/(n− 3)
was shown to follow from well-posedness of the L2-regularity problem. Thus the
Lp-Dirichlet problem is well-posed in bounded Lipschitz domains in Rn for p =
2(n− 1)/(n− 3). By interpolation, and because reverse Hölder estimates have self-
improving properties, well-posedness in the range 2 ≤ p ≤ 2(n− 1)/(n− 3) + ε for
any particular Lipschtiz domain follows automatically.

Using regularity estimates and square-function estimates, Shen was able to fur-
ther improve this range of p. He showed that with p = 2 + 4/(n − λ), 0 < λ < n,
the reverse Hölder estimate (81) is true, provided that

(82)

ˆ
B(Q,r)∩Ω

|∇m−1u|2 ≤ C
( r
R

)λ ˆ
B(Q,R)∩Ω

|∇m−1u|2

holds whenever u is a solution to the L2-Dirichlet problem in Ω with N(∇m−1u) ∈
L2(∂Ω) and ∇ku

∣∣
B(Q,R)∩Ω

≡ 0 for all 0 ≤ k ≤ m− 1.

It is illuminating to observe that the estimates arising in connection with the
pointwise bounds on the solutions in arbitrary domains (cf. Section 3.1) and the
Wiener test (cf. Section 3.4), take essentially the form (82). Thus, Theorem 4.5 and
its relation to (82) provide a direct way to transform results regarding local bound-
ary regularity of solutions, obtained via the methods underlined in Sections 3.1 and
3.4, into well-posedness of the Lp-Dirichlet problem.

In particular, consider [Maz02, Lemma 5]. If u is a solution to ∆mu = 0 in
B(Q,R) ∩ Ω, where Ω is a Lipschitz domain, then by [Maz02, Lemma 5] there is
some constant λ0 > 0 such that

(83) sup
B(Q,r)∩Ω

|u|2 ≤
( r
R

)λ0 C

Rn

ˆ
B(Q,R)∩Ω

|u(X)|2 dX

provided that r/R is small enough, that u has zero boundary data on B(Q,R)∩∂Ω,
and where Ω ⊂ Rn has dimension n = 2m+ 1 or n = 2m+ 2, or where m = 2 and
n = 7 = 2m + 3. (The bound on dimension comes from the requirement that ∆m

be positive with weight F ; see equation (54).)
It is not difficult to see (cf., e.g., [She06b, Theorem 2.6]), that (83) implies (82)

for some λ > n−2m+2, and thus implies well-posedness of the Lp-Dirichlet problem
for a certain range of p. This provides an improvement on the results of [She06a] in
the case m = 2 and n = 6 or n = 7, and in the case m ≥ 3 and n = 2m+ 2. Shen
has stated this improvement in [She06b, Theorems 1.4 and 1.5]: the Lp-Dirichlet
problem for ∆2 is well-posed for 2 ≤ p < 4 + ε in dimensions n = 6 or n = 7,
and the Lp-Dirichlet problem for ∆m is well-posed if 2 ≤ p < 2m/(m − 1) + ε in
dimension n = 2m+ 2.

The method of weighted integral identities, related to positivity with weight F
(cf. (54)), can be further finessed in a particular case of the biharmonic equation.
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[She06c] uses this method (extending the ideas from [Maz79]) to show that if n ≥ 8,
then (82) is valid for solutions to ∆2 with λ = λn, where

(84) λn =
n+ 10 + 2

√
2(n2 − n+ 2)

7
.

We now return to the Lq-regularity problem. Recall that in [PV92], Pipher and
Verchota showed that if 2 < p <∞ and 1/p+1/q < 1, then the Lp-Dirichlet problem
and the Lq-regularity problem for ∆2 are both well-posed in three-dimensional
Lipschitz domains. They proved this by showing that, in the special case of a
domain above a Lipschitz graph, there is duality between the Lp-Dirichlet and
Lq-regularity problems. Such duality results are common. See [KP93], [She07b],
and [KR09] for duality results in the second-order case; although even in that
case, duality is not always guaranteed. (See [May10].) Many of the known results
concerning the regularity problem for the polyharmonic operator ∆m are results
relating the Lp-Dirichlet problem to the Lq-regularity problem.

In [MM10], I. Mitrea and M. Mitrea showed that if 1 < p <∞ and 1/p+ 1/q =
1, and if the Lq-regularity problem for ∆2 and the Lp-regularity problem for ∆
were both well-posed in a particular bounded Lipschitz domain Ω, then the Lp-
Dirichlet problem for ∆2 was also well-posed in Ω. They proved this result (in
arbitrary dimensions) using layer potentials and a Green representation formula
for biharmonic equations. Observe that the extra requirement of well-posedness for
the Laplacian is extremely unfortunate, since in bad domains it essentially restricts
consideration to p < 2 + ε and thus does not shed new light on well-posedness in
the general class of Lipschitz domains. As will be discussed below, later Kilty and
Shen established an optimal duality result for biharmonic Dirichlet and regularity
problems.

Recall that the formula (81) provides a necessary and sufficient condition for
well-posedness of the Lp-Dirichlet problem. In [KS11b], Kilty and Shen provided
a similar condition for the regularity problem. To be precise, they demonstrated
that if q > 2 and L is a symmetric elliptic system of order 2m with real constant
coefficients, then the Lq-regularity problem for L is well-posed if and only if the
estimate

(85)

( 
B(Q,r)∩∂Ω

N(∇mu)q dσ

)1/q

≤ C

( 
B(Q,2r)∩∂Ω

N(∇mu)2 dσ

)1/2

holds for all points Q ∈ ∂Ω, all r > 0 small enough, and all solutions u to the
L2-regularity problem with ∇ku

∣∣
B(Q,3r)∩∂Ω

= 0 for 0 ≤ k ≤ m − 1. Observe that

(85) is identical to (81) with p replaced by q and m− 1 replaced by m.
As a consequence, well-posedness of the Lq-regularity problem in Ω for certain

values of q implies well-posedness of the Lp-Dirichlet problem for some values of p.
Specifically, arguments using interior regularity and fractional integral estimates
(given in [KS11b, Section 5]) show that (85) implies (81) with 1/p = 1/q−1/(n−1).
But recall from [She06b] that (81) holds if and only if the Lp-Dirichlet problem for
L is well-posed in Ω. Thus, if 2 < q < n − 1, and if the Lq-regularity problem
for a symmetric elliptic system is well-posed in a Lipschitz domain Ω, then the
Lp-Dirichlet problem for the same system and domain is also well-posed, provided
2 < p < p0 + ε where 1/p0 = 1/q − 1/(n− 1).
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For the bilaplacian, a full duality result is known. In [KS11a], Kilty and Shen
showed that, if 1 < p <∞ and 1/p+1/q = 1, then well-posedness of the Lp-Dirichlet
problem for ∆2 in a Lipschitz domain Ω, and well-posedness of the Lq-regularity
problem for ∆2 in Ω, were both equivalent to the bilinear estimate∣∣∣∣ˆ

Ω

∆u∆v

∣∣∣∣ ≤ C (‖∇τ∇f‖Lp + |∂Ω|−1/(n−1)‖∇f‖Lp + |∂Ω|−2/(n−1)‖f‖Lp
)

(86)

×
(
‖∇g‖Lq + |∂Ω|−1/(n−1)‖g‖Lq

)
for all f , g ∈ C∞0 (Rn), where u and v are solutions of the L2-regularity problem
with boundary data ∂αu = ∂αf and ∂αv = ∂αg. Thus, if Ω ⊂ Rn is a bounded
Lipschitz domain, and if 1/p+1/q = 1, then the Lp-Dirichlet problem is well-posed
in Ω if and only if the Lq-regularity problem is well-posed in Ω.

All in all, we see that the Lp-regularity problem for ∆2 is well-posed in Ω ⊂ Rn
if

• Ω is C1 or convex, and 1 < p <∞.
• n = 2 or n = 3 and 1 < p < 2 + ε.
• n = 4 and 6/5− ε < p < 2 + ε.
• n = 5, 6 or 7, and 4/3− ε < p < 2 + ε.
• n ≥ 8, and 2− 4

4+n−λn < p < 2 + ε, where λn is given by (84). The above
ranges of p are sharp, but this range is still open.

4.4. Higher-order elliptic systems. The polyharmonic operator ∆m is part of
a larger class of elliptic higher-order operators. Some study has been made of
boundary-value problems for such operators and systems.

The Lp-Dirichlet problem for a strongly elliptic system L of order 2m, as defined
in Definition 2.1, is well-posed in Ω if there exists a constant C such that, for
every ḟ ∈ WApm−1(∂Ω 7→ C`) and every ~g ∈ Lp(∂Ω 7→ C`), there exists a unique

vector-valued function ~u : Ω 7→ C` such that

(87)



(L~u)j =
∑̀
k=1

∑
|α|=|β|=m

∂αajkαβ∂
βuk = 0 in Ω for each 1 ≤ j ≤ `,

∂α~u = fα on ∂Ω for |α| ≤ m− 2,

∂m−1
ν ~u = ~g on ∂Ω,

‖N(∇m−1u)‖Lp(∂Ω) ≤ C
∑

|α|=m−2

‖∇τfα‖Lp(∂Ω) + C‖~g‖Lp(∂Ω).

The Lq-regularity problem is well-posed in Ω if there is some constant C such that,
for every ḟ ∈WApm(∂Ω 7→ C`), there exists a unique ~u such that

(88)



(L~u)j =
∑̀
k=1

∑
|α|=|β|=m

∂αajkαβ∂
βuk = 0 in Ω for each 1 ≤ j ≤ `,

∂α~u = fα on ∂Ω for |α| ≤ m− 1,

‖N(∇mu)‖Lq(∂Ω) ≤ C
∑

|α|=m−1

‖∇τfα‖Lq(∂Ω).

In [PV95a], Pipher and Verchota showed that the Lp-Dirichlet and Lp-regular-
ity problems were well-posed for 2 − ε < p < 2 + ε, for any higher-order elliptic
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partial differential equation with real constant coefficients, in Lipschitz domains of
arbitrary dimension. This was extended to symmetric elliptic systems in [Ver96].
A key ingredient of the proof was the boundary G̊arding inequality

λ

4

ˆ
∂Ω

|∇mu|(−νn) dσ

≤
∑̀
j,k=1

∑
|α|=|β|=m

ˆ
∂Ω

∂αajkαβ∂
βuk(−νn) dσ + C

ˆ
∂Ω

|∇m−1∂nu|
2
dσ

valid if u ∈ C∞0 (Rn)`, if L = ∂αajkαβ∂
β is a symmetric elliptic system with real

constant coefficients, and if Ω is the domain above the graph of a Lipschitz function.
We observe that in this case, (−νn) is a positive number bounded from below.
Pipher and Verchota then used this G̊arding inequality and a Green’s formula to
construct the nontangential maximal estimate. See [PV95b] and [Ver96, Sections 4
and 6].

As in the case of the polyharmonic operator ∆m, this first result concerned the
Lp-Dirichlet problem and Lq-regularity problem only for 2− ε < p < 2 + ε and for
2− ε < q < 2 + ε. The polyharmonic operator ∆m is an elliptic system, and so we
cannot in general improve upon the requirement that 2− ε < p for well-posedness
of the Lp-Dirichlet problem.

However, we can improve on the requirement p < 2 + ε. Recall that Theo-
rem 4.5 from [She06b], and its equivalence to (82), were proven in the general case
of strongly elliptic systems with real symmetric constant coefficients. As in the
case of the polyharmonic operator ∆m, (81) follows from well-posedness of the L2-
regularity problem provided p = 2(n− 1)/(n− 3), and so if L is such a system, the
Lp-Dirichlet problem for L is well-posed in Ω provided 2−ε < p < 2(n−1)/(n−3)+ε.
This is [She06b, Corollary 1.3]. Again, by the counterexamples of [PV95b], this
range cannot be improved if m ≥ 2 and 4 ≤ n ≤ 2m + 1; the question of whether
this range can be improved for general operators L if n ≥ 2m+ 2 is still open.

Little is known concerning the regularity problem in a broader range of p. Recall
that (85) from [KS11b] was proven in the general case of strongly elliptic systems
with real symmetric constant coefficients. Thus, we know that for such systems,
well-posedness of the Lq-regularity problem for 2 < q < n−1 implies well-posedness
of the Lp-Dirichlet problem for appropriate p. The question of whether the reverse
implication holds, or whether this result can be extended to a broader range of q,
is open.

4.5. The area integral. One of major tools in the theory of second-order elliptic
differential equations is the Lusin area integral, defined as follows. If w lies in
W 2

1,loc(Ω) for some domain Ω ⊂ Rn, then the area integral (or square function) of
w is defined for Q ∈ ∂Ω as

Sw(Q) =

(ˆ
Γ(Q)

|∇w(X)|2 dist(X, ∂Ω)2−ndX

)1/2

.

In [Dah80], Dahlberg showed that if u is harmonic in a bounded Lipschitz domain
Ω, if P0 ∈ Ω and u(P0) = 0, then for any 0 < p <∞,

(89)
1

C

ˆ
∂Ω

(Su)p dσ ≤
ˆ
∂Ω

(Nu)p dσ ≤ C
ˆ
∂Ω

(Su)p dσ
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for some constants C depending only on p, Ω and P0. Thus, the Lusin area integral
bears deep connections to the Lp-Dirichlet problem. In [DJK84], Dahlberg, Jerison
and Kenig generalized this result to solutions to second-order divergence-form ellip-
tic equations with real coefficients for which the Lr-Dirichlet problem is well-posed
for at least one r.

If L is an operator of order 2m, then the appropriate estimate is

(90)
1

C

ˆ
∂Ω

N(∇m−1u)p dσ ≤
ˆ
∂Ω

S(∇m−1u)p dσ ≤ C
ˆ
∂Ω

N(∇m−1u)p dσ.

Before discussing their validity for particular operators, let us point out that such
square-function estimates are very useful in the study of higher-order equations.
In [She06b], Shen used (90) to prove the equivalence of (82) and (81), above. In
[KS11a], Kilty and Shen used (90) to prove that well-posedness of the Lp-Dirichlet
problem for ∆2 implies the bilinear estimate (86). The proof of the maximum
principle (14) in [Ver96, Section 8] (to be discussed in Section 4.6) also exploited
(90). Estimates on square functions can be used to derive estimates on Besov space
norms; see [AP98, Proposition S].

In [PV91], Pipher and Verchota proved that (90) (with m = 2) holds for solutions
u to ∆2u = 0, provided Ω is a bounded Lipschitz domain, 0 < p < ∞, and
∇u(P0) = 0 for some fixed P0 ∈ Ω. Their proof was an adaptation of Dahlberg’s
proof [Dah80] of the corresponding result for harmonic functions. They used the
L2-theory for the biharmonic operator [DKV86], the representation formula (79),
and the L2-theory for harmonic functions to prove good-λ inequalities, which, in
turn, imply Lp estimates for 0 < p <∞.

In [DKPV97], Dahlberg, Kenig, Pipher and Verchota proved that (90) held for
solutions u to Lu = 0, for a symmetric elliptic system L of order 2m with real
constant coefficients, provided as usual that Ω is a bounded Lipschitz domain,
0 < p <∞, and∇m−1u(P0) = 0 for some fixed P0 ∈ Ω. The argument is necessarily
considerably more involved than the argument of [PV91] or [Dah80]. In particular,
the bound ‖S(∇m−1u)‖L2(∂Ω) ≤ C‖N(∇m−1u)‖L2(∂Ω) was proven in three steps.

The first step was to reduce from the elliptic system L of order 2m to the scalar
elliptic operator M = detL of order 2`m, where ` is as in formula (7). The second
step was to reduce to elliptic equations of the form

∑
|α|=m aα∂

2αu = 0, where

|aα| > 0 for all |α| = m. Finally, it was shown that for operators of this form∑
|α|=m

ˆ
Ω

aα ∂
αu(X)2 dist(X, ∂Ω) dX ≤ C

ˆ
∂Ω

N(∇m−1u)2 dσ.

The passage to 0 < p < ∞ in (90) was done, as usual, using good-λ inequalities.
We remark that these arguments used the result of [PV95a] that the L2-Dirichlet
problem is well-posed for such operators L in Lipschitz domains.

It is quite interesting that for second-order elliptic systems, the only currently
known approach to the square-function estimate (89) is this reduction to a higher-
order operator.

4.6. The maximum principle in Lipschitz domains. We are now in a posi-
tion to discuss the maximum principle (14) for higher-order equations in Lipschitz
domains.

We say that the maximum principle for an operator L of order 2m holds in the
bounded Lipschitz domain Ω if there exists a constant C > 0 such that, whenever
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f ∈WA∞m−1(∂Ω) ⊂WA2
m−1(∂Ω) and g ∈ L∞(∂Ω) ⊂ L2(∂Ω), the solution u to the

Dirichlet problem (87) with boundary data f and g satisfies

(91) ‖∇m−1u‖L∞ ≤ C‖g‖L∞(∂Ω) + C
∑

|α|=m−2

‖∇τfα‖L∞(∂Ω).

The maximum principle (91) was proven to hold in three-dimensional Lipschitz
domains by Pipher and Verchota in [PV93] (for biharmonic functions), in [PV95b]
(for polyharmonic functions), and by Verchota in [Ver96, Section 8] (for solutions to
symmetric systems with real constant coefficients). Pipher and Verchota also proved
in [PV93] that the maximum principle was valid for biharmonic functions in C1

domains of arbitrary dimension. In [KS11a, Theorem 1.5], Kilty and Shen observed
that the same techinque gives validity of the maximum principle for biharmonic
functions in convex domains of arbitrary dimension.

The proof of [PV93] uses the L2-regularity problem in the domain Ω to construct
the Green’s function G(X,Y ) for ∆2 in Ω. Then if u is biharmonic in Ω with
N(∇u) ∈ L2(∂Ω), we have that

(92) u(X) =

ˆ
∂Ω

u(Q) ∂ν∆G(X,Q) dσ(Q) +

ˆ
∂Ω

∂νu(Q) ∆G(X,Q) dσ(Q)

where all derivatives of G are taken in the second variable Q. If the H1-regularity
problem is well-posed in appropriate subdomains of Ω, then ∇2∇XG(X, · ) is in
L1(∂Ω) with L1-norm independent of X, and so the second integral is at most
C‖∂νu‖L∞(∂Ω). By taking Riesz transforms, the normal derivative ∂ν∆G(X,Q)

may be transformed to tangential derivatives ∇τ∆G(X,Q); integrating by parts
transfers these derivatives to u. The square-function estimate (90) implies that the
Riesz transforms of ∇X∆QG(X,Q) are bounded on L1(∂Ω). This completes the
proof of the maximum principle.

Similar arguments show that the maximum principle is valid for more general
operators. See [PV95b] for the polyharmonic operator, or [Ver96, Section 8] for
arbitrary symmetric operators with real constant coefficients.

An important transitional step is the well-posedness of the H1-regularity prob-
lem. It was established in three-dimensional (or C1) domains in [PV93, Theo-
rem 4.2] and [PV95b, Theorem 1.2] and discussed in [Ver96, Section 7]. In each

case, well-posedness was proven by analyzing solutions with atomic data ḟ using a
technique from [DK90]. A crucial ingredient in this technique is the well-posedness
of the Lp-Dirichlet problem for some p < (n−1)/(n−2); the latter is valid if n = 3
by [DKV86], and (for ∆2) in C1 and convex domains by [Ver90] and [KS11a], but
fails in general Lipschitz domains for n ≥ 4.

4.7. Biharmonic functions in convex domains. We say that a domain Ω is
convex if, whenever X, Y ∈ Ω, the line segment connecting X and Y lies in Ω.
Observe that all convex domains are necessarily Lipschitz domains but the converse
does not hold. Moreover, while convex domains are in general no smoother than
Lipschitz domains, the extra geometrical structure often allows for considerably
stronger results.

Recall that in [MM09a], the second author of this paper and Maz’ya showed that
the gradient of a biharmonic function is bounded in a three-dimensional domain.
This is a sharp property in dimension three, and in higher dimensional domains the
solutions can be even less regular (cf. Section 3.1). However, using some intricate
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linear combination of weighted integrals, the same authors showed in [MM08] that
second derivatives to biharmonic functions were locally bounded when the domain
was convex. To be precise, they showed that if Ω is convex, and u ∈ W̊ 2

2 (Ω) is a
solution to ∆2u = h for some h ∈ C∞0 (Ω \B(Q, 10R)), R > 0, Q ∈ ∂Ω, then

(93) sup
B(Q,R/5)∩Ω

|∇2u| ≤ C

R2

( 
Ω∩B(Q,5R)\B(Q,R/2)

|u|2
)1/2

.

In particular, not only are all boundary points of convex domains 1-regular, but
the gradient ∇u is Lipschitz continuous near such points.

Kilty and Shen noted in [KS11a] that (93) implies that (85) holds in convex
domains for any q; thus, the Lq-regularity problem for the bilaplacian is well-posed
for any 2 < q <∞ in a convex domain. Well-posedness of the Lp-Dirichlet problem
for 2 < p < ∞ has been established by Shen in [She06c]. By the duality result
(86), again from [KS11a], this implies that both the Lp-Dirichlet and Lq-regularity
problems are well-posed, for any 1 < p < ∞ and any 1 < q < ∞, in a convex
domain of arbitrary dimension. They also observed that, by the techniques of
[PV93] (discussed in Section 4.6 above), the maximum principle (91) is valid in
arbitrary convex domains.

It is interesting to note how, once again, the methods and results related to
pointwise estimates, the Wiener criterion, and local regularity estimates near the
boundary are intertwined with the well-posedness of boundary problems in Lp.

4.8. The Neumann problem for the biharmonic equation. So far we have
only discussed the Dirichlet and regularity problems for higher order operators.
Another common and important boundary-value problem that arises in applica-
tions is the Neumann problem. Indeed, the principal physical motivation for the
inhomogeneous biharmonic equation ∆2u = h is that it describes the equilibrium
position of a thin elastic plate subject to a vertical force h. The Dirichlet problem
u
∣∣
∂Ω

= f , ∇u
∣∣
∂Ω

= g describes an elastic plate whose edges are clamped, that is,
held at a fixed position in a fixed orientation. The Neumann problem, on the other
hand, corresponds to the case of a free boundary. Guido Sweers has written an
excellent short paper [Swe09] discussing the boundary conditions that correspond
to these and other physical situations.

More precisely, if a thin two-dimensional plate is subject to a force h and the
edges are free to move, then its displacement u satisfies the boundary value problem

∆2u = h in Ω,

ρ∆u+ (1− ρ)∂2
νu = 0 on ∂Ω,

∂ν∆u+ (1− ρ)∂ττνu = 0 on ∂Ω.

Here ρ is a physical constant, called the Poisson ratio. This formulation goes back
to Kirchoff and is well known in the theory of elasticity; see, for example, Section 3.1
and Chapter 8 of the classic engineering text [Nád63]. We remark that by [Nád63,
formula (8-10)],

∂ν∆u+ (1− ρ)∂ττνu = ∂ν∆u+ (1− ρ)∂τ (∂ντu) .

This suggests the following homogeneous boundary value problem in a Lipschitz
domain Ω of arbitrary dimension. We say that the Lp-Neumann problem is well-
posed if there exists a constant C > 0 such that, for every f0 ∈ Lp(∂Ω) and
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Λ0 ∈W p
−1(∂Ω), there exists a function u such that

(94)



∆2u = 0 in Ω,

Mρu := ρ∆u+ (1− ρ)∂2
νu = f0 on ∂Ω,

Kρu := ∂ν∆u+ (1− ρ)
1

2
∂τij

(
∂ντiju

)
= Λ0 on ∂Ω,

‖N(∇2u)‖Lp(∂Ω) ≤ C‖f0‖Wp
1 (∂Ω) + C‖Λ0‖Wp

−1(∂Ω).

Here τij = νiej − νjei is a vector orthogonal to the outward normal ν and lying in
the xixj-plane.

In addition to the connection to the theory of elasticity, this problem is of interest
because it is in some sense adjoint to the Dirichlet problem (74). That is, if ∆2u =
∆2w = 0 in Ω, then

´
∂Ω
∂νwMρu − wKρu dσ =

´
∂Ω
∂νuMρw − uKρw dσ, where

Mρ and Kρ are as in (94); this follows from the more general formulaˆ
Ω

w∆2u =

ˆ
Ω

(ρ∆u∆w + (1− ρ)∂jku ∂jkw) +

ˆ
∂Ω

wKρu− ∂νwMρu dσ(95)

valid for arbitrary smooth functions. This formula is analogous to the classical
Green’s identity for the Laplacian

(96)

ˆ
Ω

w∆u = −
ˆ

Ω

∇u · ∇w +

ˆ
∂Ω

w ν · ∇u dσ.

Observe that, contrary to the Laplacian or more general second order operators,
there is a family of relevant Neumann data for the biharmonic equation. Moreover,
different values (or, rather, ranges) of ρ correspond to different natural physical
situations. We refer the reader to [Ver05] for a detailed discussion.

In [CG85], Cohen and Gosselin showed that the Lp-Neumann problem (94) was
well-posed in C1 domains contained in R2 for 1 < p < ∞, provided in addition
that ρ = −1. The method of proof was as follows. Recall from (78) that Cohen
and Gosselin showed that the Lp-Dirichlet problem was well-posed by constructing
a multiple layer potential Lḟ with boundary values (I + K)ḟ , and showing that
I +K is invertible. We remark that because Cohen and Gosselin preferred to work
with Dirichlet boundary data of the form (u, ∂xu, ∂yu)

∣∣
∂Ω

rather than of the form

(u, ∂νu)
∣∣
∂Ω

, the notation of [CG85] is somewhat different from that of the present

paper. In the notation of the present paper, the method of proof of [CG85] was

to observe that (I +K)∗θ̇ is equivalent to (K−1vθ̇,M−1vθ̇)∂ΩC , where v is another
biharmonic layer potential and (I + K)∗ is the adjoint to (I + K). Well-posedness
of the Neumann problem then follows from invertibility of I +K on ∂ΩC .

In [Ver05], Verchota investigated the Neumann problem (94) in full generality.
He considered Lipschitz domains with compact, connected boundary contained in
Rn, n ≥ 2. He showed that if −1/(n − 1) ≤ ρ < 1, then the Neumann problem is
well-posed provided 2− ε < p < 2 + ε. That is, the solutions exist, satisfy the de-
sired estimates, and are unique either modulo functions of an appropriate class, or
(in the case where Ω is unbounded) when subject to an appropriate growth condi-
tion. See [Ver05, Theorems 13.2 and 15.4]. Verchota’s proof also used boundedness
and invertibility of certain potentials on Lp(∂Ω); a crucial step was a coercivity
estimate ‖∇2u‖L2(∂Ω) ≤ C‖Kρu‖W 2

−1(∂Ω) +C‖Mρu‖L2(∂Ω). (This estimate is valid

provided u is biharmonic and satisfies some mean-value hypotheses; see [Ver05,
Theorem 7.6]).
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More recently, in [She07a], Shen improved upon Verchota’s results by extending
the range on p (in bounded simply connected Lipschitz domains) to 2(n− 1)/(n+
1)−ε < p < 2+ε if n ≥ 4, and 1 < p < 2+ε if n = 2 or n = 3. This result again was
proven by inverting layer potentials. Observe that the Lp-regularity problem is also
known to be well-posed for p in this range, and (if n ≥ 6) in a broader range of p;
see Section 4.3. The question of the sharp range of p for which the Lp-Neumann
problem is well-posed in a Lipschitz domain is still open.

Finally, in [MM13b, Section 6.5], I. Mitrea and M. Mitrea showed that if Ω ⊂ Rn
is a simply connected domain whose unit outward normal ν lies in VMO(∂Ω) (for
example, if Ω is a C1 domain), then the acceptable range of p is 1 < p < ∞;
this may be seen as a generalization of the result of Cohen and Gosselin to higher
dimensions, to other values of ρ, and to slightly rougher domains.

It turns out that extending the well-posedness results for the Neumann problem
beyond the case of the bilaplacian is an excruciatingly difficult problem, even if
one considers only fourth-order operators with constant coefficients. Even defining
Neumann boundary values for more general operators is a difficult problem (see
Section 5.5), and while some progress has been made (see [Agr07, MM13b, BHM,
Bar16], or Section 5.5 below), at present there are no well-posedness results for the
Neumann problem with Lp boundary data.

In analogy to (95) and (96), one can write

(97)

ˆ
Ω

wLu = A[u,w] +

ˆ
∂Ω

wKAu− ∂νwMAu dσ,

where A[u,w] =
∑
|α|=|β|=2 aαβ

´
Ω
DβuDαw is an energy form associated to the

operator L =
∑
|α|=|β|=2 aαβD

αDβ . Note that in the context of fourth-order op-

erators, the pair (w, ∂νw) constitutes the Dirichlet data for w on the boundary,
and so one can say that the operators KAu and MAu define the Neumann data
for u. One immediately faces the problem that the same higher-order operator L
can be rewritten in many different ways and gives rise to different energy forms.
The corresponding Neumann data will be different. (This is the reason why there
is a family of Neumann data for the biharmonic operator.)

Furthermore, whatever the choice of the form, in order to establish well-posedness
of the Neumann problem, one needs to be able to estimate all second derivatives of
a solution on the boundary in terms of the Neumann data. In the analogous second-
order case, such an estimate is provided by the Rellich identity, which shows that
the tangential derivatives are equivalent to the normal derivative in L2 for solu-
tions of elliptic PDEs. In the higher-order scenario, such a result calls for certain
coercivity estimates which are still rather poorly understood. We refer the reader
to [Ver10] for a detailed discussion of related results and problems.

4.9. Inhomogeneous problems and other classes of boundary data. In
[AP98], Adolfsson and Pipher investigated the inhomogeneous Dirichlet problem
for the biharmonic equation with data in Besov and Sobolev spaces. While resting
on the results for homogeneous boundary value problems discussed in Sections 4.1
and 4.3, such a framework presents a completely new setting, allowing for the in-
homogeneous problem and for consideration of classes of boundary data which are,
in some sense, intermediate between the Dirichlet and the regularity problems.
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They showed that if ḟ ∈ WAp1+s(∂Ω) and h ∈ Lps+1/p−3(Ω), then there exists a

unique function u that satisfies

(98)

{
∆2u = h in Ω,

Tr ∂αu = fα, for 0 ≤ |α| ≤ 1

subject to the estimate

(99) ‖u‖Lp
s+1/p+1

(Ω) ≤ C‖h‖Lp
s+1/p−3

(Ω) + C‖ḟ‖WAp1+s(∂Ω)

provided 2− ε < p < 2 + ε and 0 < s < 1. Here Trw denotes the trace of w in the
sense of Sobolev spaces; that these may be extended to functions u ∈ Lps+1+1/p,

s > 0, was proven in [AP98, Theorem 1.12].
In Lipschitz domains contained in R3, they proved these results for a broader

range of p and s, namely for 0 < s < 1 and for

(100) max

(
1,

2

s+ 1 + ε

)
< p <

{
∞, s < ε,

2
s−ε , ε ≤ s < 1.

Finally, in C1 domains, they proved these results for any p and s with 1 < p <∞
and 0 < s < 1.

In [MMW11], I. Mitrea, M. Mitrea and Wright extended the three-dimensional
results to p = ∞ (for 0 < s < ε) or 2/(s + 1 + ε) < p ≤ 1 (for 1 − ε < s < 1).

They also extended these results to data h and ḟ in more general Besov or Triebel-
Lizorkin spaces.

In [MM13a], I. Mitrea and M. Mitrea extended the results of [AP98] to higher
dimensions. That is, they showed that if Ω ⊂ Rn is a Lipschitz domain and n ≥ 4,
then there is a unique solution to the problem (98) subject to the estimate (99)
provided that 0 < s < 1 and that

max

(
1,

n− 1

s+ (n− 1)/2 + ε

)
< p <

{
∞, (n− 3)/2 + s < ε,

n−1
(n−3)/2+s−ε , ε ≤ s < 1.

As in [MMW11], their results extend to more general function spaces.
I. Mitrea and M. Mitrea also showed that, for the same values of p and s, there

exist unique solutions to the inhomogeneous Neumann problem
∆2u = h in Ω,

Mρu = f on ∂Ω,

Kρu = Λ on ∂Ω

where Mρ and Kρ are as in Section 4.8, subject to the estimate

(101) ‖u‖Lp
s+1/p+1

(Ω) ≤ C‖h‖Lp
s+1/p−3

(Ω) + C‖f‖Bp,ps−1(∂Ω) + C‖Λ‖Bp,ps−2(∂Ω).

Finally, in [MM13b, Section 6.4], I. Mitrea and M. Mitrea proved similar results
for more general constant-coefficient elliptic operators. That is, if L is an operator
given by formula (7) whose coefficients satisfy the ellipticity condition (8), and if
Ω ⊂ Rn is a bounded Lipschitz domain, then there exists a unique solution to the
Dirichlet problem

(102)

{
Lu = h in Ω,

Tr ∂αu = fα, for 0 ≤ |α| ≤ 1
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subject to the estimate

(103) ‖u‖Bp,q
m−1+s+1/p

(Ω) ≤ C‖h‖Bp,q−m−1+s+1/p
(Ω) + C‖ḟ‖WAp,qm−1+s(∂Ω)

provided 2 − ε < p < 2 + ε, 2 − ε < q < 2 + ε, and 1/2 − ε < s < 1/2 + ε.
Furthermore, with a slightly stronger ellipticity condition

Re
∑

|α|=|β|=m

∑̀
j,k=1

ajkαβζ
α
j ζ

β
k ≥ λ|ζ|

2
,

they established well-posedness of the inhomogeneous Neumann problem for ar-
bitrary constant-coefficient operators. See Section 5.5 below for a formulation of
Neumann boundary data in the case of arbitrary operators. Finally, if L is self-
adjoint and n > 2m, and if the unit outward normal ν to ∂Ω lies in VMO(∂Ω),
then the Dirichlet problem (102) has a unique solution satisfying the estimate (103)
for any 0 < s < 1 and any 1 < p <∞, 1 < q <∞.

Let us define the function spaces appearing above. Lpα(Rn) is defined to be
{g : (I−∆)α/2g ∈ Lp(Rn)}; we say g ∈ Lpα(Ω) if g = h

∣∣
Ω

for some h ∈ Lpα(Rn). If k

is a nonnegative integer, then Lpk = W p
k . If m is an integer and 0 < s < 1, then the

Whitney-Besov space WApm−1+s = WAp,pm−1+s or WAp,qm−1+s is defined analogously
to WApm (see Definition 4.2), except that we take the completion with respect to
the Whitney-Besov norm

(104)
∑

|α|≤m−1

‖∂αψ‖Lp(∂Ω) +
∑

|α|=m−1

‖∂αψ‖Bp,qs (∂Ω)

rather than the Whitney-Sobolev norm∑
|α|≤m−1

‖∂αψ‖Lp(∂Ω) +
∑

|α|=m−1

‖∇τ∂αψ‖Lp(∂Ω).

In [AP98], the general problem (98) for ∆2 was first reduced to the case h = 0
(that is, to a homogeneous problem) by means of trace/extension theorems, that

is, subtracting w(X) =
´
Rn F (X,Y ) h̃(Y ) dY , and showing that if h ∈ Lps+1/p−3(Ω)

then (Trw,Tr∇w) ∈ WAp1+s(∂Ω). Next, the well-posedness of Dirichlet and regu-
larity problems discussed in Sections 4.1 and 4.3 provide the endpoint cases s = 0
and s = 1, respectively. The core of the matter is to show that, if u is biharmonic,
k is an integer and 0 ≤ α ≤ 1, then u ∈ Lpk+α(Ω) if and only if

(105)

ˆ
Ω

|∇k+1u(X)|p dist(X, ∂Ω)p−pα + |∇ku(X)|p + |u(X)|p dX <∞,

(cf. [AP98, Proposition S]). With this at hand, one can use square-function es-
timates to justify the aforementioned endpoint results. Indeed, observe that for
p = 2 the first integral on the left-hand side of (105) is exactly the L2 norm of
S(∇ku). The latter, by [PV91] (discussed in Section 4.5), is equivalent to the L2

norm of the corresponding non-tangential maximal function, connecting the esti-
mate (99) to the nontangential estimates in the Dirichlet problem (74) and the
regularity problem 80. Finally, one can build an interpolation-type scheme to pass
to well-posedness in intermediate Besov and Sobolev spaces.

The solution in [MM13b] to the problem (102), at least in the case of general
Lipschitz domains, was constructed in the opposite way, by first reducing to the
case where the boundary data ḟ = 0. Using duality it is straightforward to establish
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well-posedness in the case p = q = 2, s = 1/2; perturbative results then suffice to
extend to p, q near 2 and s near 1/2.

5. Boundary value problems with variable coefficients

Results for higher order differential equations with variable coefficients are very
scarce. As we discussed in Section 2, there are two natural manifestations of higher-
order operators with variable coefficients. Operators in divergence form arise via the
weak formulation framework. Conversely, operators in composition form generalize
the bilaplacian under a pull-back of a Lipschitz domain to the upper half-space.

Both classes of operators have been investigated. However, operators in diver-
gence form have received somewhat more study; thus, we begin this section by
reviewing the definition of divergence-form operator. A divergence-form operator
L, acting on W 2

m,loc(Ω 7→ C`), may be defined weakly via (12); we say that Lu = h
if

(106)
∑̀
j=1

ˆ
Ω

ϕj hj = (−1)m
∑̀
j,k=1

∑
|α|=|β|=m

ˆ
Ω

∂αϕj a
jk
αβ ∂

βuk

for all ϕ smooth and compactly supported in Ω.

5.1. The Kato problem and the Riesz transforms. We begin with the Kato
problem and the properties of the Riesz transform; this is an important topic in
elliptic theory, which formally stands somewhat apart from the well-posedness is-
sues.

Suppose that L is a variable-coefficient operator in divergence form, that is, an
operator defined by (106). Suppose that L satisfies the bound

(107)

∣∣∣∣ ∑
|α|=|β|=m

∑̀
j,k=1

ˆ
Rn
ajkαβ ∂

βfk ∂
αgj

∣∣∣∣ ≤ C‖∇mf‖L2(Rn)‖∇
mg‖L2(Rn)

for all f and g in Ẇ 2
m(Rn), and the ellipticity estimate

(108) Re
∑

|α|=|β|=m

∑̀
j,k=1

ˆ
Ω

ajkαβ(X)∂βϕk(X)∂αϕj(X) dX ≥ λ
∑
|α|=m

∑̀
k=1

ˆ
Ω

|∂αϕk|2

for all functions ϕ ∈ C∞0 (Ω 7→ C`). Notice that this is a weaker requirement than
the pointwise ellipticity condition (11).

Auscher, Hofmann, McIntosh and Tchamitchian [AHMT01] proved that under
these conditions, the Kato estimate

(109)
1

C
‖∇mf‖L2(Rn) ≤ ‖

√
Lf‖L2(Rn) ≤ C‖∇

mf‖L2(Rn)

is valid for some constant C. They also proved similar results for operators with
lower-order terms.

It was later observed in [Aus04] that by the methods of [AT98], if 1 ≤ n ≤ 2m,
then the bound on the Riesz transform ∇mL−1/2 in Lp (that is, the first inequality
in formula (109)) extends to the range 1 < p < 2 + ε, and the reverse Riesz
transform bound (that is, the second inequality in formula (109)) extends to the
range 1 < p <∞. This also holds if the Schwartz kernel Wt(X,Y ) of the operator
e−tL satisfies certain pointwise bounds (e.g., if L is second-order and the coefficients
of A are real).
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In the case where n > 2m, the inequality ‖∇mL−1/2f‖Lp(Rn) ≤ C‖f‖Lp(Rn)

holds for 2n/(n + 2m) − ε < p ≤ 2; see [BK04, Aus04]. The reverse inequality
holds for max(2n/(n + 4m) − ε, 1) < p < 2 by [Aus04, Theorem 18], and for
2 < p < 2n/(n− 2m) + ε by duality (see [Aus07, Section 7.2]).

In the case of second-order operators, the Kato estimate implies well-posedness
of boundary-value problems with L2 data in the upper half space for certain coeffi-
cients in a special (“block”) form. We conjecture that the same is true in the case
of higher-order operators; see Section 5.6.

5.2. The Dirichlet problem for operators in divergence form. In this section
we discuss boundary-value problems for divergence-form operators with variable
coefficients. At the moment, well-posedness results for such operators are restricted
in that the boundary problems treated fall strictly between the range of Lp-Dirichlet
and Lp-regularity, in the sense of Section 4.9. That is, there are at present no
well-posedness results for the Lp-Dirichlet, regularity, and Neumann problems on
Lipschitz domains with the usual sharp estimates in terms of the non-tangential
maximal function for these divergence-form operators. (Such problems are now
being considered; see Section 5.6.)

To be more precise, recall from the discussion in Section 4.9 that the classical
Dirichlet and regularity problems, with boundary data in Lp, can be viewed as
the s = 0, 1 endpoints of the boundary problem studied in [AP98], [MMW11] and
[MM13a]

∆2u = h in Ω, ∂αu
∣∣
∂Ω

= fα for all |α| ≤ 1

with ḟ lying in an intermediate smoothness space WAp1+s(∂Ω), 0 ≤ s ≤ 1. In the
context of divergence-form higher-order operators with variable coefficients, essen-
tially the known results pertain only to boundary data of intermediate smoothness.

In [Agr07], Agranovich investigated the inhomogeneous Dirichlet problem, in
Lipschitz domains, for such operators L that are elliptic (in the pointwise sense

of (11), and not the more general condition (108)) and whose coefficients ajkαβ are
Lipschitz continuous in Ω.

He showed that if h ∈ Lp−m−1+1/p+s(Ω) and ḟ ∈ WApm−1+s(∂Ω), for some 0 <

s < 1, and if |p− 2| is small enough, then the Dirichlet problem

(110)

{
Lu = h in Ω,

Tr ∂αu = fα for all 0 ≤ |α| ≤ m− 1

has a unique solution u that satisfies the estimate

(111) ‖u‖Lp
m−1+s+1/p

(Ω) ≤ C‖h‖Lp−m−1+1/p+s
(∂Ω) + C‖ḟ‖WApm−1+s(∂Ω).

Agranovich also considered the Neumann problem for such operators. As we
discussed in Section 4.8, defining the Neumann problem is a delicate matter. In
the context of zero boundary data, the situation is a little simpler as one can take
a formal functional analytic point of view and avoid to some extent the discussion
of estimates at the boundary. We say that u solves the Neumann problem for L,
with homogeneous boundary data, if the equation (106) in the weak formulation of
L is valid for all test functions ϕ compactly supported in Rn (but not necessarily

in Ω.) Agranovich showed that, if h ∈ L̊p−m−1+1/p+s(Ω), then there exists a unique

function u ∈ Lpm−1+1/p+s(Ω) that solves this Neumann problem with homogeneous



40 ARIEL BARTON AND SVITLANA MAYBORODA

boundary data, under the same conditions on p, s, L as for his results for the
Dirichlet problem. Here h ∈ L̊pα(Ω) if h = g

∣∣
Ω

for some g ∈ Lpα(Rn) that in

addition is supported in Ω̄.
In [MMS10], Maz’ya, M. Mitrea and Shaposhnikova considered the Dirichlet

problem, again with boundary data in intermediate Besov spaces, for much rougher
coefficients. They showed that if f ∈WApm−1+s(∂Ω), for some 0 < s < 1 and some
1 < p <∞, if h lies in an appropriate space, and if L is a divergence-form operator
of order 2m (as defined by (106)), then under some conditions, there is a unique
function u that satisfies the Dirichlet problem (110) subject to the estimate

(112) ‖u‖Wp
m,1−s−1/p

=

( ∑
|α|≤m

ˆ
Ω

|∂αu(X)|p dist(X, ∂Ω)p−ps−1 dX

)1/p

<∞.

See [MMS10, Theorem 8.1]. The inhomogeneous data h is required to lie in the
space V p−m,1−s−1/p(Ω), the dual space to V qm,s+1/p−1(Ω), where

(113) ‖w‖V pm,a =

( ∑
|α|≤m

ˆ
Ω

|∂αu(X)|p dist(X, ∂Ω)pa+p|α|−pm dX

)1/p

.

Notice that w ∈ V pm,a if and only if w ∈W p
m,a and ∂αw = 0 on ∂Ω for all 0 ≤ |α| ≤

m− 1.
The conditions are that the coefficients ajkαβ satisfy the weak ellipticity condition

(108) considered in the theory of the Kato problem, that Ω be a Lipschitz domain

whose normal vector ν lies in VMO(∂Ω), and that the coefficients aijαβ lie in L∞(Rn)

and in VMO(Rn). Recall that this condition on Ω has also arisen in [MM11] (it
ensures the validity of formula (48)). Notice that the L∞ bound on the coefficients
is a stronger condition than the bound (107) of [AHMT01], and the requirement
that the coefficients lie in VMO(Rn) is a regularity requirement that is weaker than
the requirement of [Agr07] that the coefficients be Lipschitz continuous.

In fact, [MMS10] provides a more intricate result, allowing one to deduce a
well-posedness range of s and p, given information about the oscillation of the

coefficients ajkαβ and the normal to the domain ν. In the extreme case, when the
oscillations for both are vanishing, the allowable range expands to 0 < s < 1,
1 < p <∞, as stated above.

The construction of solutions to the Dirichlet problem may be simplified using
trace and extension theorems. In [MMS10, Proposition 7.3], the authors showed

that if ḟ ∈ WApm−1+s(∂Ω), then there exists a function F ∈ W p
m,a such that

∂αF = fα on ∂Ω. It is easy to see that if F ∈ W p
m,a, and the coefficients ajkαβ of L

are bounded pointwise, then LF ∈ V−m,1−s−1/p. Thus, the Dirichlet problem
Lu = h in Ω,

∂αu
∣∣
∂Ω

= fα, for all |α| ≤ m− 1,

‖u‖Wp
m,1−s−1/p

≤ ‖h‖V p−m,1−s−1/p
+ ‖ḟ‖WApm−1+s(∂Ω)

may be solved by solving the Dirichlet problem with homogeneous boundary data
Lw = h− LF in Ω,

∂αw
∣∣
∂Ω

= 0 for all |α| ≤ m− 1,

‖w‖Wp
m,1−s−1/p

≤ ‖h‖V p−m,1−s−1/p
+ ‖LF‖V p−m,1−s−1/p
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for some extension F and then letting u = w + F .
We comment on the estimate (112). First, by [AP98, Propositon S] (listed above

as formula (105)), if u is biharmonic then the estimate (112) is equivalent to the

estimate (111) of [Agr07]. Second, by (90), if the coefficients ajkαβ are constant, one

can draw connections between (112) for s = 0, 1 and the nontangential maximal
estimates of the Dirichlet or regularity problems (87) or (88). However, as we
pointed out earlier, this endpoint case, corresponding to the true Lp-Dirichlet and
regularity problems, has not been achieved.

5.3. The Dirichlet problem for operators in composition form. Let us now
discuss variable-coefficient fourth-order operators in composition form. Recall that
this particular form arises naturally when considering the transformation of the
bilaplacian under a pull-back from a Lipschitz domain (cf. (13)). The authors of
the present paper have shown the well-posedness, for a class of such operators, of
the Dirichlet problem with boundary data in L2, thus establishing the first results
concerning the Lp-Dirichlet problem for variable-coefficient higher-order operators.

Consider the Dirichlet problem

(114)


L∗(aLu) = 0 in Ω,

u = f on ∂Ω,

ν ·A∇u = g on ∂Ω,

‖Ñ(∇u)‖L2(∂Ω) ≤ C‖∇f‖L2(∂Ω) + C‖g‖L2(∂Ω).

Here L is a second-order divergence form differential operator L = −divA(X)∇,
and a is a scalar-valued function. (For rough coefficientsA, the exact weak definition
of L∗(aLu) = 0 is somewhat delicate, and so we refer the reader to [BM13].) The
domain Ω is taken to be the domain above a Lipschitz graph, that is, Ω = {(x, t) :
x ∈ Rn−1, t > ϕ(x)} for some function ϕ with ∇ϕ ∈ L∞(Rn−1). As pointed out
above, the class of equations L∗(aLu) = 0 is preserved by a change of variables,
and so well-posedness of the Dirichlet problem (114) in such domains follows from
well-posedness in upper half-spaces Rn+. Hence, in the remainder of this section,
Ω = Rn+.

The appropriate ellipticity condition is then

(115) λ ≤ a(X) ≤ Λ, λ|η|2 ≤ Re ηtA(X)η, |A(X)| ≤ Λ

for all X ∈ Rn and all η ∈ Cn, for some constants Λ > λ > 0. The modified
nontangential maximal function Ñ(∇u), defined by

Ñ(∇u)(Q) = sup
X∈Γ(Q)

( 
B(X,dist(X,∂Ω)/2)

|∇u|2
)1/2

,

is taken from [KP93] and is fairly common in the study of variable-coefficient elliptic
operators.

In this case, we say that u
∣∣
∂Ω

= f and ν ·A∇u = g if

lim
t→0+

‖u( · + te)− f‖W 2
1 (∂Ω) = 0,

lim
t→0+

‖ν ·A∇u( · + te)− g‖L2(∂Ω) = 0

where e = en is the unit vector in the vertical direction. Notice that by the
restriction on the domain Ω, e is transverse to the boundary at all points. We
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usually refer to the vertical direction as the t-direction, and if some function depends
only on the first n− 1 coordinates, we say that function is t-independent.

In [BM13], the authors of the present paper have shown that if n ≥ 3, and if a
and A satisfy (115) and are t-independent, then for every f ∈ W 2

1 (∂Ω) and every
g ∈ L2(∂Ω), there exists a u that satisfies (114), provided that the second order
operator L = divA∇ is good from the point of view of the second order theory.

Without going into the details, we mention that there are certain restrictions on
the coefficients A necessary to ensure the well-posedness even of the corresponding
second-order boundary value problems; see [CFK81]. The key issues are good
behavior in the direction transverse to the boundary, and symmetry. See [JK81a,
KP93] for results for symmetric t-independent coefficients, [KKPT00, KR09, Rul07,
HKMP15b, HKMP15a] for well-posedness results and important counterexamples
for non-symmetric coefficents, and [AAH08, AAM10, AAA+11] for perturbation
results for t-independent coefficients.

In particular, using the results of [AAH08, AAM10, AAA+11], we have estab-
lished that the L2-Dirichlet problem (114) in the upper half-space is well-posed,
provided the coefficients a and A satisfy (115) and are t-independent, if in addition
one of the following conditions holds:

(1) The matrix A is real and symmetric,
(2) The matrix A is constant,
(3) The matrix A is in block form (see Section 5.6) and the Schwartz kernel

Wt(X,Y ) of the operator e−tL satisfies certain pointwise bounds, or
(4) There is some matrix A0, satisfying (1), (2) or (3), that again satisfies

(115) and is t-independent, such that ‖A−A0‖L∞(Rn−1) is small enough

(depending only on the constants λ, Λ in (115)).

The solutions to (114) take the following form. Inspired by formula (79) (taken
from [DKV86]), and a similar representation in [PV92], we let

(116) Eh =

ˆ
Ω

F (X,Y )
1

a(Y )
∂2
nS∗h(Y ) dY

for h defined on ∂Ω, where S∗ is the (second-order) single layer potential associated
to L∗ and F is the fundamental solution associated to L. Then a(X)L(Eh)(X) =
∂2
nS∗f(X) in Ω (and is zero in its complement); if A∗ is t-independent, then
L∗(∂2

nS∗h) = ∂2
nL
∗(S∗h) = 0. Thus u = w + Eh is a solution to (114), for any

solution w to Lw = 0. The estimate ‖Ñ(∇Eh)‖L2(∂Ω) ≤ ‖h‖L2(∂Ω) must then be

established. In the case of biharmonic functions (considered in [PV92]), this esti-
mate follows from the boundedness of the Cauchy integral; in the case of (114),
this is the most delicate part of the construction, as the operators involved are far
from being Calderón-Zygmund kernels. Once this estimate has been established, it
can be shown, by an argument that precisely parallels that of [PV92], that there
exists a w and h such that Lw = 0 and u = w + Eh solves (114).

5.4. The fundamental solution. A set of important tools, and interesting objects
of study in their own right, are the fundamental solutions and Green’s functions of
differential operators in various domains. To mention some applications presented
in this survey, recall from Sections 3.2 and 3.3 that bounds on Green’s functions
G are closely tied to maximum principle estimates, and from Sections 3.4 and 3.5
that the fundamental solution F is used to establish regularity of boundary points
(that is, the Wiener criterion). See in particular Theorem 3.6.
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Furthermore, fundamental solutions and Green’s functions are often crucial ele-
ments of the construction of solutions to boundary-value problems. In the case of
boundary-value problems in divergence form, the fundamental solution or Green’s
function for the corresponding higher-order operators are often useful; see the con-
structions in [SS81, CG83, PV95b, PV95a, Ver96, MMS10], or in formulas (77)
and (78) above. In the case of operators in composition form, it is often more
appropriate to use the fundamental solution for the lower-order components; see,
for example, formulas (79), (92) and (116), or the paper [Ver90], which makes ex-
tensive use of the Green’s function for (−∆)m to solve boundary-value problems
for (−∆)m+1.

We now discuss some constructions of the fundamental solution. In the case
of the biharmonic equation, and more generally in the case of constant-coefficient
equations, the fundamental solution may be found in a fairly straightforward fash-
ion, for example, by use of the Fourier transform; see, for example, formulas (20)
and (21) above, [Sha45, Mor54, Joh55, OW96, Hör03] (the relevant results of which
are summarized as [MM13b, Theorem 4.2]), or [DR13, DRMM13]. In the case of
variable-coefficient second-order operators, the fundamental solution has been con-
structed in [LSW63, GW82, KN85, Fuc86, DM95, HK07, Ros13] under progressively
weaker assumptions on the operators. The most recent of these papers, [Ros13],
constructs the fundamental solution F for a second-order operator L under the as-
sumption that if Lu = 0 in some ball B(X, r), then we have the local boundedness
estimate

(117) |u(X)| ≤ C
(

1

rn

ˆ
B(X,r)

|u|2
)1/2

for some constant C depending only on L and not on u, X or r. This assumption
is true if L is a scalar second-order operator with real coefficients (see [Mos61]) but
is not necessarily true for more general elliptic operators (see [Fre08]).

If Lu = 0 in B(X, r) for some elliptic operator of order 2m, where 2m > n,
then the local boundedness estimate (117) follows from the Poincaré inequality, the
Caccioppoli inequality

(118)

ˆ
B(X,r/2)

|∇mu|2 ≤ C

r2m

ˆ
B(X,r)

|u|2

and Morrey’s inequality

|u(X)| ≤ C
N∑
j=0

rj
(

1

rn

ˆ
B(X,r/2)

|∇ju|2
)1/2

whenever N/2 > n.

Weaker versions of the Caccioppoli inequality (118) (that is, bounds with higher-
order derivatives appearing on the right-hand side) were established in [Cam80]
and [AQ00]. In [Bar14], the first author of the present paper established the full
Caccioppoli inequality (118), thus establishing that if 2m > n then solutions to
Lu = 0 satisfy the estimate (117). (Compare the results of Section 3.2, in which
solutions to (−∆)mu = f are shown to be pointwise bounded only if 2m > n−2; as
observed in that section, Morrey’s inequality yields one fewer degree of smoothness
but was still adequate for the purpose of [Bar14].)

Working much as in the second-order papers listed above, Barton then con-
structed the fundamental solution for divergence-form differential operators L with
order 2m > n and with bounded coefficients satisfying the ellipticity condition (108).
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In the case of operators L with 2m ≤ n, she then constructed an auxiliary operator

L̃ with 2m > n and used the fundamental solution for L̃ to construct the fundamen-
tal solution for L; this technique was also used in [AHMT01] to pass from operators
of high order to operators of arbitrary order, and for similar reasons (i.e., to exploit
pointwise bounds present only in the case of operators of very high order).

This technique allowed the proof of the following theorem, the main result of
[Bar14].

Theorem 5.1. Let L be a divergence-form operator of order 2m, acting on func-
tions defined on Rn, that satisfies the ellipticity condition (108) and whose coeffi-
cients A are pointwise bounded. Then there exists an array of functions FLj,k(x, y)
with the following properties.

Let q and s be two integers that satisfy q + s < n and the bounds 0 ≤ q ≤
min(m,n/2), 0 ≤ s ≤ min(m,n/2).

Then there is some ε > 0 such that if x0 ∈ Rn, if 0 < 4r < R, if A(x0, R) =
B(x0, 2R) \B(x0, R), and if q < n/2 then

(119)

ˆ
y∈B(x0,r)

ˆ
x∈A(x0,R)

|∇m−sx ∇m−qy FL(x, y)|2 dx dy ≤ Cr2qR2s

(
r

R

)ε
.

If q = n/2 then we instead have the bound

(120)

ˆ
y∈B(x0,r)

ˆ
x∈A(x0,R)

|∇m−sx ∇m−qy FL(x, y)|2 dx dy ≤ C(δ) r2qR2s

(
R

r

)δ
for all δ > 0 and some constant C(δ) depending on δ.

We also have the symmetry property

(121) ∂γx∂
δ
yF

L
j,k(x, y) = ∂γx∂δyF

L∗
k,j (y, x)

as locally L2 functions, for all multiindices γ, δ with |γ| = m− q and |δ| = m− s.
If in addition q + s > 0, then for all p with 1 ≤ p ≤ 2 and p < n/(n− (q + s)),

we have that

(122)

ˆ
B(x0,r)

ˆ
B(x0,r)

|∇m−sx ∇m−qy FL(x, y)|p dx dy ≤ C(p) r2n+p(s+q−n)

for all x0 ∈ Rn and all r > 0.
Finally, there is some ε > 0 such that if 2− ε < p < 2 + ε then ∇mΠL extends

to a bounded operator Lp(Rn) 7→ Lp(Rn). If γ satisfies m− n/p < |γ| ≤ m− 1 for
some such p, then

(123) ∂γxΠL
j ḣ(x) =

N∑
k=1

∑
|β|=m

ˆ
Rn
∂γx∂

β
yF

L
j,k(x, y)hk,β(y) dy for a.e. x ∈ Rn

for all ḣ ∈ Lp(Rn) that are also locally in LP (Rn), for some P > n/(m − |γ|). In
the case of |α| = m, we still have that

(124) ∂αΠL
j ḣ(x) =

N∑
k=1

∑
|β|=m

ˆ
Rn
∂αx ∂

β
yF

L
j,k(x, y)hk,β(y) dy for a.e. x /∈ supp ḣ

for all ḣ ∈ L2(Rn) whose support is not all of Rn.
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Here, if ḣ ∈ L2(Rn), then ΠLḣ is the unique function in Ẇ 2
m(Rn) that satisfies∑̀

j=1

∑
|α|=m

ˆ
Ω

∂αϕj hj,α = (−1)m
∑̀
j,k=1

∑
|α|=|β|=m

ˆ
Ω

∂αϕj a
jk
αβ ∂

β(ΠLḣ)k

for all ϕ ∈ Ẇ 2
m(Rn). That is, u = ΠLḣ is the solution to Lu = divm ḣ. The formu-

las (123) and (124) represent the statement that FL is the fundamental solution
for L, that is, that LxF

L(x, y) = δy(x) in some sense.
Thus, [Bar14] contains a construction of the fundamental solution for divergence-

form operators L of arbitrary order, with no smoothness assumptions on the co-
efficients of L or on solutions to Lu = 0 beyond boundedness, measurability and
ellipticity. These results are new even in the second-order case, as there exist second-
order operators L = −divA∇ whose solutions do not satisfy the local boundedness
estimate (117) (see [MNP91], [Fre08]) and thus whose fundamental solution cannot
be constructed as in [Ros13].

5.5. Formulation of Neumann boundary data. Recall from Section 4.8 that
even defining the Neumann problem is a delicate matter. In the case of higher-
order divergence form operators with variable coefficients, the Neumann problem
has thus received little study.

As discussed in Section 5.2, Agranovich has established some well-posedness re-
sults for the inhomogeneous problem Lu = h with homogeneous Neumann bound-
ary data. He has also provided a formulation of inhomogeneous Neumann boundary
values; see [Agr07, Section 5.2].

This formulation is as follows. Observe that if the test function ϕ does not have
zero boundary data, then formula (106) becomes∑̀

j=1

ˆ
Ω

(Lu)j ϕj = (−1)m
∑̀
j,k=1

∑
|α|=|β|=m

ˆ
Ω

∂αϕj(X) ajkαβ(X) ∂βuk(X) dX(125)

+

m−1∑
i=0

∑̀
j=1

ˆ
∂Ω

Bjm−1−iu ∂
i
νϕj dσ

where Biu is an appropriate linear combination of the functions ∂αu where |α| =
m+i. The expressions Biumay then be regarded as the Neumann data for u. Notice
that if L is a fourth-order constant-coefficient scalar operator, then B0 = −MA and
B1 = KA, where KA, MA are given by (97). Agranovich provided some brief
discussion of the conditions needed to resolve the Neumann problem with this
notion of inhomogeneous boundary data. Essentially the same notion of Neumann
boundary data was used in [MM13b] (a book considering only the case of constant
coefficients); an explicit formula for Biu in this case may be found in [MM13b,
Proposition 4.3].

However, there are several major problems with this notion of Neumann bound-
ary data. These difficulties arise from the fact that the different components Biu
may have different degrees of smoothness. For example, in the case of the bihar-
monic Lp-Neumann problem of Section 4.8, the term Mρu = −B0u is taken in the
space Lp(∂Ω), while the term Kρu = B1u is taken in the negative smoothness space
W p
−1(∂Ω).
If Ω is a Lipschitz domain, then the space W q

1 (∂Ω) of functions with one degree of
smoothness on the boundary is meaningful, and so we may define W p

−1(∂Ω), 1/p+
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1/q = 1, as its dual space. However, higher degrees of smoothness on the boundary
and thus more negative smoothness spaces W p

−k(∂Ω) are not meaningful, and so
this notion of boundary data is difficult to formulate on Lipschitz domains. (This
difficulty may in some sense be circumvented by viewing the Neumann boundary
data as lying in the dual space to WApm−1+s(∂Ω); see [MM13a, MM13b]. However,
this approach has some limits; for example, there is a rich theory of boundary value
problems with boundary data in Hardy or Besov spaces which do not arise as dual
spaces (i.e., with p < 1) and which is thus unavailable in this context.)

Furthermore, observe that as we discussed in Section 4, a core result needed
to approach Neumann and regularity problems is a Rellich identity-type estimate,
that is, an equivalence of norms of the Neumann and regularity boundary data of
a solution; in the second-order case this may be stated as

‖∇τu‖L2(∂Ω) ≈ ‖ν ·A∇u‖L2(∂Ω)

whenever divA∇u = 0 in Ω, for at least some domains Ω and classes of coeffi-
cients A. In Section 5.6, we will discuss some possible approaches and preliminary
results concerning higher-order boundary value problems, in which a higher-order
generalization of the Rellich identity is crucial; thus, it will be highly convenient to
have notions of regularity and Neumann boundary values that can both be reason-
ably expected to lie in the space L2.

Thus, it is often convenient to formulate Neumann boundary values in the fol-
lowing way. Observe that, if Lu = 0 in Ω, and ∂Ω is connected, then for all nice
test functions ϕ, the quantity

∑̀
j,k=1

∑
|α|=|β|=m

ˆ
Ω

∂αϕj a
jk
αβ ∂

βuk

depends only on the values of ∇m−1ϕ on ∂Ω; thus, there exist functions M j,γ
A u

such that

(126)
∑̀
j,k=1

∑
|α|=|β|=m

ˆ
Ω

∂αϕj a
jk
αβ ∂

βuk =
∑

|γ|=m−1

∑̀
j=1

ˆ
∂Ω

M j,γ
A u ∂γϕj dσ.

We may then consider the array of functions ṀAu to be the Neumann boundary
values of u. This formulation only requires dealing with a single order of smooth-
ness, but is somewhat less intuitive as there is no explicit formula for ṀAu(X) in
terms of the derivatives of u evaluated at X.

Also observe that, if we adopt this notion of Neumann boundary data, it is more
natural to view the Dirichlet boundary values of u as the array {∂γu

∣∣
∂Ω

: |γ| =

m − 1}, and not {∂γu
∣∣
∂Ω

: |γ| ≤ m − 1}, as was done in Sections 4 and 5.2. The

natural notion of regularity boundary values is then {∇τ∂γu
∣∣
∂Ω

: |γ| = m − 1};
again, all components conveniently may then be expected to have the same degree
of smoothness.

5.6. Open questions and preliminary results. The well-posedness results of
Section 5.2 cover only a few classes of elliptic differential operators and some special
boundary-value problems; the theory of boundary-value problems for higher-order
divergence-form operators currently contains many open questions.
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Some efforts are underway to investigate these questions. Using the Lax-Milgram
theorem, it is straightforward to establish that the Poisson problems

Lu = h in Ω, ∂αu
∣∣
∂Ω

= 0, ‖u‖Wp
m,1−s−1/p

≤ C‖h‖V p−m,1−s−1/p
(127)

Lu = h in Ω, ṀAu = 0, ‖u‖Wp
m,1−s−1/p

≤ C‖h‖V p−m,1−s−1/p
.(128)

are well-posed for p = 2 and s = 1/2. It is possible to show that these problems are
well-posed whenever |p− 2| and |s− 1/2| are small enough; recall from [MM13b]
that if L has constant coefficients then the Dirichlet problem (102) and a similar
Neumann problem are well-posed for this range of p and s.

Turning to a broader range of exponents p and s, we observe that perturbative
results for the Poisson problems (127) and (128) are often fairly straightforward to
establish. That is, with some modifications to the relevant function spaces, it is
possible to show that if (127) or (128) is well-posed in some bounded domain Ω,
for some operator L0 and for some 1 < p < ∞, 0 < s < 1, and certain technical
assumptions are satisfied, then the same problem must also be well-posed for any
operator L1 whose coefficients are sufficiently close to those of L0 (in the L∞ norm).

Recall from Section 5.2 that for any 1 < p < ∞ and 0 < s < 1, the Dirichlet
problem

(129) Lu = 0 in Ω, ∂αu
∣∣
∂Ω

= fα, ‖u‖Wp
m,1−s−1/p

≤ C‖ḟ‖WApm−1+s(∂Ω)

for boundary data ḟ in the fractional smoothness space WApm−1+s(∂Ω), can be
reduced to well-posedness of the Poisson problem (127). (Some results are also
available at the endpoint p = ∞ and in the case p ≤ 1; the integer smoothness
endpoints s = 0 and s = 1 generally must be studied using entirely different ap-
proaches.) A similar argument shows that well-posedness of the Neumann problem

(130) Lu = 0 in Ω, M j,γ
A u = gj,γ , ‖u‖Wp

m,1−s−1/p
≤ C‖ġ‖(WAqm−1+s(∂Ω))∗

follows from well-posedness of the Poisson problem (128) for 1 < p ≤ ∞. (In the
case of the Neumann problem results for p ≤ 1 are somewhat more involved.) A
paper [Bar16] containing these perturbative results was recently submitted by the
first author of the present paper.

A key component in the construction of solutions of [Bar16] are appropriate
layer potentials, specifically, the Newton potential and the double and single layer
potentials given by

(ΠLḣ)j(x) =
∑̀
k=1

∑
|α|=m

ˆ
Rn
∂αy F

L
j,k(x, y)hk,α(y) dy,

(DAΩ ḟ)i(x) = 1Ω̄C (x)f̃i(x)−
∑

|α|=|β|=m

∑̀
j,k=1

ˆ
Ω̄C

∂αy F
L
i,j(x, y) ajkαβ(y) ∂βf̃k(y) dy,

(SAΩ ġ)j(x) =
∑̀
k=1

∑
|γ|=m−1

ˆ
∂Ω

∂γyF
L
j,k(x, y) gk,γ(y) dσ(y)

where FL denotes the fundamental solution discussed in Section 5.4 and where
f̃ is any function that satisfies ∂γ f̃k = fk,γ on ∂Ω. We remark that these are
very natural generalizations of layer potentials in the second-order case, and also of
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various potential operators used in the theory of constant coefficient higher order
differential equations; see in particular [?, MM13b].

In particular, to solve the Dirichlet or Neumann problems (129) or (130), it was
necessary to establish the bounds on layer potentials

‖DAΩ ḟ‖Wp
m,1−s−1/p

≤ C‖ḟ‖WApm−1+s(∂Ω), ‖SAΩ ġ‖Wp
m,1−s−1/p

≤ C‖ġ‖Bp,ps−1(∂Ω).

In [Bar16], these bounds are derived from the bound

‖ΠLḣ‖Wp
m,1−s−1/p

≤ C‖ḣ‖Wp
0,1−s−1/p

.

This bound is the technical assumption mentioned above; we remark that it is
stable under perturbation and is always valid if p = 2 and s = 1/2.

Analogy with the second-order case suggests that, in order to establish well-
posedness of the L2-Dirichlet, L2-Neumann and L2-regularity problems, a good
first step would be to establish the estimates

‖DAΩ ḟ‖X ≤ C‖ḟ‖L2(∂Ω), ‖DAΩ ḟ‖Y ≤ C‖∇τ ḟ‖L2(∂Ω), ‖SAΩ ġ‖Y ≤ C‖ġ‖L2(∂Ω)

for some spaces X and Y. (We remark that the corresponding bounds for con-
stant coefficient operators are Theorem 4.7 and Proposition 5.2 in [MM13b], and
therein were used to establish well-posedness results.) In the recently submitted
paper [BHM], Steve Hofmann together with the authors of the present paper have
established the boundsˆ

Rn

ˆ ∞
0

|∇m∂tSAġ(x, t)|2 t dt dx ≤ C‖ġ‖2L2(∂Ω),(131)

ˆ
Rn

ˆ ∞
0

|∇m∂tDAḟ(x, t)|
2
t dt dx ≤ C‖∇xḟ‖2L2(∂Ω)(132)

where DA = DARn+ , SA = SARn+ , for scalar operators L, provided that the coeffi-

cients aαβ are pointwise bounded, elliptic in the sense of (108), and are constant
in the t-direction, that is, the direction transverse to the boundary of Rn+. As dis-
cussed in Section 5.3, this assumption of t-independent coefficients is very common
in the theory of second-order differential equations.

We hope that in a future paper we may be able to extend this result to do-
mains of the form Ω = {(x, t) : t > ϕ(x)} for some Lipschitz function ϕ; in the
second-order case, this generalization may be obtained automatically via a change
of variables, but in the higher-order case this technique is only available for equa-
tions in composition form (Section 5.3) and not in divergence form.

In the case of second-order equations −divA∇u = 0, where the matrix A of
coefficients is real (or self-adjoint) and t-independent, a straightforward argument
involving Green’s theorem establishes the Rellich identity

‖∇xu( · , 0)‖L2(∂Rn+) ≈ ‖−~e ·A∇u‖L2(∂Rn+)

where −~e is the unit outward normal to Rn+; that is, we have an equivalence of
norms between the regularity and Neumann boundary values of a solution u to
divA∇u = 0. Together with boundedness and certain other properties of layer po-
tentials, this estimate leads to well-posedness of the L2-regularity and L2-Neumann
problems; it is then a straightforward argument to derive well-posedness of the
Dirichlet problem. See [AAA+11], [AA11], [HKMP15a], [BM16], and others.
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We have hopes that a similar argument will yield the higher-order Rellich identity

‖∇x∇m−1u( · , 0)‖L2(∂Rn+) ≈ ‖ṀAu‖L2(∂Rn+)

where the Neumann boundary values ṀAu are as in Section 5.5, for solutions u
to divergence-form equations with t-independent and self-adjoint coefficients (that
is, coefficents that satisfy aαβ = aβα), and that a similar argument will imply
well-posedness of higher-order L2 boundary value problems.

The results of Section 5.1 may also lead to well-posedness of L2 boundary-value
problems for a different class of operators, namely, operators of block type. Again,
this argument would proceed by establishing a Rellich-type identity.

Let us review the theory of second-order divergence-form operators L = −divA∇
in Rn+1, where A is an (n+1)×(n+1), t-independent matrix in block form; that is,
Aj,n+1 = An+1,j = 0 for 1 ≤ j ≤ n, and An+1,n+1 = 1. It is fairly easy to see that

one can formally realize the solution to Lu = 0 in Rn+1
+ , u

∣∣
Rn = f , as the Poisson

semigroup u(x, t) = e−t
√
Lf(x), (x, t) ∈ Rn+1

+ . Then the Kato estimate (109)
essentially provides an analogue of the Rellich identity-type estimate for the block
operator L, that is, the L2-equivalence between normal and tangential derivatives
of the solution on the boundary

‖∂tu( · , 0)‖L2(Rn) ≈ ‖∇xu( · , 0)‖L2(Rn).

Boundedness of layer potentials for block matrices also follows from the Kato esti-
mate.

Following the same line of reasoning, one can build a higher order “block-type”
operator L, for which the Kato estimate (109) of Section 5.1 would imply a certain
comparison between normal and tangential derivatives on the boundary

‖∂mt u( · , 0)‖L2(Rn) ≈ ‖∇
m
x u( · , 0)‖L2(Rn).

It remains to be seen whether these bounds lead to standard well-posedness results.
However, we would like to emphasize that such a result would be restricted to very
special, block-type, operators.
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systems, Sibirsk. Mat. Ž. 16 (1975), 384–394, 422, English translation: Siberian

Math. J. 16 (1975), no. 2, 297–305. MR 0470468 (57 #10222) 9
[SGK14] Tigran Sedrakyan, Leonid Glazman, and Alex Kamenev, Absence of Bose conden-

sation on lattices with moat bands, ArXiv e-prints 89 (2014), no. 20, 201112. 2
[Sha45] Z. Shapiro, On elliptical systems of partial differential equations, C. R. (Doklady)

Acad. Sci. URSS (N.S.) 46 (1945), 133–135. MR 0012357 (7,14f) 43

[She06a] Zhongwei Shen, The Lp Dirichlet problem for elliptic systems on Lipschitz domains,
Math. Res. Lett. 13 (2006), no. 1, 143–159. MR 2200052 (2007f:35067) 3, 24, 25, 27

[She06b] , Necessary and sufficient conditions for the solvability of the Lp Dirichlet

problem on Lipschitz domains, Math. Ann. 336 (2006), no. 3, 697–725. MR 2249765
(2008e:35059) 3, 24, 25, 26, 27, 28, 30, 31

[She06c] , On estimates of biharmonic functions on Lipschitz and convex domains, J.

Geom. Anal. 16 (2006), no. 4, 721–734. MR 2271951 (2008a:35062) 25, 28, 33
[She07a] , The Lp boundary value problems on Lipschitz domains, Adv. Math. 216

(2007), no. 1, 212–254. MR 2353255 (2009a:35064) 35

[She07b] , A relationship between the Dirichlet and regularity problems for elliptic
equations, Math. Res. Lett. 14 (2007), no. 2, 205–213. MR 2318619 (2008c:35043)

28
[Skr94] Igor Skrypnik, Methods for analysis of nonlinear elliptic boundary value problems,

Translations of Mathematical Monographs, vol. 139, American Mathematical Society,

Providence, RI, 1994, Translated from the 1990 Russian original by Dan D. Pascali.
MR 1297765 (95i:35109) 2

[Sol70] Vsevolod Solonnikov, The Green’s matrices for elliptic boundary value problems. I,

Trudy Mat. Inst. Steklov. 110 (1970), 107–145. MR 0289935 (44 #7120) 13
[Sol71] , The Green’s matrices for elliptic boundary value problems. II, Trudy Mat.

Inst. Steklov. 116 (1971), 181–216, 237, Boundary value problems of mathematical

physics, 7. MR 0364854 (51 #1108) 13
[SS81] Renata Selvaggi and Irene Sisto, An existence theorem for the Dirichlet problem with

respect to the operator ∆2 in certain domains of class C1, Boll. Un. Mat. Ital. B (5)
18 (1981), no. 2, 473–483. MR 629418 (84f:35044) 22, 23, 43

[ST94] Harold Shapiro and Max Tegmark, An elementary proof that the biharmonic Green

function of an eccentric ellipse changes sign, SIAM Rev. 36 (1994), no. 1, 99–101.
MR 1267051 (94m:35096) 2

[Swe09] Guido Sweers, A survey on boundary conditions for the biharmonic, Complex Var.

Elliptic Equ. 54 (2009), no. 2, 79–93. MR 2499118 (2010d:35065) 33
[TW02] Neil Trudinger and Xu-Jia Wang, On the weak continuity of elliptic operators

and applications to potential theory, Amer. J. Math. 124 (2002), no. 2, 369–410.

MR 1890997 (2003c:35025) 15
[Ver87] Gregory Verchota, The Dirichlet problem for the biharmonic equation in C1 do-

mains, Indiana Univ. Math. J. 36 (1987), no. 4, 867–895. MR 916748 (88m:35051)

23
[Ver90] , The Dirichlet problem for the polyharmonic equation in Lipschitz domains,

Indiana Univ. Math. J. 39 (1990), no. 3, 671–702. MR 1078734 (91k:35073) 23, 24,
25, 26, 32, 43

[Ver96] , Potentials for the Dirichlet problem in Lipschitz domains, Potential

theory—ICPT 94 (Kouty, 1994), de Gruyter, Berlin, 1996, pp. 167–187. MR 1404706
(97f:35041) 9, 30, 31, 32, 43

[Ver05] , The biharmonic Neumann problem in Lipschitz domains, Acta Math. 194

(2005), no. 2, 217–279. MR 2231342 (2007d:35058) 34
[Ver10] , Boundary coerciveness and the Neumann problem for 4th order linear par-

tial differential operators, Around the research of Vladimir Maz’ya. II, Int. Math. Ser.

(N. Y.), vol. 12, Springer, New York, 2010, pp. 365–378. MR 2676183 (2011h:35065)
35

[Wie24] Norbert Wiener, The Dirichlet problem, J. Math. Phys. 3 (1924), 127–146. 15

[Zar09] Stanis law Zaremba, Sur le principe du minimum, Bull. Acad. Sci. Cracovie (1909),
197–264. 15



HIGHER-ORDER ELLIPTIC EQUATIONS 57

Ariel Barton, Mathematics Department, University of Missouri, Columbia, Missouri

65211

E-mail address: bartonae@missouri.edu

Svitlana Mayboroda, Department of Mathematics, University of Minnesota, Min-

neapolis, Minnesota 55455
E-mail address: svitlana@math.umn.edu


	1. Introduction
	2. Higher order operators: divergence form and composition form
	3. Boundedness and continuity of derivatives of solutions, the maximum principle and the Wiener test
	3.1. Miranda-Agmon maximum principle and related geometric restrictions on the boundary
	3.2. Sharp pointwise estimates on the derivatives of solutions in arbitrary domains
	3.3. Green function estimates
	3.4. The Wiener test: continuity of solutions
	3.5. The higher order Wiener test: continuity of derivatives of polyharmonic functions

	4. Boundary value problems in Lipschitz domains for elliptic operators with constant coefficients
	4.1. The Dirichlet problem: definitions, layer potentials, and some well-posedness results
	4.2. The Lp-Dirichlet problem: the summary of known results on well-posedness and ill-posedness
	4.3. The regularity problem and the Lp-Dirichlet problem
	4.4. Higher-order elliptic systems
	4.5. The area integral
	4.6. The maximum principle in Lipschitz domains
	4.7. Biharmonic functions in convex domains
	4.8. The Neumann problem for the biharmonic equation
	4.9. Inhomogeneous problems and other classes of boundary data

	5. Boundary value problems with variable coefficients
	5.1. The Kato problem and the Riesz transforms
	5.2. The Dirichlet problem for operators in divergence form
	5.3. The Dirichlet problem for operators in composition form
	5.4. The fundamental solution
	5.5. Formulation of Neumann boundary data
	5.6. Open questions and preliminary results

	References

