THE DIRICHLET PROBLEM FOR HIGHER ORDER
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ABSTRACT. The present paper commences the study of higher order differ-
ential equations in composition form. Specifically, we consider the equation
Lu = divB*V(a div AVu) = 0, where A and B are elliptic matrices with
complex-valued bounded measurable coefficients and a is an accretive func-
tion. Elliptic operators of this type naturally arise, for instance, via a pull-
back of the bilaplacian A? from a Lipschitz domain to the upper half-space.
More generally, this form is preserved under a Lipschitz change of variables,
contrary to the case of divergence-form fourth-order differential equations. We
establish well-posedness of the Dirichlet problem for the equation Lu = 0, with
boundary data in L2, and with optimal estimates in terms of nontangential
maximal functions and square functions.

1. INTRODUCTION

The last few decades have witnessed a surge of activity on boundary-value
problems on Lipschitz domains for second-order divergence-form elliptic equations
—div AVu = 0. Their investigation has, in particular, been guided by two princi-
ples.

First, divergence-form equations are naturally associated to a bilinear “energy”
form, and admit a variational formulation. It turns out that some smoothness of
the coefficients A in a selected direction is necessary for well-posedness of the un-
derlying boundary problems in R’}™ = {(z,) : € R", ¢ > 0} (see [14]). This
observation led to the study of the coeflicients constant along a single coordinate
(the t-coordinate when n > 2). The well-posedness of the corresponding boundary-
value problems was established for real symmetric matrices in [39, 42], and the real
nonsymmetric case was recently treated in [40, 45, 55, 36]. In addition, the reso-
lution of the Kato problem [9] provided well-posedness for complex t-independent
matrices in a block form; see [7, 47]. Furthermore, a number of perturbation-type
results have been obtained, pertaining to the coefficient matrices close to “good”
ones in the sense of the L® norm [26, 7, 8, 3, 12], or in the sense of Carleson
measures [20, 28, 29, 30, 42, 43, 24, 25, 6, 4, 38|.

A seemingly different point of view emerges from the ultimate goal of treating
boundary-value problems on non-smooth domains rather than just the upper half-
space. However, it brings to focus equations of the same type as above. Indeed, the
direct pull-back of the Laplacian A from a Lipschitz domain {(z,t) : ¢t > ¢(z)} to
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Ri“ yields a boundary-value problem for an operator of the form —div AVu =0
on Riﬂ, and the corresponding matrix A is, once again, independent of ¢. More
generally, if p is a change of variables, then there is a real symmetric matrix A =
A(z) such that if Au=0in Q and @ = u o p, then div AVa = 0 in p~1(Q).

The model higher order differential operator is the bilaplacian A? = —A(—A).
Investigating the behavior of biharmonic functions under changes of variables, we
find that there exists a scalar-valued function a and a real elliptic matrix A such
that, if A%u =0 in ), then

(1.1) div AV (a divAVa) =0 in p~1(Q),

More generally, such a form is preserved under changes of variables. We em-
phasize that this is not the case for higher order operators in divergence-form
(=1 X gjfsj=m O Ay 07

In addition, the form appearing in (1.1) mimics the structure of the bilaplacian
as a composition of two Laplace operators. As it turns out, this is an important
feature that underpins several key properties of the solutions to the biharmonic and
polyharmonic equations (—A)™u =0, m > 1.

Motivated by these considerations, the present paper commences the study of
well-posedness problems for higher order equations in composition form. Specifi-
cally, consider the equation

(1.2) div B*V(a div AVu) = 0.

Here a : R"*! s C is a scalar-valued accretive function and A and B are (n + 1)
x (n + 1) elliptic matrices with complex coefficients. That is, there exist constants
A > X > 0 such that, if M = A or M = B, then

(1.3) A< Rea(X) < |a(X)[ <A, Anl> <Ren-M(X)n, [&- M(X)n| < Aln|l¢]

for all X € R"*! and all vectors &, n € C"T!. The second-order operators div AV
and div B*V are meant in the weak sense; see Definition 2.9 below for a precise
definition. We assume that the coefficients a, A and B are t-independent; no
additional regularity assumptions are imposed. For technical reasons we also require
that A and B satisfy the De Giorgi-Nash-Moser condition, that is, that solutions
to div MVu = 0 are locally Holder continuous for M = A, B, A* and B*.

The main result of this paper is as follows. We show that whenever the second
order reqularity boundary-value problems for A and B are well-posed, and whenever
the operator L = div B*V a div AV is close to being self-adjoint, the L2-Dirichlet
problem

div B*V(a divAVu) =0 in R},
(1.4) u=f ondR"", VfeL*R"),
€nt1-AVu=g on 8]1%1“, g € L*(R"),
has a unique solution u that satisfies the optimal estimates
N, (Vu) € L*(R") and |||t div AVul||; < oo,

where

~ 1/2
Ni(Vu)(x) :sup{ (7[ VU2) ry €RY, o —y <5}
B((y,s),5/2)



THE DIRICHLET PROBLEM FOR HIGHER ORDER EQUATIONS 3

and where

leFl = [ [ 1FG@oP tdeds
R™ JO

Specifically, we will construct solutions whenever |[Im a|| e ®n) and ||A — B o &)
are sufficiently small. It is assumed that the second-order regularity problem

divAVu = 0in RY™,  w= fon R, Ni(Vu) e L*(R")

has a unique solution in both the upper and lower half-spaces whenever Vf €
L?(R"), and that the same is true for A*. By perturbation results in [8], an analo-
gous statement is then automatically valid for B and B*.

We will construct solutions using layer potentials; the De Giorgi-Nash-Moser
requirement mentioned above is necessary for this approach and at the moment is
common in the theory of second-order problems. If, for example, A and B are real
symmetric or complex and constant, then the De Giorgi-Nash-Moser condition is
valid and regularity problems are well-posed; hence, in these cases there is well-
posedness of (1.4). We mention that in passing we prove that if the second-order
regularity problems are well-posed then the solutions necessarily can be written
as layer potentials.! This fact is new and interesting on its own right. We will
precisely state the main theorems in Section 2.2, after the notation of this paper
has been established.

Let us point out that to the best of the authors’ knowledge, this is the first result
regarding well-posedness of higher order boundary-value problems with non-smooth
variable coefficients and with boundary data in LP. For divergence-form equations,
some results for boundary data in Besov and Sobolev spaces L, 0 < o < 1, are
available (see [2, 48]), but they do not reach out to the “end-point” case of L?
data. Until now, well-posedness in Lipschitz domains with LP data was known
only for constant coefficient higher order operators (see [19, 53, 54, 64, 58, 59, 60]).
As explained above, our results extend to Lipschitz domains automatically via a
change of variables. (See Theorem 2.34 for the precise statement.)

Let us discuss the history of the subject and our methods in more detail. We will
concentrate on higher order operators and only mention the second-order results
that directly affect our methods. The basic boundary-value problem for elliptic
differential equations of order greater than 2 is the LP-Dirichlet problem for the
biharmonic operator A2, It is said to be well-posed in a domain € if, for every
f e WP(09Q) and g € LP(9R), there exists a unique function u that satisfies

(1.5) A?u=0inQ, u=fondQ, v-Vu=gond, No(Vu)ec LP(ONQ)
where v is the outward unit normal derivative and
(1.6) No(Vu)(X) =sup{|Vu(¥)|: Y € Q, | X - Y| < (1 + a)dist(Y,00)}

for some constant a > 0. In [56, 16, 62], well-posedness of the LP-Dirichlet problem
for A2 was established in C' domains for any 1 < p < co. (This result is also valid
in convex domains; see [60, 46].) For general Lipschitz domains, the L2 Dirichlet
problem for A? was shown to be well-posed by Dahlberg, Kenig and Verchota in [19]

1 This result is tantamount to proving invertibility of the single layer potential. The method of
establishing injectivity from the regularity problem and from jump relations is known; the authors
would like to thank Carlos Kenig for bringing this argument to their attention. The method of
establishing surjectivity is new and again uses jump relations.
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(when the domain is bounded; cf. [53, Theorem 3.7] for domains above Lipschitz
graphs).

The sharp range of p for which the LP-Dirichlet problem is well-posed in n-
dimensional Lipschitz domains is a difficult problem, still open in higher dimensions
even for the bilaplacian (cf. [15, 41]). We do not tackle the well-posedness in LP,
p # 2, in the present paper; it is a subject for future investigation. However, let
us mention in passing that for the bilaplacian the sharp results are only known in
dimensions less than or equal to 7 [58, 59, 60] and, in a dramatic contrast with
the case of the second-order boundary-value problems, there is a sharp dimension-
dependent upper bound on the range of well-posedness. That is, if Q@ C R™ is a
Lipschitz domain, then solutions to (1.5) are guaranteed to exist only for 2 < p < p,
for some p, < oo. Related counterexamples can be found in [53, Theorem 10.7].
See also [13] for a review of this and related matters.

Our methods in the present paper depart from the ideas in [19] and [53]. The
solution is represented via

w(X) = —Daf(X) - Sa9(X) + Epa,aMX).

Here D4 and S4 are the classic double and single layer potentials associated to the
operator div AV, given by the formulas

Daf(e.t) = [ v AGIVEE(0:0) £5) dy,

n

Sag(a,t) = /R L, (,0)9(y) dy

where T4  is the fundamental solution to —div A*V (that is, the solution to
—div A*VF;“(* = dx). On the other hand, £p 4,4 is a new layer potential, specifi-
cally built for the problem at hand, to satisfy

—a div AVEB7Q7Ah = 1]1{1*187%-{-183* h.

See Section 2.4. This resembles the formula used in [53] to construct solutions
to A%u = 0. To prove existence of solutions to (1.4) or (1.5), in addition to the
second-order results, we require appropriate nontangential maximal function (and
square-function) estimates for the new potential £g 4 4, as well as the invertibility
of h+— 0p4+1€B.q, 4N oRTH1 in L?. However, beyond the representation formula and

invertibility argument, our method is necessarily different from [19] and [53].

After a certain integration by parts, the bounds on the nontangential maximal
function of the new potential £k in the case of the bilaplacian become an automatic
consequence of the Calderén-Zygmund theory and boundedness of the Cauchy in-
tegral in L?. On the other hand, for a general composition operator, the related
singular integral operators do not fall under the scope of the Calderén-Zygmund
theory and, because of the presence of non-smooth matrices A and B, are not
amenable to a similar integration by parts. We develop an alternative argument,
appealing to some elements of the method in [3], to obtain square-function bounds,
and then employ the jump relations and intricate interplay between solutions in the
upper and lower half-spaces to obtain the desired nontangential maximal function
estimates.

It is interesting to observe that, given an involved composition form of the oper-
ator, with several “layers” of non-smooth coefficients, the difficulties also manifest
themselves in the absence of a classical variational formulation. In particular, such
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standard properties of solutions as the Caccioppoli inequality have to be reproven
and even the existence of the Green function or fundamental solution in R™*! is
not obvious, in any function space. In the same vein, the existence of the normal
derivative of a solution cannot be viewed as the result of an integration by parts and
an approximation scheme. Instead, it once again calls for some special properties
of the associated higher order potentials.

Needless to say, our results build extensively on the developments from the theory
of second-order divergence-form operators Ly = —div AV. We refer the reader to
[41] for a detailed summary of the theory as it stood in the mid-1990s, and to the
papers [40, 44, 24, 45, 55, 7, 8, 47, 25, 3, 6, 4, 36, 38] for more recent developments.

Finally, let us mention that aside from the Dirichlet case, it is natural to consider
the Neumann and regularity problems as well as the inhomogeneous equation Lu =
f, for f in a suitable function space. Recent achievements in this direction for
higher order equations include [17, 65, 61], [63, 53, 46], and [1, 50, 2, 48] respectively.
Unfortunately, much as in the homogeneous Dirichlet case, they concentrate mostly
on constant coefficients, with the exception of [2, 48]; these two papers consider the
inhomogeneous problem Lu = f but require that the boundary data have extra
smoothness in LP.

The outline of this paper is as follows. In Section 2 we will define the no-
tation used throughout this paper and state our main results. In Section 3 we
will review known results from the theory of second-order operators of the form
Ly = —div AV. In Section 4, we will prove fourth-order analogues to some basic
theorems concerning solutions to second-order equations, such as the Caccioppoli
inequality. We will construct solutions to (1.4) using potential operators and estab-
lish that these potentials are well-defined and bounded in Sections 5, 6 and 7. The
invertibility and uniqueness results will be presented in Section 8 together with the
end of proof of the main theorems.

2. NOTATION AND THE MAIN THEOREMS

In this section we define the notation used throughout this paper; in Section 2.2
we will state our main theorems. (The proofs will be delayed until Section 8.)

We work in the upper half-space R?_H = R" x (0,00) and the lower half-space
R™! = R™ x (—o0,0). We identify IR} with R™. The coordinate vector € = €, 41
is the inward unit normal to RQLH and the outward unit normal to R™*. We will
reserve the letter ¢ to denote the (n + 1)st coordinate in R,

If Q is an open set (contained in R™ or R"™1) then WZ(£2) denotes the Sobolev
space of functions f € L?(Q2) whose weak gradient Vf also lies in L?(Q), and
W2,(Q2) denotes its dual space. The local Sobolev space Wf)loc(Q) denotes the
set of all functions f that lie in W2(V) for all open sets V compactly contained
in Q. We let W2(R") be the completion of C§°(R") under the norm £ lyir ey =
IV fllL2@®ny; equivalently WZ(R™) is the space of functions f € W2 o (R™) for
which ||V f||L2®n) is finite. Observe that functions in W2(R™) are only defined up
to additive constants.

If u e Wi,,.(Q) for some @ C R**!, we let Vju denote the gradient of u in the
first n variables, that is, Vju = (d1u,0au, ..., 0pu). We will occasionally use V|
to denote the full gradient of a function defined on R™.
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As in [3, 7] and other papers, we will let the triple-bar norm denote the L? norm
with respect to the measure (1/|t|) dx dt. That is, we will write

o0 1
@1)  IFR = / / (e, 20 do 7ty (I = LI + 1)

with the understanding that a ¢ inside a triple-bar norm denotes the (n + 1)st
coordinate, that is,

e FI3 = / / Pz, ) dotdt.

We let B(X,r) denote balls in R™"*! and let A(x,7) denote “surface balls” on
IR that is, balls in R™. If Q € R” or Q C R™*! is a cube, we let £(Q) denote its
side-length, and let 7@ denote the concentric cube with side-length r4(Q). If E is a
set and 4 is a measure, we let f denote the average integral f,, f du = ﬁ [ fdu.

We will use the standard nontangential maximal function N, as well as the
modified nontangential maximal function N introduced in [42]. These functions
are defined as follows. If a > 0 is a constant and x € R", then the nontangential
cone v (x) is given by

(2.2) vi(@) = {(y,5) e RE™ : [z — y| < als|}.

The nontangential maximal function and modified nontangential maximal func-
tion are given by

(2.3) N_F(z) =sup{|F(y,s)|: (y,s) € y+(x)},

ey W@ -swf(f ((y,s>,|s|/2>'F'2)1/2 19 € slo)

We remark that by [27, Section 7, Lemma 1], if we let
NoF(z) = sup {|F(3, )| : | — 4| < as, 0 < 5},

then for each 1 < p < oo and for each 0 < b < a, there is a constant C' depending
only on p, a and b such that || No F'|| p(gry < C||NoF| prrn). Thus, for our purposes,
the exact value of @ in (2.2) is irrelevant provided a > 0.

Suppose that A : Rt — C(»+1)x(n+1) i5 3 bounded measurable matrix-valued
function defined on R?T1. We let AT denote the transpose matrix and let A* denote
the adjoint matrix AT. Recall from the introduction that A is elliptic if there exist
constants A > \ > 0 such that

(2.5) Aln|*> < Ren- A(X)n, [€-A(X)n| < Aln|l¢]

for all X € R™*! and all vectors 1, £ € C™t1. We refer to A and A as the ellipticity
constants of A. Recall also that a scalar function a is accretive if

(2.6) A< Rea(X) < |a(X) <A forall X € R"
We say that a function or coefficient matrix A is t-independent if

(2.7) A(z,t) = A(z,s) forall z € R™ and all s, t € R.
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2.1. Elliptic equations and boundary-value problems. If A is an elliptic ma-
trix, then for any u € Wiloc(Q), the expression Lyu = —div AVu € Wzl,loc(ﬂ) is
defined by

(2.8) (p, Lau) = / PLau= /Vgp -AVu for all ¢ e CF°(Q).
Q
If A and B are elliptic matrices and a is an accretive function, we may define

L3 (a Lau) in the weak sense as follows.

Definition 2.9. Suppose u € Wﬁloc(ﬂ). Then L u = —div AVu is a well-defined
element of WELZOC(Q). Suppose that aLsu = v, for some v € Wﬁloc(Q), in the
sense that

= 1
/V<p - AVu = /@av for all ¢ € C5°(Q).
If v satisfies
/W'BVU = /77? for all 7 e C3°(Q),
that is, if —div B*Vv = f in the weak sense, then we say that Lj;(a Lau) = f.

Suppose that U is defined in Rlﬂ. We define the boundary values of U as the
L? limit of U up to the boundary, that is,

(2.10) U|8RT1 = F provided tlir(?i||U( t) = F||z2@®ny = 0.

Given these definitions, we may define the Dirichlet problem for the fourth-order
operator Li;(a L) as follows.

Definition 2.11. Suppose that there is a constant C such that, for any f €
WZ(R™) and any g € L*(R"), there exists a unique function u € WﬁlOC(erfl) that
satisfies

Li(aLau) =0 in R
u=f, Vju=Vf on aRﬁﬂ,
(2.12) B )
€-AVu=g on 8Ri+ ,

[N+ (Vu)||L2@n) + ([t Laull|+ < Col|VflL2@n) + CollgllL2@n)

where L (a Lau) = 0 in the sense of Definition 2.9 and where the boundary values
are in the sense of (2.10).
Then we say that the L2-Dirichlet problem for L (aL ) is well-posed in ]Ri“.

We specify Vju = Vf as well as u = f in order to emphasize that u(-,t) — f
in W2(R") and not merely in L?(R").

Remark 2.13. The solutions u to (2.12) constructed in the present paper will also
satisfy the square-function estimate

(2.14) It Vorulls < CLllVFI72@n) + Cillgllizgn

for some constant C7. If u is a solution to a fourth-order elliptic equation with
constant coefficients, then by [18] we have a square-function bound on the com-
plete Hessian matrix V2u. However, in the case of solutions to variable-coefficient
operators in the composition form of Definition 2.9, we do not expect all second
derivatives to be well-behaved, and so (2.14) cannot be strengthened.
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Our main theorem is that, if a, A and B satisfy certain requirements, then the
fourth-order Dirichlet problem (2.12) is well-posed. We now define these require-
ments. We begin with the De Giorgi-Nash-Moser condition.

Definition 2.15. We say that a function « is locally Holder continuous in the
domain ( if there exist constants H and « > 0 such that, whenever B(Xj, 2r) C £,
we have that

o 1/2
210 ) - a0 < 1 () (]{B . 2)u|2>

for all X, X' € B(Xo,r). If u is locally Holder continuous in B(X,r) for some
r > 0, then wu also satisfies Moser’s “local boundedness” estimate

1/2
(2.17) u(X)| < C <]i(x )u|2>

for some constant C' depending only on H and the dimension n + 1.

If A is a matrix, we say that A satisfies the De Giorgi-Nash-Moser condition if
A is elliptic and, for every open set € and every function u such that div AVu = 0
in Q, we have that u is locally Holder continuous in €2, with constants H and «
depending only on A (not on u or Q).

Throughout we reserve the letter a for the exponent in the estimate (2.16). We
will show (see Corollary 4.5 below) that if A, A* and B* satisfy the De Giorgi-
Nash-Moser condition then solutions to L(aLau) = 0 are also locally Holder
continuous.

We say that the L?-regularity problem (R)3' is well-posed in R’ if, for each

f € WZ(R™), there is a function u, unique up to additive constants, that satisfies
divAVu =0 in R},
(R)3 u=f on R}
IN: (V)| 2@y < CIV Sl 2@ny-

Remark 2.18. If Ni(Vu) € L2(R™), then averages of u have a weak nontangential
limit at the boundary, in the sense that there is some function f such that

1/2 N
(][ (g, ) — F(e)? dy ds) < Ot N+ (Vu)(a")
B((x,t),[t]/2)

for all (x,t) € 4 (z*). See the proof of [42, Theorem 3.1a]; here C' is a constant
depending only on the constant a in the definition (2.2) of 4. If u is locally Holder
continuous then this implies that u itself has a nontangential limit, which by the
dominated convergence theorem must equal its limit in the sense of (2.10). Thus,
the requirement in (2.12) or (R)4 that u = f on IR in the sense of vertical
L? limits is equivalent to the requirement that u = f on GR?E'H in the sense of
pointwise nontangential limits almost everywhere.

2.2. The main theorems. The main theorems of this paper are as follows.

Theorem 2.19. Leta : R"*! — R and A : R* s CrHDX(4D) yhere n4+1 > 3.
Assume that

e a is accretive and t-independent.
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a s real-valued.

A is elliptic and t-independent.

A and A* satisfy the De Giorgi-Nash-Moser condition.

The regularity problems (R)4 and (R)3 are well-posed in R

Then the L*-Dirichlet problem for L*(a L) is well-posed in Riﬂ, and the con-
stants Cy and Cy in (2.12) and (2.14) depend only on the dimension n + 1, the
ellipticity and accretivity constants A, A in (2.5) and (2.6), the De Giorgi-Nash-
Moser constants H and o, and the constants C in the definition of (R)3 and (R)3" .

We can generalize Theorem 2.19 to the following perturbative version.

Theorem 2.20. Let A be as in Theorem 2.19, and let a : R*! — C be accretive
and t-independent. Let B : R"t1 s COt1)X(n+1) pe t_independent.

There is some € > 0, depending only on the quantities listed in Theorem 2.19,
such that if

[Ima|pee@ny <€ and [[A— Bl pemn) <é,

then the L?-Dirichlet problem for L (a L 4) is well-posed in R’_ﬁ“, and the constants
Co and C1 in (2.12) and (2.14) depend only on the quantities listed in Theorem 2.19.

We will see that if € is small enough then B also satisfies the conditions of
Theorem 2.19; see Theorem 2.21. It is possible to generalize from RTFI to domains
above Lipschitz graphs; see Theorem 2.34 below.

We remark that throughout this paper, we will let C' denote a positive constant
whose value may change from line to line, but which in general depends only on
the quantities listed in Theorem 2.19; any other dependencies will be indicated
explicitly.

In the remainder of this section we will remind the reader of some known sufficient
conditions for a matrix A to satisfy the De Giorgi-Nash-Moser condition or for the
regularity problem (R)3' to be well-posed. To prove Theorems 2.19 and 2.20, we
will need some consequences of these conditions; we will establish notation for these
consequences in Section 2.3.

We begin with the De Giorgi-Nash-Moser condition. Suppose that A is elliptic.
It is well known that if A is constant then solutions to div AVu = 0 are smooth
(and in particular are Holder continuous). More generally, the De Giorgi-Nash-
Moser condition was proven to hold for real symmetric coefficients A by De Giorgi
and Nash in [23, 52] and extended to real nonsymmetric coefficients by Morrey in
[51]. The De Giorgi-Nash-Moser condition is also valid if A is t-independent and
the ambient dimension n + 1 = 3; this was proven in [3, Appendix BJ.

Furthermore, this condition is stable under perturbation. That is, let Ag be ellip-
tic, and suppose that Ay and Aj both satisfy the De Giorgi-Nash-Moser condition.
Then there is some constant ¢ > 0, depending only on the dimension n + 1 and
the constants A\, A in (2.5) and H, « in (2.16), such that if [|[A — Ag||peomn+1) <&,
then A satisfies the De Giorgi-Nash-Moser condition. This result is from [5]; see
also [10, Chapter 1, Theorems 6 and 10].

‘We observe that in dimension n+1 > 4, or in dimension n+1 = 3 for ¢-dependent
coefficients, the De Giorgi-Nash-Moser condition may fail; see [31] for an example.

The regularity problem (R)# has been studied extensively. In particular, if A is

t-independent, then (R)4 is known to be well-posed in R provided A4 is constant,
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real symmetric ([42]), self-adjoint ([8]), or of “block” form

aw = (4 0

ay(x)

for some n x n matrix A and some complex-valued function a,. The block case
follows from validity of the Kato conjecture, as explained in [41, Remark 2.5.6];
see [9] for the proof of the Kato conjecture and [11, Consequence 3.8] for the case
a; #1.

Furthermore, well-posedness of (R) is stable under perturbation by [8]; that is,
if (R)‘; ° is well-posed in R for some elliptic t-independent matrix Ay, then so is
(R)3' for every elliptic t-independent matrix A with ||A — Ag||z~ small enough.

We mention that if A is a nonsymmetric matrix, the L?-regularity problem need
not be well-posed, even in the case where A is real. See the appendix of [45] for a
counterexample.

We may summarize the results listed above as follows.

Theorem 2.21. Let A be elliptic and t-independent, and suppose that the dimen-
sionn—+1 is at least 3. If A satisfies any of the following conditions, then A satisfies
the conditions of Theorem 2.19.

e A is constant.

o A is real symmetric.

e A is a3 x 3 self-adjoint matriz.
o A is a real or 3 x 3 block matriz.

If Ao satisfies the conditions of Theorem 2.19, and if ||[A — Ag||p~mnry < € for
some € depending only on the quantities enumerated in Theorem 2.19, then A also
satisfies the conditions of Theorem 2.19.

2.3. Second-order boundary-value problems and layer potentials. In or-
der to prove Theorem 2.19, we will need well-posedness of several second-order
boundary-value problems and good behavior of layer potentials; these conditions
follow from well-posedness of (R)4 and (R)3' .

We say that the oblique L?-Neumann problem (N-1)3' is well-posed in Rlﬂ if,
for each g € L?(R™), there exists a unique (modulo constants) function u that
satisfies

divAVu =0 in R},
(NHZ Oni1u=g on OR}
IN£(Vu) | 2y < Cllgllz2en)-
By [7, Proposition 2.52] and [8, Corollary 3.6] (see also [8, Proposition 4.4]), if A is
t-independent, then (R)4" is well-posed in R’ if and only if (N1)4' is well-posed
in R
We say that the L2-Dirichlet problem (D)3 is well-posed in R if there is
some constant C' such that, for each f € L?(R™), there is a unique function u that
satisfies
divAVu =0 in R},
(D)3 u=f ondR}
[INxullL2@ny < CllfllL2@n)-
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Observe that if u is a solution to (N1)s' with boundary data f, then v = 9, 1u is
a solution to (D)4 with boundary data f; thus, well-posedness of (N+)4' implies
existence of solutions to (D)4. Recall that well-posedness of (N+)4' also implies
existence of solutions to (R)4 . It is possible to show that if (R)4" solutions exist
then solutions to (D)3 are unique; see the proof of [3, Lemma 4.31].

Thus, if (R)4"" is well-posed in R’ then so is (D)3'. We observe that this result
was proven for real symmetric A by Kenig and Pipher in [42].

The L2-Neumann problem (N)3' more usually considered differs from (N+)4 in
that the boundary condition is ¢+ AVu = g rather than 0,,41u = g on 8R7fﬁ1. We
remark that if A is constant, self-adjoint or of block form then (V)3 is known to be
well-posed (again see [8] or [41, Remark 2.5.6] and [9, 11]). (N)3' is in many ways
more natural than the oblique Neumann problem; however, we will not use well-
posedness of the traditional Neumann problem and so do not provide a definition
here.

A classic method for constructing solutions to second-order boundary-value prob-
lems is the method of layer potentials. We will use the double and single layer
potentials of the second-order theory, as well as a new fourth-order potential (see
Section 2.4) to construct solutions to (2.12); thus, we will need some properties of
these potentials.

These potentials for second-order operators are defined as follows. The funda-
mental solution to Ly = —div AV with pole at X is a function I'{ such that
(formally) — div AVI'4 = §x. For general complex coefficients A such that A and
A* satisfy the De Giorgi-Nash-Moser condition, the fundamental solution was con-
structed by Hofmann and Kim. See [37, Theorem 3.1] (reproduced as Theorem 3.12
below) for a precise definition of the fundamental solution.

If f and ¢ are functions defined on R™, the classical double and single layer
potentials Dy f and Sag are defined by the formulas

(222) Daf(at) =~ [ & ATWVIE, (0.0) f(0) do.
(223) Sagle.t) = [ T4 .09 d.

For well-behaved functions f and g, these integrals converge absolutely for x € R™
and for ¢t # 0, and satisfy div AVD4f = 0 and div AVSag = 0 in R"*1 \ R"; see
Section 3.2.

We define the boundary layer potentials

Dif = DAf‘aR;Ha (VSa)Fg = VSAg‘aRZ;H,
Sig= Sa9 gprr Sytg= 3n+1SA9‘aJR;+1

where the boundary values are in the sense of (2.10).

We remind the reader of the classic method of layer potentials for construct-
ing solutions to boundary-value problems. Suppose the nontangential estimate
||Ni(VSAg)HL2(Rn) < COllgllz2®ny is valid. Then if Sj‘[ is invertible L2(R")
WZ(R"), then u = Sa((S1)~'g) is a solution to (R)s with boundary data g.
Similarly, if Si"i or the operator g + &- A(VS4)Tg is invertible on L?(R™),
then we may construct solutions to (N1)3' or (N)3', respectively. The adjoint to

g — €-A(VSa)*g is the operator DF., and so if we can construct solutions to (N)3!
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using the single layer potential then we can construct solutions to (D)3 using the
double layer potential. In the case of t-independent matrices, we may also construct
solutions to (D)3 by using invertibility of Sj’i

Thus, if layer potentials are bounded and invertible, we have well-posedness of
boundary-value problems. The formulas (2.22) and (2.23) for solutions are often
useful; thus, the layer potential results above are of interest even if well-posedness
is known by other methods. It turns out that we can derive the layer potential
results from well-posedness.

Lemma 2.24. Suppose (R)3' and (R)4" are well-posed in Ry, Then there exists
a constant C' such that

@25 leotSagll® = [ [0FSaale. ) 1 dudt < Clglaqen

Proof. Recall that if (R)4' is well-posed then so is (D)4 . The square-function
estimate (2.25) follows from well-posedness of (D)5 and (R)4 via a local T'(b)
theorem for square functions. This argument was carried out in [3, Section 8] in
the case where A is real and symmetric; we refer the reader to [34, Section 5.3] for
appropriate functions b to use in the general case. (The interested reader should
note that [34, Chapter 5] is devoted to a proof of (2.25) in the case of elliptic
systems.) O

It was observed in [38, Proposition 1.19] that by results from [3] and [6], if (2.25)
is valid then

(2.26) | N£(VSag)ll 2@ < Cllgllan)-

Using classic techniques involving jump relations, we will show (see Theorem 3.27
below) that if (R)3' is well-posed in R then ST is invertible L?(R™) Wf(R")
and if in addition (N+)# is well-posed then Sy is invertible. Thus, if (R)
and (R)4" are well-posed, then not only do solutions to (R)3, (NL)2 and (D)
exist, they are given by the formulas u = Ss((ST)~'g), u = SA(( *)=1g) and
u= 8n+1SA((Sj’i)_1g), respectively.

In many of the results in the later parts of this paper, we will only need a few
specific consequences of well-posedness of (R)3' and (R)4" . These consequences are
as follows.

Definition 2.27. Suppose that A and A* are elliptic, t-independent and satisfy
the De Giorgi-Nash-Moser condition.
Suppose that

e the square-function estimate (2.25) is valid,
e the operators Sj;’i are invertible L2(R") — L%(R"), and

A : : RiJrl

e solutions to the Dirichlet problem (D)4 are unique in R™H,

and in

Then we say that A satisfies the single layer potential requirements.

We remark that if A satisfies the single layer potential requirements then (N+)2
(and hence (R)4" and (D)) are well-posed. Thus, A satisfies the conditions of
Theorem 2.19 if and only if both A and A* satisfy the single layer potential re-
quirements. We will prove a few bounds under the assumption that A (not nec-
essarily A*) satisfies the single layer potential requirements. We also remark that
because we have no need of well-posedness of the Neumann problem (N)3', we have
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not required invertibility of Di or its adjoint. Consequently, our layer potential
requirements are weaker than those considered elsewhere in the literature.

2.4. Layer potentials for fourth-order differential equations. We will con-
struct solutions to the fourth-order Dirichlet problem (2.12) using potential oper-
ators. For u = Ep 4, 4h to be a solution to Li(a La(ER)) = 0, we must have that
v = aLa€p,q ah is a solution to Lp-v = 0 in R"'H. We choose v = 0? 2 1SBh;
if B* is t-independent then L}(92,,Sp-h) = 82+1LB(SB* ) = 0. It will be seen
that with this choice of v, the operator £p,4,4 is bounded and invertible in some
sense.
Formally, the solution to the equation

—adivAVEp o,ah = 1gp10; 1 Sp-h

is given by

Epaah(z,t) = / / I‘(ys ()BSB* (y,s)dsdy.

However, to avoid certain convergence issues, we will instead define
1
(2.28) Ep.aah(z,t) = Fpaah(z,t) — Sa (sgﬁh) (z,1)
’ a

where the auxiliary potential Fp 4,4 is given by

1
(2.29) FB,a,ah(z,t) /Rn/ 0s F(y 5) )@ 0sSp~h(y,s)dsdy.

That these two definitions are formally equivalent may be seen by integrating by
parts in s.

In Section 5, we will show that the integral in (2.29) converges absolutely for
sufficiently well-behaved functions h; we will see that if A and B* satisfy the sin-
gle layer potential requirements, then by the second-order theory the difference
EB,a,Ah — Fp g ah = —SA((l/a)S§;+h) is also well-defined and satisfies square-
function and nontangential bounds.

2.5. Lipschitz domains. As we discussed in the introduction, by applying the
change of variables (x,t) — (z,t — ¢(x)), boundary-value problems for the second-
order operator div AV in the domain 2 given by

(2.30) Q={(z,t):x €eR", t > p(z)}

may be transformed to boundary-value problems in the upper half-space for an
appropriate second-order operator div AV. In particular, the theory of harmonic
functions in domains of the form (2.30) is encompassed by the theory of solutions
to div AVu = 0, for elliptic t-independent matrices A, in the upper half-space.

We now investigate the behavior of fourth-order operators under this (or another)
change of variables. Let p: 0 — RT‘l be any bilipschitz change of variables and let
J, be the Jacobean matrix, so V(@ o p) = J (Vi) o p. For any accretive function a
and elliptic matrix M, we let a and M be such that
(2.31) a= T;f T, MY = |J,| (M o p).

P
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By the weak definition (2.8) of Ly; = —div MYV and elementary multivariable
calculus, we have that if @ € WEZOC(Riﬂ) and Ly;u € L? (R%T1), then
(2.32) Ly(@op) = |J,| (Lyja)op inQ=p "(RE).

Observe that u is Holder continuous if and only if @ is; thus M satisfies the De
Giorgi-Nash-Moser condition if and only if M does. o

Now, suppose that L*g(& Lzu) =0 in RT‘l, where a, A, B are given by (2.31).
Let u = @ o p. By Definition 2.9, & = @ L@ lies in W, (R}). By (2.32),
50p=a(Lau) € W,,(Q) and Lp- (5 p) = 0. Thus a (Lxu) € W2,,.(2) and so
L3 (a Lau) is well-defined in €, and furthermore L (a Lau) = 0. Thus, existence
of solutions in Q2 follows from existence of solutions in Riﬂ.

Similarly, if L} (a Lau) =0in Q and @ = uo p~! then L%(aLzu) =0 in R
Thus, uniqueness of solutions in 2 follows from uniqueness of solutions in Riﬂ.

We remark that the preceding argument is valid with 2 and RT‘l replaced by
V and p(V) for any domain V.

Because we wish to preserve t-independence, we consider only the change of
variables p(x,t) = (x,t — p(z)). This change of variables allows us to generalize
Theorem 2.20 to domains € of the form (2.30). The argument is straightforward;
however, to state the result we must first define the fourth-order Dirichlet and
second-order regularity problems in such domains.

Let Q be a Lipschitz domain of the form (2.30). Let v denote the unit outward
normal to  and o denote surface measure on 9. Let W2(9) denote the Sobolev
space of functions in L?(992) whose weak tangential derivative also lies in L?(9Q);
in both cases we take the norm with respect to surface measure. We say that U = F’
on 99 if F is the vertical limit of U in L?(09), that is, if

(2.33) lim [ |UX +tén1)— F(X)]?do(X)=0.
t—0t J9n

If f is defined on 992, we let V.. f be the tangential gradient of f along 9Q. If w is
defined in €2, then Vu is the gradient of u parallel to 0€2; that is, if X = Xo+t€), 1
for some X € 0Q and some t > 0, then V|ju(X) = Vu(X) - (v(Xo) - Vu(X))r(Xo).

If Q is the domain above a Lipschitz graph, we say that the L2-Dirichlet problem
for L;(aLa) is well-posed in Q if there is a constant Cy such that, for every
f € W2(09Q) and every g € L?(09), there exists a unique function u that satisfies

Li(aLau) =0 in Q,
u=f, Vju=V,f ondQ,
v-AVu=g on 0},

| No (V) || z200) < Col|Var fll2@ny + Collgll L2 @n),

/ |LAU(X)|2 dist(X, 00) dX < CO||va||L2(R") + CO”gHL?(Rn).
Q
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The modified nontangential maximal function Ng is given by

N 1/2
No(Va) (X) = sup{ (][ |Vu|2>
B(Y,dist(Y,09)/2)

Ye, [ X-Y|<(1+a) dist(Y,@Q)}.

As in Remark 2.18, we also have that u — f nontangentially in the sense that

li Y)=f(X X)={yeqQ, |X-Y|<(1 dist(Y,00)}.
Lol (V) = £, () = Y €9, X~ Y] < (1+ a)dist(Y.00)
We say that the L2-regularity problem (R)3' is well-posed in  if for every f €

WZ(0Q) there is a unique function u that satisfies

divAVu =0 1in Q,
(R)? u=f on 0f,
INa(V) | L2gny < CIV - fl L2y

where u = f in the sense of either (2.33) or in the sense of nontangential limits.

Clearly, (R)% is well-posed in Q if and only if (R)‘§ is well-posed in R’
We may now generalize Theorem 2.20 to Lipschitz domains.

Theorem 2.34. Let Q = {(z,t) : t > @(x)} for some Lipschitz function ¢. Let
a:R"1 5 C, and let A, B : R"1 — COtDx (4D yphere n 1 > 3.

Suppose that a, A and B are t-independent, that a is accretive, that A and A*
satisfy the De Giorgi-Nash-Moser condition, and that (R)3 and (R)4" are well-
posed in Q and in Q° .

Then there is some € > 0, depending only on ||[V¢| e ®n) and the quantities
listed in Theorem 2.19, such that if

[Imal|peerny <€ and [|A— Bl[pemn) <&,
then the L?-Dirichlet problem for Li(a La) is well-posed in Q.

3. PRELIMINARIES: THE SECOND-ORDER THEORY

In this section, we will review some known results concerning solutions to second-
order elliptic equations of the form div AVu = 0, and more specifically, concerning
solutions to second-order boundary-value problems. In Sections 3.1 and 3.2, we
will discuss the second-order fundamental solution and some properties of layer
potentials.

In this section we will state several results valid in R’_ﬁ“; the obvious analogues
are also valid in R™ "1,

The following two lemmas are well known.

Lemma 3.1 (The Caccioppoli inequality). Suppose that A is elliptic. Let X €
R and let r > 0. Suppose that div AVu = 0 in B(X,2r), for some u €
W2(B(X,2r)). Then

C
[owae<S juf?
B(X,r) T JB(X,2r)\B(X,r)

for some constant C depending only on the ellipticity constants of A and the di-
mension n + 1.
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Lemma 3.2. [49, Theorem 2]. Let A be elliptic, and suppose that div AVu = 0
in B(X,2r). Then there exists a p > 2, depending only on the constants \, A in

(2.5), such that
1/p
(f |W|p> e (f |Vu|2>
B(X,r) B(X,2r)

These conditions may be strengthened in the case of t-independent coefficients.
Suppose that @ C R™ is a cube. If u satisfies div AVu = 0 in 2Q x (t—£4(Q), t+4(Q)),
and if A is ¢-independent, then by [3, Proposition 2.1], there is some pg > 2 such
that if 1 < p < pg, then

(3.3) <][Q|Vu(x,t)pdx) <o(][ ]{t:; Vu(z, s)2 dsdx)1/2.

We will show that a similar formula holds for solutions to fourth-order equations
in Lemma 4.8 below.
More generally, we have the following lemma.

1/2

Lemma 3.4. Suppose fe L2(R"™ s C"*1Y) is a vector-valued function, and that
div AVu =0 in 2Q x (t —£(Q),t + £(Q)) for some t-independent elliptic matriz A.
Then

t+£(Q)/2
(3.5) ][\Vu(x,t) )2 dz < c][ ][ Ve, s) — F(2)[2 ds da.
Q t—£(Q)/2

Proof. Let v(x,t) = ttjf(( ))//fu(a:,s) ds. Then

][|Vu z,t) — f(2)2da < 2][ |Vu(z,t) — Vo(z, t)|2dx—|—2][ [Vo(z,t) — fz))? dz.

Define D(r) = 2Q X (t—rl(Q), t+r4(Q)). If A is t-independent then div AV (u—v) =
0in D(3/4). Applying (3.3) to u — v, we have that

][\Vu(~,t)—Vv(~,t)\2§C |Vu — V2.
Q D(1/4)

By definition of v,
t+6(Q) /4 B 2
][ Vu(z,s) — f(x)ds| dx
t

][\vat )|2dx—][
QIJt—£(Q)/4

Writing Vu — Vv = (Vu— f) 4 (Vo — f), and again applying the definition of v
to bound Vu(z,s) — fcompletes the proof. O

We also have the following theorems from [6]. Although we quote these theorems
for t-independent coefficients only, in fact they are valid for t-dependent coefficients
that satisfy a Carleson-measure condition.

Theorem 3.6. [6, Theorem 2.4(i)]. Suppose that A is t-independent and elliptic,
that div AVu = 0 in R’frﬂ, and that u satisfies the square-function estimate

oo
/ |Vu(z, t)* tde dt < cc.
0o Jre
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Then there is a constant ¢ and a function f € L?>(R™) such that

lim [[u(-,t) — f — ¢l 2@y =0

t—0t

and such that
(= c)||%z(Rn) < C/ / \Vu(z,t)|* t da dt
0o JRrn

where C' depends only on the dimension n + 1 and the ellipticity constants A, A
of A. If A satisfies the De Giorgi-Nash-Moser condition then we may replace Nyu
by N+u.

In the t-independent setting, (3.5) lets us state [6, Theorem 2.3(i)] as follows.

Theorem 3.7. Suppose that div AVu = 0 in ]Rf'l and that N4 (Vu) € L2(R™),
where A is elliptic and t-independent. Then there exists a function G :R" s CntL
with |G| L2@®ny < C||Ny(Vu)| p2@ny such that

. SN2 R T 2
t£%1+||Vu( . ,t) — G||L2(R") =0= tlilgonvu( : 7t)HL2(R")'

By the divergence theorem, there is a standard weak formulation of the boundary
value &- AVu for any solution u to div AVu = 0 with Vu € L2(R*"). Theorem 3.7
implies that if u is an appropriately bounded solution, then the boundary value
€. AVul| R exists in the sense of L? limits. By the following result, these two

formulations yield the same value.

Theorem 3.8 ([3, Lemma 4.3]). Suppose that A is elliptic, t-independent and
satisfies the De Giorgi-Nash-Moser condition. Suppose that div AVu = 0 in Rﬁ“

and N (Vu) € L2(R™).
Then there is some function g € L*(R™) such that, if ¢ € C§°(R"*1), then

/n+1 V(z,t) - A(z)Vu(x,t) dedt = / o(x,0) g(z) du.
R+

n

Furthermore, —€- AVu(-,t) = g as t — 0% in L*(R").

Given a function u that satisfies div AVu = 0 in R}, we will frequently analyze
the vertical derivative d,11u. In order to make statements about u, given results
concerning 0, +1u, we will need a uniqueness result.

Lemma 3.9. Let A be elliptic and t-independent. Suppose that div AVu = 0 and
Onr1u =0 in RT‘l.
If there is some constant ¢ > 0 and some ty > 0 such that

(3.10) ][ |Vu|> <ct™"
B((x,t),t/2)

for allt >ty and all x € R™, then u is constant in R:L_H.

If N\ (Vu) € L2(R™) then (3.10) is valid for all ¢ > 0. Thus in particular,

uniqueness of solutions to (D)4 implies uniqueness of solutions to (N1)Z.

Proof. Since Opiiu(z,t) = 0, we have that u(z,t) = v(x) for some function v :
R™ — C. By letting t — oo in (3.10) we have that Vv € L2(R").
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Choose some = € R"™ and some ¢t > 0. Let 7 > Ct, and let Y(7) be the cylinder
A(z,t) x (1—71/C, 74+ 7/C). By Hdlder’s inequality and Lemma 3.2, there is some
p > 2 such that

2/p
C C
/ w2 = € / Wup? < & nryi-2v / IV
A(z,t) T Jy(r) T B((z,r),7/C)

< O =D/p—n(p=2)/p ][ V2.
B((x,7),27/C)
But if 7 is large enough, then 7" fB((I - 2T/C)|Vu\2 < ¢. By letting 7 — 0o, we see
that Vo = 0 and so u(x,t) = v(x) is a constant. O

We will also need the following uniqueness result.

Lemma 3.11. Let A be elliptic, t-independent and satisfy the De Giorgi-Nash-
Moser condition. Suppose that uy and u_ are two functions that satisfy

div AVus =0 in RTH, Ni(Vuy) € L2(R"), Vity gzt = V| gpnss.

Then uy and u_ are constant in R’

Proof. Let u = ug in ]R:L_“, u = u_ + ¢ in R™", where ¢ is such that uy = u_
on R”. We claim that div AVu = 0 in the whole space R"*! in the weak sense
of (2.8). This is clearly true in each of the half-spaces R, Let ¢ € C§°(R™H1).
Then

V- AVu = V- AVu + V- AVu.

Rn+1 Rfrl R

Let G = Vu|aRL’;+1 = Vu|ygn+1. By Theorem 3.8, we have that

Vo(z,t) - A(x)Vu(z,t) dedt = F / o(2,0) - A(x)G(z) dx

n

n+1
RL

and 0 [p,.1 V- AVu = 0; thus, div AVu = 0 in R™1,
We now show that u is constant in all of R”*!. Fix some X, X’ € R**!. By the
De Giorgi-Nash-Moser estimate (2.16) and by the Poincaré inequality, if r is large

enough then
X _ X/ [e3% 1/2
lu(X) —u(X")] < CT(") <][ Vu|2) )
r B(0,2r)

By definition of N (Vu) we have that

X _ X/ &% . . 1/2

S (L R )
R’!L

[u(X) —u(X")| < C’Tl_"/Q( .

and so, taking the limit as 7 — oo, we have that u is constant in R"*!, as desired.
O
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3.1. The fundamental solution. We now discuss the second-order fundamental
solution. Let 2* = 2(n +1)/(n — 1), and let Y12(R"*1) be the space of functions
u € L? (R™!) that have weak derivatives Vu that lie in L2(R"*!). From [37], we
have the following theorems (essentially their Theorems 3.1 and 3.2).

Theorem 3.12. Assume that A and A* are elliptic and satisfy the De Giorgi-
Nash-Moser condition. Assume that n+1 > 3.
Then there is a unique fundamental solution Fg‘} with the following properties.
e v(X,Y) =T%(X) is continuous in {(X,Y) € R*T! x R*+1: X £V},
e v(Y) =T$(X) is locally integrable in R for any fived X € R**1.
o For all smooth, compactly supported functions f defined in R"*1, the func-
tion u given by

u(X) := /RM (X)) f(Y)dy

belongs to Y12(R"1) and satisfies — div AVu = f in the sense that

/ AVu -V = / fo
Rn+1 Rn+1

for all ¢ smooth and compactly supported in R" 1.

Theorem 3.13. T4 has the property
(3.14) / AVTY -V = o(Y)
Rn+1

for allY € R"*! and all ¢ smooth and compactly supported in R*+1.
Furthermore, T2 satisfies the following estimates:

C
3.15 MAx)< —
(3.16) VT2 || 2@\ By, < Cri—™/2)
—n+(n . n+1
(3.17) VT | o By < CromHdDeip 1 <p < —

for some C depending only on the dimension n + 1, the constants A, A in (2.5),
and the constants H, « in the De Giorgi-Nash-Moser bounds.
Finally, if f € L2FD/ (43 (Re+1y A LP (R™FY) for some p > (n+ 1)/2, then

ux) = [ 0 dy
R+
is continuous, lies in YY2(R"TY), and satisfies

AVu-Vapz/ fo

Rn+1 Rn+1

for all ¢ smooth and compactly supported in R 1,

We will need some additional properties of the fundamental solution. First, by
uniqueness of the fundamental solution, we have that if A is ¢t-independent then
I’a,s)(m,t) = I‘é’SJﬂ)(m, t+r) for any z, y € R™ and any r, s, t € R. In particular,
this implies that

(3.18) 0Ty o (@) = (~1)FOFT, ) (2, 1)
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Second, by the Caccioppoli inequality and the De Giorgi-Nash-Moser estimates,
we have the bounds

C

kA %

(3.19) |0p+1 Dy (X)) < Xy kT
OulX — x|

(3:20 o TR0 - o] < S

for any k > 0 and any X, X, Y € R" with [ X — X'| < 1[X - Y.
Finally, it is straightforward to show that if X, Y € R"*! with X # Y, then

(3.21) r4(v)=T4"(X).

3.2. Layer potentials. Recall that if A and A* satisfy the De Giorgi-Nash-Moser
condition, then the double and single layer potentials are given by the formulas

Daf(X) == | f)e- ATWVIL (4,0)dy,

SagX) = [ o) T4 (0,0)dy

Notice that by (3.21), div AVD4f = 0 and div AVO?, ;Sag =0 in R*1\ R™.

We will be most concerned with the case where f, g € L?*(R"). If A is t-
independent, then by (3.3) and (3.16), the integral in the definition of D4 f(X)
converges absolutely for all X € R"*!\ R" and all f € L?(R"). Similarly, by
(3.15), if t # 0 and if g € LP(R™) for some 1 < p < n then the integral in the
definition of Sag(z,t) converges absolutely. If n > 3 this implies that Sag(z,t) is
well-defined for all g € L2(R™). If n = 2, so the ambient dimension n + 1 = 3, then
Sag is well-defined up to an additive constant for g € L*(R?). That is, if n = 2
and if g € L2(R?), or more generally if g € LP(R") for some 1 < p < n/(1 — a),
then by (3.20), the integral

Sag(X) — Sag(Xo) = / 9y) (T4 o) (X) = TA o (Xo)) dy

n

converges absolutely for all X, X, € R**1\ R". We remark that by (3.19), if k > 1
then

9(y) 0Ty o) (x, 1) dy
RTL

converges absolutely provided g € LP(R"), 1 < p < oo, and if £ > 2 then the
integral also converges if g € L (R™). We will write

DS ag(e, ) = / 9(y) OFTA o () dy

R’VL
for all such g, even if S4g does not converge absolutely.

By (3.19) we have a pointwise bound on 9fSag(z,t). If 1 < p < co then for all
integers k > 2 we have that

W ol
(It] + dist(z, supp g))n/prE—1 1IL7 (&™)
This also holds for £k = 1 provided 1 < p < oo and for £ = 0 provided 1 < p < n.
We now establish that if (R)3' and (R)4 are well-posed, then certain properties
of the single layer potential follow. Recall from Lemma 2.24 that under these
conditions the square-function estimate (2.25) is valid. By [3, Formula (5.5)], if the

(3.22) |0 Sag(a,t)] <
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square-function estimate (2.25) is valid then it may be strengthened to the following
estimate on the whole gradient:

(3.23) It V:Sagll? :/R +1IVatSAQ(I,15)\2\15|dﬂﬂdlﬁ < Cliglza -

Suppose that A is t-independent and has bounded layer potentials, meaning that
||Ni(VSAg)HL2(]Rn) < Cllgllz2rny- (This is Formula (2.26); recall that it follows
from (2.25).) By Theorem 3.7, the operators Sj{’i and (VSa)T are well-defined
and bounded on L?(R™). Observe that Sj"'r is a Calderén-Zygmund operator by

(3.19) and (3.20). Thus, by standard Calderén-Zygmund theory, Sj;’Jr is bounded
on LP(R™) for any 1 < p < co. By a standard argument (see [21, Proposition 4.3]),
we may strengthen this to a nontangential bound: if g € LP(R™) for any 1 < p < o0,
then

(3.24) [N+ (On+18a9)|lLe@ny < C (D)9l e ®r)-

The following formulas come from [3]. Again suppose that A has bounded layer
potentials. If g € L?(R™), then by the proof of [3, Lemma 4.18] we have that
(3.25) €-A(VSa)Tg—¢e-A(VSs) g=—g,

(3.26) V“SXQ — VHSZg =0.
In particular ST = S regarded as operators L?(R") s WZ(R").

We now establish invertibility of S:{ and Sj’i.

Theorem 3.27. Let A and A* be t-independent and satisfy the De Giorgi-Nash-
Moser condition. Suppose that A has bounded layer potentials in the sense that
(2.26) s valid.

If (R)3' is well-posed in R and R™ ', then the operator S is invertible
L2(R™) = W2(R™).

If in addition (N+)3' is well-posed in Ry, then Sj“’i is invertible on L*(R™).
Proof. The proof exploits extensively the jump relations for the single layer poten-
tial. By (3.25), (2.26) and Theorem 3.7, if g € L?(R"™) then

lgllz2(rn) = lle - A(VSa)Tg — € A(VSa) gllr2(rn)
< O N1 (VSag)|lL2@n) + ClIIN-(VSag)ll 2 ).

But if (R)s is well-posed in R%, then H]vi(VSAg)HLz(Rn) < CHVHSi:g”L2(Rn).
By (3.26) we have that V| Stg = VS, g and so

Igllz2@ny < CIVSEgllL2@n)-

We need only show that S} is surjective. Choose some f € WZ(R™). Let us
be the solutions to (R)4 with boundary data f in R’"*. By Theorem 3.7, the
functions g4 =€ AVui\aRiﬂ exist and lie in L?(R").

Now, let v = Sa(g+ — g-), and let v = vfga+1. By (2.26), Ni(Voi) € LA(R™).

Consider wy = uy + vy. By definition of uy and by the continuity relation (3.26),
we have that

VHZU+ |6Ri+l = VHUJ_ |6R7j+1 .
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Consider the conormal derivative. We have that
- AVw+|8Ri+1 =e- AVu+|8Ri+1 +é- AVU+|8R1+1 =g, +¢& AVSA)T (g4 —g).
But by (3.25),
€ AVWy [ ggnir = g1 + € A(VSA) (94 —9-) — (94 — 9-)
=& AVu_| puir + & AVU_| b
=¢é- - AVw_ |8R’j+1'
Thus by Lemma 3.11, we have that w. is constant in R’-". In particular, Sﬁ (94 —

g_) = f in W2(R™), as desired.
If in addition (N1)2' is well-posed in R, then

lgllz2(rny < ClIVSEgllL2@n) < ClIN£(VSAG) | L2@ny < ClIST gl L2 @n)
and so we need only show that Sj’i is surjective on L?(R™).
If (N1)4 is well-posed in R then for each g € L?(R™) there exists some
u with Ny(Vu) € L*(R") and with 9,41u = g on IR Let F = v orn+13 by
Theorem 3.7 F exists and F € W2(R"). Because Sf is invertible, we have that

F = Sj f for some f € L%(R™); by uniqueness of regularity solutions, Sj’i f=
g. (I

We will need some bounds on the double layer potential as well. Suppose that
(R)4 and (R)4" are both well-posed in R}, so (2.25) is valid. By [3, Corol-
lary 4.28], if ¢t > 0 then for all g € C§°(R™) we have that

(3.28) Da(STg)(z,£t) = FSa(€- A(VSA)Fg)(z, 1)

We have the following consequences of (3.28). By Theorem 3.27, S} : L?(R")
WZ(R") is invertible. Let f € WZ(R"), and let g = (S})~'f. By (2.26) and (3.23),

(3:29)  [IN£(VDaf)|r2@n) < CIVfllL2@n)s

(3.30) It Vo Dafl|? =/ . VO Daf(x,t)]?|t| dz dt < OV flIZ2 @)
Rn+1

Combining (3.28) with the jump relations (3.25) and (3.26), we have that

(331) g AVDAf|8Ri+1 - 5 AVIDAf|8Rﬁ+1 - O,

(3.32) VHDXf -VDLuf=-Vf

for all f € WZ(R").

4. THE CACCIOPPOLI INEQUALITY AND RELATED RESULTS

The Caccioppoli inequality for second-order elliptic equations (Lemma 3.1) is
well known. In this section, we will prove a similar inequality for weak solutions to
the fourth-order equation L (a Lau) = 0. We will also prove fourth-order analogs
to some other basic results of the second-order theory.
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Theorem 4.1. Suppose that Ly (a Lau) = 0 in B(X,2r) in the sense of Defini-
tion 2.9. Suppose that A and B are elliptic in the sense of (2.5) and that a is
accretive in the sense of (2.6). Then

1 C
R =
B(X,r) ™ JB(X,r) ™ JB(X,2r)

where C' depends only on the constants A\, A in (2.5) and (2.6).

Proof. Let ¢ be a real smooth cutoff function, so that ¢ = 1 on B(X,r), ¢ is
supported in B(X,2r), and |Vo| < C/r.
Then, for any constant c;, we have that

1
/ PIVuf? <

Re / ©*Via - AVu

>l = >

1
Re/<p2ﬂLAuf XRe/2ﬂ<pVg0~AVu

Cecy r? C 1
<o [ Wl g [eEal+ 5 [laPIVeR + 5 [ e
r B(X,2r) 201 2 2

Clcg +1 r2
[evur < SO0 e [,
2r B(X,2r) ¢

Now, recall that aL 4u = v for some v € Wf’loc(B(X, 2r)). Therefore,

and so

(4.2) |Laul? < ? Taulau = %Re(@ L),
1 1 A?
(43) |'U|2 S W Re <'l_} a'U) S 7 Re('l_J LA'LL)

Because ¢ is compactly supported, the weak definition of L u implies that
/@417LAU = /V(gp%) - AVu = /490317Vg0 - AVu +/go4 Vv - AVu

and so for any ¢y > 0 we have that

A
Re/<,0417LAu < w/g04|v|2+0/<p2|V<p|2|Vu|2

2 Cc
o [P+ 22 [ evap
2¢o r
1 2 ’(1
< -Re <p417LAu+r— @G‘VU|2+M ©?|Vul|?,
2 2¢ r2
This implies that

Re/<,0417LAu < W/gﬂVuF +Z/Lp6|Vv|2.
But div B*Vv = 0 in the weak sense, so
0= /V(go%)-B*Vv.
As in the proof of the second-order Caccioppoli inequality, and by (4.3),

/ SIvolP < C / SVl < CRe / A IVolo La.
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So
Cc(1 C
Re/ap417LAu < #/gpﬂVu\Q + C—Re/g0417LAu.
2
Choosing cs large enough, we see that

1 C
/@4\LAU|2 < XRe/gp‘lT)LAug T—2/gﬁ|Vu|2

Cler +1 C
R Ny T
2r B(X,2r) c1

Choosing ¢y large enough lets us conclude that

C C
/ GLauf < < / Avur < & / Ju?
r ™ JB(X,2r)

1 C
[ [ ware S
B(X,r) ™ JB(X,r) ™ JB(X,2r)

as desired. O

and so

and so

We now prove Holder continuity of solutions under the assumption that A, A*
and B* satisfy the De Giorgi-Nash-Moser condition. We begin with the following
De Giorgi-Nash estimate for solutions to inhomogeneous second-order problems.
This estimate is well known in the case of real coefficients; see, for example, [32,
Theorem 8.24]. Given the fundamental solution of [37] it is straightforward to
generalize to complex coefficients.

Theorem 4.4. Suppose that A, A* satisfy the De Giorgi-Nash-Moser condition.
Let (n+1)/2 <p < oo and let = min(a,2 — (n+1)/p).
Then if div AVu = f in B(Xy,2r) for some f € LP(B(Xy,2r)), then

X - X' A —(n
u(x) — u(x")| < X 20 1 )

|X B X’|a 1/2
+O— ][ Juf®
r B(Xo,2r)

for all X, X' € B(Xo,r).
Proof. Let
w0 = [ e sy,
B(Xo,2r)

Let w(X) = u(X) — v(X). By Theorem 3.13, div AVw = 0 in B(Xy,2r) and so
because A satisfies the De Giorgi-Nash-Moser condition,

1/2
() — w(x)| < X=X fo P
re B(Xo,2r)

X X/ o 1/2
<o X1 f 2 2|
r B(Xo,2r)
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By (3.15), if X € R" then
[o(X)] < / PP O M)IAY < Cr2= P fll o (a(x,200)-
B(Xo,2r)
and by applying (3.15) in B(Xy,2r) N B(X,2|X — X'|) and (3.20) in B(Xy,2r) \
B(X,2|X — X']), we see that if X, X’ € R""! then
| X — X'|~
—_—
r

|’U(X) . ’U(X/)| < C ( 2—(n+1)/p + |X _ X/|2—(n+1)/p) ||fHLP(B(Xo,27“))'

Summing these two bounds completes the proof. O
The following corollary follows immediately from Theorems 4.1 and 4.4.

Corollary 4.5. Suppose that Ly(a Lau) = 0 in B(Xo,2r) in the sense of Defini-
tion 2.9, where a, A, B are as in Theorem 4.1, and where A, A* and B* satisfy
the De Giorgi-Nash-Moser condition. Then

e 1/2
(4.6) |mm—mxm§cg—5L—f uf?

re B(Xo,2r)
provided X, X' € B(Xo,r).

We now prove the following pointwise estimate for solutions u in terms of their L'
norms. (The bound (2.17) is essentially the same estimate in terms of the L2 norm.)
This estimate is known for solutions to second-order equations (see, for example,
[35, Theorem 4.1]) and may be proven for solutions to higher order equations using
the same techniques.

Corollary 4.7. Suppose that u is as in Corollary 4.5. Then

sup |u| <C ).
B(Xo,r) B(Xo,2r)

Proof. Let f(p) = |[ullLe(B(x0,p)) for 0 < p < 2r. By Corollary 4.5,if 0 < p < p' <
2r and if X € B(Xo, p), then

1/2 1/2 1/2
C U| oo ’
wise(f o up) o< e [
B(X,p'—p) (= p) B(Xo,2r)

and so

1o, C
Hp) = 5F(0) + (o = p)nt! /B(Xo,w)lu'.

We eliminate the f(p’) as follows. Let po = r and let ppy1 = pp + 57(1 — 7)7%,
where 1/2 < 771 < 1. Then by induction

k—1
1 C
sup ul = £(p0) < = F(pw) + I 4f .
B(Xo,7) 2k ; (1 = 7)n T2 [ pix 20

Observe that limy .o pr = %7’ and so f(px) is bounded uniformly in k. Thus, we

may take the limit as kK — oo; this completes the proof. O

We conclude this section with the higher order analogue of (3.3) and some similar
results from [3], that is, with Caccioppoli-type inequalities valid in horizontal slices.
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Lemma 4.8. Suppose that u, Opy1u, and 8,,2H_1u satisfy the Caccioppoli inequality
n Riﬂ, that is, that whenever B(X,2r) C Rﬁ“ we have that

C
][ VO, ul? < *][ | b ul? fork=0,1, 2.
B(X,r) 2 B(X,2r

If Ny (Vu) € L2(R™) then

(4.9) §1>JIS||VU( )2 @ey < CING (V)| z2n)-
Ift > 0 then

C 2t
(410) HVU( . ,t)HL2(Rn) < 7 ]{/2 ||u( . S)H%Z(Rn) ds

provided the right-hand side is finite.
Finally, if 0 < s <t < 2s, then

t—s 3s 1/2
(4.11) Vu(-,t) = Vu(-,s)|lL2@n) < C S (][/QVu( . ,T)H%Q(Rn) dr)
S
provided the right-hand side is finite.
Proof. Let @ C R™ be a cube. Then

t+1(Q)/4
/ |Vu(z, t)|* dr < C/ ‘Vu(x,t) —][ Vu(z,s)ds
Q Q t

C t+1(Q)/4 ( )
+7// Vu(x,s)|*dsdx.
@ lod VM)

But we may bound |Vu(z,t) — Vu(z, s)| by [’|Vd,u(z,r)|dr. Applying the Cac-
cioppoli inequality to VO,u(z,r) yields that

2
dx

t+1(Q)/3
(4.12) / |Vu(z, t)|* dx < / / |Vu(z,t)|* dt dz.
Q (3/2)Q Jt-1(Q)/3
Applying the Caccioppoli inequahty to Vu, this yields that
t+l(Q)/2
(4.13) / |Vu(z, t)|* de < / / u(z,t)|? dt dz.
Q t l(Q)/2

Note that (4.13) is valid with u replaced by On41u.
Dividing R™ into cubes of side-length ¢/2, we have that (4.10) follows from (4.13).
Suppose that ¢t > 0. By definition of N,

/ / |Vu(z,s)]? deds < Ct Ny (Vu)(z)? do
n Rn

and applying (4.12) in cubes of side-length ¢ completes the proof of (4.9).
Finally, let 0 < s <t < 2s and let @ be a cube of side-length ¢ — s. Then
2

/\Vu x,t) — Vu(z, s)|* dr = dx

/V@uxr)dr

t—s//|V8uxr|2drdx
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We have that 0 < t — s < s. Applying (4.13) yields that

/|Vu(a?,t) Vuxs)\zdm<0 //|8uwr|drdm

and so (4.11) is valid. O

5. THE POTENTIALS £h AND Fh

We will construct solutions to the fourth-order Dirichlet problem (2.12) using
layer potentials. Specifically, our solution w will be given by u = —Daf — Sag +
€B,a,ah for appropriate functions f, g and h. The behavior of the second-order
potentials D4 f and Sag is by now well understood (see Section 3 or the extensive
literature on the subject). It remains to investigate £ = Epq.4. Observe that
by the definition (2.28) of £p 4,4, when convenient we may instead investigate the
potential F = Fp g .a.

In this section, we will show that Fh (and thus £h) are well-defined in R+
for appropriate h and will establish a few useful preliminary bounds on Fh. We
will also investigate the behavior of £ across the boundary; that is, we will prove
analogues to the jump relations (3.25) and (3.26). In Sections 6 and 7, we will
establish somewhat more delicate bounds on F (and &); specifically, our goal in
these three sections is to show that ||j\7j:(v€h)HLZ(]Rn) < Olh|lL2®ny-

In Section 8, we will show that the map h — 8n+15h|8R1+1 is invertible L?(R™)

L?(R™). We will need the assumptions that a is real-valued and A = B, or that
Ima| e and ||A — Bl|r~ are small, only in Section 8; the bounds of Sections 5,
6 and 7 require only that a be accretive and that A and B* satisfy the single layer
potential requirements of Definition 2.27. We will conclude this paper by using
these boundedness and invertibility results to prove existence of solutions to the
fourth-order Dirichlet problem.

We begin by establishing conditions under which Fh exists. Like the single layer
potential Sag, in dimensions n + 1 > 4, the integral in the definition of Fh(x,t)
converges absolutely whenever t # 0 and h € L?(R"™); in dimension n + 1 = 3, Fh
is only well-defined up to an additive constant if h € L?(R?).

More precisely, we have the following.

Lemma 5.1. Suppose that a, A and B are t-independent, a is accretive, A and A*
satisfy the De Giorgi-Nash-Moser condition, and Sp~ satisfies the square-function
estimate (3.24).

Ifh € LP(R™) for some 1 < p < n, and if t # 0, then the integral in the definition
(2.29) of Fh(z,t) converges absolutely. Furthermore,

(5.2) |[Fh(@, 6)] < Clt/* /P[] Lo (in)-

If h € LP(R™) for some n < p < n/(1—a), then Fh is well-defined in R and
R™™ up to an additive constant; that is, if we write

Fh(z,t) — Fh(z',t') =

1
A
/Rn 0 (asr(y,s)(x/7t) 0, F(y g)( )) @3353*}1(%5) ds dy

8
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then the right-hand integral converges absolutely. If (z',t") € B((x,t),|t|/4), or if
(', t') = (z,—t), then
(5.3) |Fh(z,t) — Fh(z',t")| < C(p)|t|1_"/p||h||Lp(Rn).
Proof. Recall that
o 1
Fh(zx,t :7/ / AT (2,t) —— 8:Sp~h(y, s) ds dy.
( ) & Jo (v, )( )a(y> B (y ) Yy

Choose some (z,t) € R"™! with ¢t # 0. Let B = B((z,t), [t|/2), A = A(z,|t]/2).
By (3.19), |8t1‘@5) (x,t)] < C/|(x,t) — (y,s)|*. If t > 0 and the aperture a in the
definition of nontangential maximal function is large enough, and if 1 < p < o0,
then
(5.4) / ¢ |0sSp~h(y,s)|dsdy
. T [0s9B-h(y,
B |(l‘,t) - (y’s)ln

< Ct f N (OurSah)(y) dy < CE PN (BuiaSaeh) ooy
A
Observe that
/ c
et @ 0) = (9]
< N+(8n+133*h)(y)/
0

R

(5.5) 0sSp=h(y, s)| ds dy

C
|z —y|™ + (s + [t])™
If m =n and 1 < p < n, then these integrals converge and are at most
C(p)|t|1*"/p||N+(8n+1SB*h)||Lp(Rn).

By (3.24) we may bound [N (9n11SB-h)| rrw~) and (5.2) is proven.
To establish (5.3), recall that by (3.19) and (3.20), if |(2/,¢") — (x,t)| < |t|/4, or
if t >0 and (2/,t') = (z, —t), then for all (y,s) € R} \ B we have that

Cle|*
|(33’ t) - (y’ S)|n+a
Letting m = n + «, we see that if 1 < p < n/(1 — «) then the right-hand side of

(5.5) converges and is at most C(p)[t|'~"/P||N1(On+1Sp~h)| 1s®n). By (3.24), and
since (5.4) is valid for all 1 < p < oo, this completes the proof of (5.3). O

dsdy.

0T, o (2, 8) — 0T, o (2, t)] <

Next, we consider VFh and L4 Fh.

Lemma 5.6. Let a, A and B be as in Lemma 5.1. If h € LP(R™) for some
1 <p<n/(l-a), then VFh € L} (R, and in particular, div AVFh is a

loc
well-defined element of Wleoc(RI"l).
Furthermore,
(5.7) —a divAVFh=02,,Sp-h in R},
(5.8) div AVFh =0 in R

in the weak sense.

As an immediate corollary, £h is well-defined and also lies in WEZOC(R1+1), and
div AVER = div AVFh in R
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Proof. Fix some (1g,t9) € R"™ with tq # 0, and let B, = B((xo,t0),7). Let n be
a smooth cutoff function, supported in Bj;,|/2 and identically equal to 1 in By, /4,
with 0 <7 <1, [Vn| < C/[to]. For all (z,t) € Bjy,|/s, we have that by definition of
Fh and by (3.18),

Fh(.%‘,t) - fh(l‘o,to)

1
_ A
= /R"“ I'(y0(,1) aly) 95 (n(y, 5)0sSp-h(y, s)) ds dy
"

1

A

- An+1 F(y,s)(mo? to) @ 0s (U(y’ 3)3853* h(% 5)) dsdy
e

o o A 1-— 77(1/7 S)
/]RiJrl (a F (v, s)( ) asr(yys)(x()a tO)) a(y) asSB* h(ya S) ds dy

= I(x,t) — I(l‘o,to) + II(.Z‘,t).

If ty < 0 then I = 0. Otherwise, by (3.22), the function 9p41(np+1Sp+h) is
bounded and compactly supported, and so by Theorem 3.13, I € YL2(R"H) ¢
W2, (R™1). Furthermore, —div AVI = (1/a)d,41(n 0n1+1Sp+h), and so

1,loc
—a divAVI =02 ,,Sp+h in Bj,s.

We must show that VII € L2(B|t0‘/8) and that divAVII = 0 in By, /8. By
(3.20) and Lemma 3.1, we have that if (y,s) & Bjs,|/4 then

C|t0|n+a
| (o, to) — (y, s)[" T

/ |vm,tas]-—‘@7s) (z,t)|dxdt <
Biegl/s

Thus by (5.5), if 1 <p <n/(1 —«) then

/ / |V2.10s F(ys)(x t)\ ny. )\0 Sp+h(y, s)|dsdy dz dt
Biegi/s | @)l

< C)|to|" PN (On118B-h) || Lo () -
Thus by Fubini’s theorem,

1—
(5.9) VII(z,t) = VordTHh ) (@) L=0:5) 5 5, by, ) ds dy.
A ne a(y)

If  is a test function supported in Bj,,|/s, then again by (3.20), (5.5) and the
Caccioppoli inequality,

/ o(x,t) VII(z,1) dxdt‘
Rn+1
< Cllgllze@n+yltol /22PN L (On 185+ h) || Lo )

and so VII(x,t) € L*(Byy,|/s)-
Finally, by the weak definition (2.8) of div AV and by the formula (5.9) for VIT,
we have that div AVIT = 0 in By /s, as desired. (I

We conclude this section by proving the continuity of VER across the boundary.
This property is analogous to the continuity relations (3.26) for the single layer
potential, and is the reason we will eventually prefer the operator £ to F.
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Lemma 5.10. Suppose that a, A and B are t-independent, a is accretive, A satis-
fies the square-function estimate (2.26), and B* satisfies the single layer potential
requirements of Definition 2.27. Then there is a dense subset S C L*(R™) such that
if h € S, then

lim [|[VER(-,t) — VER(-,—t ny = 0.

Jim [VER(-, ) () =Dll2®m

Proof. We define the set S C L?(R") as follows. By assumption, ST is invertible.
Let S = (Sg:t)~1(8’), where h € 8" if h(z) = u(x,t) for some ¢ > 0 and some u
with div B*Vu = 0 in R and Nyu € L2(R™).

We first show that S is dense. It suffices to show that S’ is dense. Choose some
f € L*(R"). By well-posedness of (D)%, there is some u with div B*Vu = 0 in
R’ and u = f on OR' . Define f), € L2(R") by fi(z) = u(x, 1/k); then fi € S’
By Theorem 3.7, fi, — f in L%(R"), and so S’ is dense in L?(R").

Suppose that h € S. Then Sl h(z) = u(z,7) for some 7 > 0 and some
solution u. Let v(x,t) = Owu(z,t + 7') By (3.24), and by uniqueness of solutions
to (D)5, we have that 9,Sh = v in Rfﬁ“. But by the Caccioppoli inequality
and the De Giorgi-Nash-Moser estimates, we have that N (9n+1v)(x) < %N+u(x)
(possibly at the cost of increasing the apertures of the nontangential cones).

So if h € S, then

N+(372L+1SB*h) € L*(R™).

Recall that by (2.28) and Lemma 5.1 if h € L?(R™) and n > 3 then

° 1 1
Eh(x,t) = —/0 - 0 F(y o (@, )@8383*h(y, s)dyds — Sa (a8§;+h> (z,t).

If n = 2 then we must instead work with Eh(x,t) — Eh(z, —t).

If h € S, so that N4 (92,,Sp+h) € L*(R™), then we may integrate by parts in
the region 0 < s < 7 for any fixed 7. Observe that the boundary term at s = 0
precisely cancels the term S4((1/ a)SfB‘;Jrh). We conclude that

h(z,t) / / )8 “Sp«h(y, s) dy ds

1
- / TG o (, t)@an-HSB*h(y)T) dy

/ / OTL ) (2,) ()asB* (y, s) dy ds.

Applying (3.18) and the definition of S4, we see that
Eh(z,t) = / Sa (i@fSph(S)) (x,t—s)ds—Sa (i(’%Sph(T)) (x,t—1)
0
— / 0:Sa <i8553*h(5)> (z,t — s)ds.

Here we have adopted the notation that 0;Sp«h(s)(y) = 0sSp~h(y, s).

Thus VE(z,t) — VER(x, —t) has three terms. Suppose that s € R, s # 0. By
(324), ||67L+1SB*h(S)HL2(]R") < OHh||L2(R") Suppose that g € L2(Rn) By (49)
and by (2.26),

1VSag(s)llz2@n) < CIN£(VSag)|L2@n) < Clgllza@n).
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Furthermore, if 0 < ¢ < |s|/2, then by (4.11), (4.9) and (2.26),

t
IV8ag(s+8) = VSagls — )2y < O lgllizgeny

Finally by (4.11), (4.9), (2.26) and applying the Caccioppoli inequality to 0,,4+1S4,
t
[VOsSag(s +1t) — VOsSag(s — t)[|L2mn) < CW”hHLz(R")-
Thus, if t < 7, then

IVER(D) — VER-Oll o) < C [ [N (@21 o) ds
0

t ¢
+C LMz +C [ Al ds.

Choosing 7 = v/t and recalling that h € S, we see that the right-hand side goes to
zero as t — 07, as desired. O

6. A SQUARE-FUNCTION BOUND

Recall that we intend to construct solutions to the Dirichlet problem (2.12) by
letting u = w4 + Eh for some appropriately chosen function h € L?(R"). To
prove Theorems 2.19 and 2.20 we must have that the norms ||N+(vgh)||L2(Rn) and
It VOLER]|| 4+ are appropriately bounded.

In this section, we will prove a preliminary square-function estimate; we will
prove the full estimate N1 (VER)| p2@n) + [t VO,EL|||+ < C||h||L2(rn) in the next
section.

Theorem 6.1. Suppose that a, A and B are t-independent, a is accretive, A, A*,
B and B* satisfy the De Giorgi-Nash-Moser condition, and Sa, Sp~ satisfy the
square-function estimate (2.25).

Then for all h € L*>(R™), we have the bound
(oo}
|| 1oeEna o e de < OOl ey
In the remainder of this section, let u = 0,,4+1Sp+h. Observe that

O} Fh(x,t) =07 /
Rn

By (2.26) and (3.23) it suffices to prove that
(6.2) It OFFhlll+ < ClINyullp2eny + Cllit V|-

1
ATA"  (y, s) —— uly, s) dy ds.
- t (a:,t)(y S) a(y) ’LL(y S) yas

This theorem is the technical core of the paper. The proof is inspired by the T'(1)
theorems of [22] and [57]. We may think of 07 Fh(z,t) as Tu(x,t) for a singular

integral operator T' with kernel (1/a(y)) 3?Féi) (y,s). The T'(1) theorem of Semmes
was proven by analyzing Tu — T'(1) P,u and T'(1) Pyu for an averaging operator P;.
We will use the same argument; our operator P; will be averages over dyadic cubes.
Our bound on T'(1) Pau will follow from well-known Carleson-measure properties of
solutions to second-order equations. To bound Tu — T'(1)Pu in terms of Vu, we
develop an argument ultimately allowing us to exploit the Poincaré inequality. It

bears some resemblance to the arguments of [3] (see, in particular, Lemma 3.5(i)),
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but the particular singular integral operator at hand is different from those in [3],
and new ideas are required.
For ease of notation we will prove (6.2) only in the upper half-space (that is,
only for |||t 92 Fh||+); the argument in the lower half-space is similar and simpler.
Let W be the grid of dyadic Whitney cubes in R’ffl. That is,

W ={Q=Q x [((Q),20(Q)) : Q C R" is a dyadic cube}.

Then Riﬂ = Ugew @, and any two distinct cubes ), R € W have disjoint interiors.
For any Q € W we let F(Q) = {R € W : dist(R, Q) > 0} be the set of cubes a
positive distance from @ and let N(Q) = Ugew\r(@)R be the union of cubes
adjacent to Q.

Observe that
2

[t OF Fhl|+ = tdz dt.

T 1
81“‘; y,8) — u(y, s) dy ds
Gew /Rn+1 e W:9) gy uw:9)

If Re W, let ug = f,u. Define the four quantities

I= Z/( 3 /‘83F(It) Y, (1y)(u(y,s)—uR)‘dyds)2tda:dt,

Qew REF(Q)
1 2
=3 /( ’dyds) tda dt,
e /e \réra) Vi)
2
T 1
111 = Z / 82/ 8tfé7t)(y,s)@(u(y,s) —ug)dyds| tdxdt,
Qew
v = Z |uQ|2 / 8tF(z t)(y, s) a(y )dyds
QeEW N(@Q
gAT 1 ?
+ Ty, s) —— dyds| tdxdt.
RTTI\N(Q) ’ a(y)

We have that
[t O2Fh||y < O +II+I1I+1V).
We will bound each of the terms I, II, I1] and IV. We begin with term I'V.

Lemma 6.3. If a and A are t-independent, A and A* satisfy the De Giorgi-Nash-
Moser condition and Sa satisfies the square-function bound (3.23), then

IV < C|INzullfege 11/al|F o @on)-
Proof. Recall that

w=>" IUQ\2

QewW

3F ,8) ——dyds

2
+/ RTA (y,5) — dyds| tdudt.
RN Y ( )
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By the decay estimate (3.19), both of the innermost integrals converge absolutely.
By (3.18), atrgft)( s) = —0s F(I n(y,s), and so

1
82/ 81"’{ Y, S —dyds—l—/ 831"1, y,8) — dy ds
! N(Q) ' (’t)( )a(y) RYTI\N(Q) ( t)( ( )

= [ O 00) o dy = S (1/a) 1),
- e

We claim that because 1/a € L>°(R™), we have that
du(z,t) = 10284 (1/a) (x,t)|* t de dt

is a Carleson measure with Carleson norm ||u|c at most CHl/aHLOO(Rn) This

follows from the square-function bound (3.23) and the decay estimate (3.19) by a
simple argument due to Fefferman and Stein (see the proof of Theorem 3 in [27]).
Let R C R" be a cube; then

/Z(R) /J@ESA (1/a) (x,t)|* t de dt
0 R
/ /\32&4 z(1/a)) (z,t)[* tda dt

o(R)
+2/ /EWESA (1 -1,5)(1/a)) (z,t)|* tdz dt.

L2f) S < C|R| Hl/aH%x(R") by (3.23), while the
second is at most C|R| ||1/a||2oo &y DY (3-22).

Let uw (z,t) = ug whenever @ € W is a cube and (z,t) € Q. Observe that
Niuw (x) < Nyu(z) (possibly at a cost of increasing the aperture of nontangential
cones). Then

The first integral is at most C||1/al|?

IV=/ lurw (z, £)[2 0284 (1/a) (w, £)|2 tdz dt.
Ry

Applying duality between Carleson measures and nontangentially bounded func-
tions, we see that

IV <INt ((uw)) @y llle < ClINvullZe g/ all oo oy
as desired. 0

Next, we bound the term I.

Lemma 6.4. If a and A are t-independent, a is accretive, and A and A* satisfy
the De Giorgi-Nash-Moser condition, then

I< C/ |Vu(y, s)|? s dy ds.
Ry

Proof. Recall that

WA

QeW

1 2
F (w t) yv @ (U(y,s) - uR)’dyds> tdx dt.

ReF(Q)
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By the Poincaré inequality,

[ 1utw.5) = unldyds < Ce(r) [ [Futy. o)l dy s
R R

By (3.19), and because €(R) < s <2R) for any (y,s) € R, we have that

)Hl/a/HLoo Rn 2
<
! Z / ( dlst(Q R)n+2 /WU y,s)|dyds | tdzdt

Qew

2
2 S
<01/aIILx(Rn)/RTI </R¢+1 (S+t+|z_y)n+2|Vu(y,s)|dyds> tdx dt.

But by Hoélder’s inequality,

2
S
6.5 dyds ) tdxdt
(09 /Riﬁl(/wﬂ (s+t+|w*y\)””|vu(‘y’8)| ’ S) )

s2|Vu(y, s)|? dy ds dy ds
N mpwivre 2 S — n+2tdxdt
R JRE 3+t+|ﬂf yl) Rt (st [z —yl)

= C/ \Vu(y, s)|*s dy ds.
Ry

This completes the proof. ([
We may bound II1 similarly.

Lemma 6.6. Suppose that a and A are as in Lemma 6.4. Suppose in addition
that B* is t-independent and satisfies the De Giorgi-Nash-Moser condition, and
div B*Vu =0 in R}, Then
111 < C/ |Vu(y, s)|? s dy ds.
Ry

Proof. Recall that

II] = Z/

QeW

2 1 ?
0; /N(Q F (y, )@(u(y,s)—uQ)dyds tdx dt.

Observe that 2Q) C N(Q) C 5Q. Let
T 1
wlot) = [ T o (0(a:5) ~ o) dyds.
N(Q) (@) a(y) N

By (3.15), w satisfies |w(z, )| < CUQ)?||1/all Lo ®n)llu — ugll L= (N (Q))-

By Theorem 3.13, a Law = (u — ug) in N(Q). If div B*Vu = 0 in N(Q), then
Li(aLaw) = 0in N(Q). Thus, we may use Theorem 4.1 and Corollary 4.5 twice
to show that

C
sup [9w(z,t)] < =< [1/all Lo @m)llu — ugll Lo (v
s t Q) (R™) Q (N(Q))
and so

2
Z/( 11/allpee @y llu — UQ||L°°(N(Q))) tdxdt.

QeW
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Let

m(Q) = {z: (x,t) € Q for some t > 0}
be the projection of @ onto R™. Notice that 7(Q) is also a cube. Let U(Q) =
6m(Q) x (£(Q)/4,5¢(Q)). Observe that if X € N(Q), then B(X,4(Q)/4) C U(Q).
If div B*Vu = 0 in U(Q), then by the De Giorgi-Nash-Moser condition and the
Poincaré inequality,

1/2 1/2
swplu—ugl < C(f u-uol)  <cuQ(f vuk) .
N(Q) U(Q) U(Q)

IT1 < C|1/a])} w ) Z/][ IVu(y, s)|? dy dst dz dt.
Qew U(Q)

Because each (y, s) € R"! lies in U(Q) for at most C' cubes Q € W, this implies
that

So

1< Cl falfiwqaoy [ IVl sdyds
+

as desired. (]
Finally, we come to the term I1.

Lemma 6.7. If a is accretive, and if A and A* are t-independent and satisfy the
De Giorgi-Nash-Moser condition, then

2
S
6.8 I1<C \Y dyds | tdzdt.
(0% - /RTl(/Ri“ (s+t+lx—y|)"+2‘ b/l oy 5) !

Note that the estimate (6.8) together with (6.5) above imply that

171 < C/ |Vu(y, s)|*s dy ds.
Ry

Proof. Recall that

1 2
1= Z /( |UR—UQ|/’8 F(zt a(y)’dyds> tdxdt.

QeEW REF(Q)

To analyze the inner sum, we establish some notation. As in the proof of
Lemma 6.6, if R € W is a cube, we let m(R) be the projection of R onto R™.
We let P(R) denote the Whitney cube directly above R, so w(P(R)) is the dyadic
parent of m(R). Let 6(Q, R) = ¢(Q) + £(R) + dist(7(Q),w(R)). If (z,t) € Q and
(y,s) € R for some R € F(Q), then

(y,8) = (2, 0)| = |z — y[ + max(s,t) ~ 6(Q, R).
Here UV if U < CV and V < CU. Applying (3.19), we see that

R 2
I<c): /( |uR—uQ|5(Q|R|)nH) tdz dt.
ReW ’

QeW

To analyze the sum over R € W, we will divide W into a “discretized cone” over
Q and a leftover region. Let G'(Q) be the discretized cone given by

G'(Q)={Re W U(R) > (Q), (R) > dist((R),m(Q))}-
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Let G(Q) be the larger discretized cone given by
G(Q)={ReW:P(R)eG(Q)}
Let B(Q) = G(Q) \ G'(Q) be the lower boundary of G(Q). If R is a cube, let T'(R)
be the set of cubes below R, that is,
T(R)={SeW:n(S)Cn(R)}

Observe that if R, S € B(Q) are distinct cubes then their projections 7(R) and

m(S) are disjoint, and so if R € B(Q) then T(R)NG(Q) is empty. Furthermore, if S

is a Whitney cube, then either S € G(Q) or S € T'(R) for a unique cube R € B(Q).
Thus, we may write

R ’
ReG ’

QeW
5]
—|—CZ/< Z Z |us—uQ\ 500, 5+ tdmdt
QeEW ReB(Q) SET(R)

We may write jug — ug| < |us — ur|+ |ur — ug| in the second sum. Observe that
if Re B(Q) =G(Q)\ G'(Q), then R is not in G'(Q) but the cube P(R) above it
is, and so either 4(R) = £(Q) or {(R) = dist(m(R),n(Q)). Thus if S € T(R) then
0(5,Q) = L(R) = §(R,Q). So we may write

II<CZ/

Qew (ReG(Q)

+CZ/( YN u Q|;|)n+2)2tda:dt

QEW ReB(Q) SET(R)
=C(V 4+ VI).

We begin by analyzing the term VI. Choose some R € B(Q). Let Ly = {R},
and let L; = {S € T(R) : £(S) =277¢(R)}. Then

Z lus —ur||S| = |R] 22 Fetl) Z lus — ug|-

SeT(R) SeL;

lur —u |¢ 2tala:dt
teQ R

Let U; = ZSGLJ-|US — upl; observe that Uy = 0. Then for each j > 1,
Uj= > lus—ur| < Y |us —ups)|+ 3 [ups) — url.
SGLJ' SELj SELJ'

The second term is equal to 2"U;_;. To contend with the first term, we apply the
Poincaré inequality in the set S U P(S). Then

lus —ups)| < \US —usup(s)| + [upcs) — usup(s)

\S| /\U usup(s)| + 2n|5|/ — UsuP(S)|

S
u uSup(s>|<c|(S|’ [ Vgl
SUP(S)

\5| SUP(S)
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Thus,

U<2U31+Z /|vu|+2nzg

SeL; SeL;_

Since Uy = 0, by induction

U; < ]X_:(Z” +1)2n0=k) Z / Vu| + Z
k=0 (

SeLy SeL;

AL

which may be simplified to

U<022n(3 ’”Zg / ul.

SeLy
Thus
Z lus —ug||S| = |R| Zg—j(nH)Uj
SeT(R) j=1
< |R|ZZ_J(n+1)ZQTL(J k) Z s /SIVu(y,s)|dyds
SeLy
|R|Z2 hmnk Z n/|Vu(y,s)|dyds
S€ELy (S Js
<c Y uS) [ |Vuly.s)dyds,
SET(R)U{R} S
So
2
VI= Z/( Z 5 )n+2 Z USUR|S> tdx dt
QeEW REB(Q) SET(R)
2
=C 2 /< 2 3(Q )n+2 > 5(5)/S|VU(y,8)|dyd8> t d dt

Qew ReB(Q) Q, SeT(R)U{R}

2
S
< dyds ) tdedt
=¢ R (/]Ri“ Erstle gy vl sldy 5) v

because 6(Q, R) =~ 6(Q,S) ~t+ s+ |z —y| for any S € T(R), any R € B(Q) and
any (z,t) € @Q and (y,s) € S.
Now, recall that

V= Z/( uQ(R|>2td:cdt.

n+2
Qew REG(Q g Q’R)

Observe that if R € G(Q) then dlSt(ﬂ'(R),’iT(Q)) < CY(R) and so 0(R, Q) ~ ¢(R);

thus
1 2
v<e )y /< |uR—uQm) tdx dt.

QewW ReG(Q

Let G;(Q) = {R € G(Q) : {(R) = 27¢(Q)}. Let zg be the midpoint of the cube
7(Q). There is some constant ¢ depending only on dimension such that if R € G;(Q)
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then R is contained in the cylinder C;(Q) = A(zg,c270(Q)) x (274(Q), 27 TH(Q)).
Therefore,

1
Z lur —ug| = PYCENITaT Z /|uy, —ug|dyds

REG;(Q) REG,(

<C lu(y, s) — uc, (@)l dy ds + Cluc, (q) — ugl-
Ci(Q)

If > 1, then

luc, (@) — vl < |ucy @) — uel+ Y _ltc, (@) — tc,_ (@)
k=1

Applying the Poincaré inequality in Ci(Q) U Cr_1(Q), we see that

[Vu(y, 5)| dy ds.

C
luci@ —ue. @l = 7/
% (Q) =1 (@1 = kng(Q)n Cr(Q)UCK_1(Q)

Observe that Q C Cy(Q), and so by the Poincaré inequality,

lucy (@) — ugl < Cﬂ(@)f |Vu(y, s)| dy ds.
Co(Q)

Finally, fcj(Q)|u(y7 5) — uc, (@)l dyds < C274(Q) fCJ(Q)|Vu(y, s)| dy ds. So

;
c
Y lur—ugl < s n/ [Vu(y, s)| dy ds.
= 2P Q)" Jew

ReG;(Q)
Thus,
1 = 1
Re;(@) E(R) ‘UR - uQ| - Jgo 2j£(Q> REGZj(Q)|uR - UQ|
> 1 & c /
< - Vu(y, s)|dyds
2 TUQ) 2= TQT o))

c- 250(Q) /
=C) i [Vu(y, s)| dy ds.
kZ:O 2FDU(Q)+2 J¢, ()

But if (y,s) € Cx(Q) and (z,t) € Q, then |z —y| +t < C2%4(Q) and s ~ 284(Q).
Thus,

1 2
— ——— | tdxdt
“Q'aR)) v

V<CZ/

QeW <ReG(Q)

2"(Q) 2
<C Z /< WWLk(Q)VU(y’S)dde) tdx dt

2
S
<C d .
= Jgo (/Ri“ (|x—y|+t+5)n+2|Vu(y,s)| yds> tdxdt

This completes the proof. (I
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7. A NONTANGENTIAL BOUND

We have established that, if h € L?(R"), then under appropriate assumptions
on a, A and B,

oo
(7.1) LﬂA|&m@ﬂWmmgcw@ww

In this section we will prove that, if h € L?(R"™), then under appropriate as-
sumptions on a, A and B,

It VOER|| 1 + INL(VER) || L2y < Clll1Z2(gn)-

Recall that Eh = Fh — SA(%SJJB‘;J%); thus by (2.26) and (3.23), the difference
Eh — Fh satisfies square-function estimates and nontangential estimates, and so we
may work with £ or F, whichever is more convenient.

This proof will require several steps.

Lemma 7.2. Suppose that v € WE)ZOC(R’LH) satisfies the conditions of Lemma 4.8,
that is, that v, Op11v and 8,2L+1v satisfy the Caccioppoli inequality in R’i”rl.
Suppose furthermore that there is a constant Cy such that

(73) ||VU(',t)||L2(Rn) < Cl|t|_1.

Then there is some constant C, depending only on the constants in the Caccioppoli
inequality, such that

/ /|Vv(x,it)|2tdmdt§0/ Ov(w, £0)[2 t da dt + C2.
0 n 0 Rn

We will immediately apply this lemma to 9;Fh in the lower half-space. Later in
Corollary 7.12, we will apply this lemma to 0;£h in the upper half-space as well.
The bound (7.3) is simpler to establish in the lower half-space because Fh(z,t)
is defined in terms of an integral over Riﬂ, and certain direct bounds can be
computed if (z,t) does not lie in the integrand.

Proof. This parallels the proof of [3, Formula (5.5)], where a similar inequality was
proven for the single layer potential.

Define um(t) = [5.|VO/"v(x, £t)|* dz. Observe that by assumption ug(t) <
C?t~2, and by the Caccioppoli inequality,

/ t3up(t) dt = /
0 RY

We wish to bound [ ¢ ug(t) dt.
Suppose t > 0. By (4.11), ug is locally Lipschitz continuous. Thus if 0 < ¢ <

S < 00, then
S S S S
/ tuo(t)dt:/ tuO(S)dt—/ t/ ug(s) dsdt
£ [ £ t
S

c?z 1
<Feg [ Pl

|Vop(x, +t)* 3 de dt < C/ |0y (z, +t) > t da dt.
+1 Ri+l
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But |ug(s)] < 24/uo(s) u1(s) and so
S 2 S
/ tug(t)dt < 714—/ 52 \/uo(s) ui(s) ds
> 1>

2 1 S 1 S
§%+§/ SUQ(S)dS+§/ sgul(s)ds.

Rearranging terms, we have that

s s
/ tug(t)dt < C? +/ 53wy (s)ds.
£ >4
Taking the limit as ¢ — 0% and S — oo, we have that
/ |Vv(x,it)|2tdxdt:/ tuo(t)dt§012+/ 3wy (t) dt
o Jre 0 0
oo
<c2y c/ 1Oy0(w, )2t da dt

o Jre

as desired. 0

We now proceed to nontangential estimates in the lower half-space.

Lemma 7.4. Suppose that a, A and B are t-independent, a is accretive, A satisfies

the single layer potential requirements of Definition 2.27, B and B* satisfy the De

Giorgi-Nash-Moser condition and S+ satisfies the square-function estimate (2.25).
Then for every h € L*(R"), we have that

(7.5) IN_(VER)||2n) < Clhl|2n)
and the boundary value VSh‘aRnH exists in the sense of (2.10).

Proof. By the definitions (2.29) and (2.23) of F and Sy,
e 1
(7.6) VoL Fh(z,—t) = —/ V7S, (aasSB*h(s)) (x,—t—s)ds
0

where as in the proof of Lemma 5.10 we let Sp~h(s)(y) = Sp=h(y,s). Because A
and B* are t-independent and have bounded layer potentials, if ¢ > 0, then by (3.3),
(3.24) and the Caccioppoli inequality, [[VO;Fh(-,—t)|L2@mn) < C’t—1||h||2L2(Rn).
Thus by Lemma 7.2,

/0 /n|vatfh(x, —)|? tdedt < C/o Rn|6t2]-'h(:c, —t)|* tda dt + C||hl|72 gny-

By Theorem 6.1 this is at most C’||h||2L2(Rn).
Since div AV (8;Fh) = 0 in R™"!, we may apply Theorem 3.6 in the lower half-
space. Thus

(7.7) IN_(8:Fh)|Z2@ny < /Rnﬂwatfh(x, —t)|* tdz dt < C||h||72(gny
+

and the boundary value
fl’_h = 8n+1fh’8Rn+1

exists in the sense of L2 functions.
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Because A satisfies the single layer potential requirements, S j '~ is invertible
L*(R™) +— L?(R™), and so there is some g € L?(R") with Sj’fg = FL~h. Fur-
thermore, HQHL2(]R") < CHhHLz(Rn)

By (3.24), if v = 0n418ag, then |[N_ul[z2rny < oco. By (7.7) the same is
true of u = Op41Fh, and so by uniqueness of solutions to (D)‘z“, we have that
011849 = Opy1Fh in R™M By (2.26), and by (5.3) and Theorem 4.1, we have
that ©w = Sag — Fh satisfies the conditions of Lemma 3.9, and so Sqg = Fh in
R™" up to an additive constant.

In particular, by (2.26) we have that

IN_(VFR)|L2@n) < Cllll L2 n)-

By definition of £k and by (2.26), (7.5) is valid. By Theorem 3.7, and because
div AV(ER) = 0 in R™™ | we have that VER|ygn+1 exists and lies in L*(R"). O

Lemma 7.8. Suppose that a, A and B are as in Lemma 5.1. Let h € L?(R™).
Then

N+ (DER| 1z ny < CIN-(GER) | 12an) + 2.

Proof. This is essentially the analogue to Cotlar’s inequality for singular integral
operators (see, for example, [33, estimate (8.2.2)]) reformulated to apply to our
potential £. We prove it using similar arguments.

Let 2* € R™ and let (x,t) € v4(z*) for some ¢t > 0, where v is the nontangential
cone given by (2.2). There is some constant jg, depending on the aperture a of the
nontangential cones, such that = € A(z*,27%0t). Let Ag = Ag = A(x*,2/071¢), and
for each j > 1, let A; be the annulus A(z*, 20T+ 1¢)\ A(2*, 27019¢). Let hj = hly,,
so h =37 hj. Then

10n+1ER(2, )] < |Ops1h(e, =) + D _|Ons1ERy(x,t) — BnsaEhy(x, —t)].
=0
Observe that |0;Eh(z,—t)] < N_(9p+1ER)(x*). By (5.2) and Corollary 4.5, if
1 < p < n then

C

|00 Fhy(, )] + [0:Fhy(x, —t) < 7

1Rl o @ny < C27™/PM(|R[P) (™)
where M denotes the Hardy-Littlewood maximal function. Recall that

1
Ehj(z,7) = Fhj(z,7) — Sa (agg-jhj) (z,7)

— A 1 1oy
= — /]Ri+1 asr(y,s) (xaT) a(y) asSB*hj(y,S) dS dy — SA ESB* h] (x,T).

Applying (3.22) to S4 and (3.24) to S§;+, we see that the same is true of 0,Eh;.
We will apply this bound only for 7 = 0 and 5 = 1; we seek a better bound for
iz )

Suppose j > 2. Let A; = A;_1 UA; UA; 1. We divide Rﬁ“ into three pieces:
I=A;%(0,27t), I = Aj x (27t,00) and II] = (R"\ A;) x (0,00). We integrate
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by parts in s in 11 and I11. Recalling the definition of S4, we have that

1
O, Eh;(x, T :/QEFAS T, T) ——
J( ) T (v, )( )a(y)
1

— OsTA (z,7) — 82Sp-hi(y,s)dsd
/IIUHI (y’s)( )a(y) 58 J(y ) Y

1 )
+ [ 0,72 (2, 7) — 8p,41Sp-hi(y,27t) d
/gj (y,2 t)( )a(y) +1©B J(y ) Y

1
— 0,84 (1gja5§;+hj) (z,7).

aSSB* hj (y7 S) ds dy

Thus Op4+1Ehj(z,t) — On41ER;(z, —t) may be written as a sum of four terms. Ap-
plying the bound (3.24) on Sp«, the bound (3.22) and Hélder continuity to S4 and
Sp+, and the bounds (3.19) and (3.20) on Fé’s)(x, 7), we may show that each term

is at most C277« M (|h|P)(z*)'/P.
Thus, if 1 < p <n then

|0:Eh(, 1) < N_(Ong1ER)(a*) + Y C277*M(|h[P) (z*)"/7.
j=0

Choosing 1 < p < 2 and recalling that M is bounded LP +— LP for any 1 < p < oo,
we have that

[N+ (On1ER)|L2@n) < [IN-(Ons1ER)||L2 () + CllAl 2 @)
as desired. 0

Lemma 7.9. Suppose that a, A and B are t-independent, that a is accretive, and
that A and B* satisfy the single layer potential requirements of Definition 2.27.
Then for all h € L*(R"),

(7.10) IN 4+ (VER)? | L2 (gny < ClAl| 2y
and V5h|6Ri“ exists and satisfies
(711) V5h|8Ri+1 = Vgh|6R7i+l .

Proof. First, assume that h € S where S is as in Lemma 5.10. By Lemmas 5.10
and 7.4, the formula (7.11) is valid, and so we may define E¥h = 5h|aRf1-

Let z* € R"™ and let (,t) € y(z*). By Theorem 4.1 and Corollary 4.7, we have
that

2
C C
][ IVER? < 7][ en—EBP< S ][ Eh— B
B((x,t),t/2) " JB((z,t),5t/8) r B((x,t),3t/4)

for any constant E.
If (y,s) € RTFI, then

[En(y, ) — E| < |EN(y, s) — ETh(y)| + €7 h(y) - E|
< 8N4 (On1ER)(y) + |ET(y) — EB].
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Let A = A(z*,Ct) where C is large enough that A(x,t) C A(x*,Ct). Then

C 2
f Ve < 5 (f N @uaEn) + 67 - Blay
B((=,t),t/2) A

<c (][A Ny (OnsrE1) () dy)2 + % (][Agm(x) _ B dm)

Choose E = fA Eh(x,0) dz and apply the Poincaré inequality. We conclude that

N (VER(@)? = sup ][ VERP
(z,t)ev(z*) J B((w,t),t/2)

< CM(NL(0ER))(2*)? + CM (V| ETh)(z*)*.
By Lemma 7.4 and Lemma, 7.8, and by the L2-boundedness of the Hardy-Littlewood

maximal operator, we have that (7.10) is valid for all h € S.
We now must pass to arbitrary h € L?(R"). Define

2

N 1/2
B (o) =swf (f FP) s € o), 0 <5 < Ryl <
B((y,s),s/2)

By (5.2), (3.22) and Theorem 4.1, for any fixed 6 > 0, R < oo the map h —
Ns r(VER) is continuous on L?(R™). Thus because S is dense in L?(R™), we have
that for any h € L(R"),

INs, & (VER) || L2n) < CllR]| L2zn)

uniformly in ¢, R. Letting 6 — 0 and R — oo establishes (7.10). Recall that (7.11)
is valid for all h € S. By (7.10) and Lemma 4.8, we may extend (7.11) to all of

L2(R™). O
Corollary 7.12. Suppose that a, A and B are as in Lemma 7.9. If h € L*(R"),
then

/0 [ [voiEn(a 0 tdrde < Yl e,
Proof. By Theorem 6.1, (2.25) and the L2-boundedness of Sg‘ﬁ, we have that

o0
/0 / |07 ER(x, t)* tdx dt < C||h]|72gn)-
By Lemmas 4.8 and 7.9, we have that
C, ~ C
IVOER(- )llz2ary < TR (VER) Iaqary < = Ihlzacany
and so the conclusion follows from Lemma 7.2. O

8. THE PROOF OF THE MAIN THEOREM

In this section, we will first prove an invertibility result for the potential £ =
€B,a,A- We will use this invertibility result to prove existence of solutions to the
fourth-order Dirichlet problem. Finally, we will conclude this paper by proving
uniqueness of solutions and establishing a Fatou-type theorem.

We remark that the invertibility argument and the construction of solutions
in this section closely parallels the construction of solutions for the biharmonic
Dirichlet problem of [19] and [53].

The invertibility result we will prove is the following.
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Lemma 8.1. Suppose that a, A and B are t-independent, that a is accretive and
that A and A* satisfy the single layer potential requirements of Definition 2.27.
Then there is some € > 0 and some C' > 0, depending only on the parameters listed
in Theorem 2.19, such that if

||Ima||Loo(Rn) —+ ||A — B”LOO(RTL) < e

then the mapping h — 8n+1€B7Q7Ah\3R1+1 is invertible on L2(R™), and its inverse
has norm at most C.

Proof. Define £, yh = On41€p.a.ah|ggn+1. We begin by showing that Ex, 4 is
invertible for a real; it is for this reason that we require that both A and A* satisfy
the single layer potential requirements.

Choose some h € S, where S C L?(R") is as in Lemma 5.10. By definition of
the single layer potential,

/ng(x)@t}'AyayAh(w,—t)dm:/ / D2Sarg(y, s +1t) e )88,4* (y,s) dsdy.

Integrating by parts and applying the dominated convergence theorem yields that

> 1
/ g(ac)é'j,a’Af(x)dm: — lim / / 8SSATg(y,s—t)—8§8A*f(y7s) dsdy

t—0- a(y)
= [ sitat) S5ty [ f@) &, za(a) da.
By density of S and by the L2-boundedness of £4 A.a,4 and & oA W have that for

any h € L*(R"),
/ Bej)avAth/ héx ,zh = / m:5L T h(y) S th(y) dy.
n R n

Observe that £a,q,ah(x,t) = &4 7 zh(x,t). Thus, if a is real, then

AaAhda— B€j7a,Ahda
R‘n Rn

hEE

and so

_ 1 1
Re/ hE4 qahdo = 5/ IS h(y) 2 do(Y) > 6||Sj;+h||%z(Rn).
n g a(Y)

Thus because A* satisfies the single layer potential requirements,

1
> 5||h||%2(uan)

/ hEF 4 ahdo

and so €j)a’A must be one-to-one. But the adjoint (Sj)a’A)* must also be one-to-one,
and so £, 4 must be invertible. Furthermore, (Sj;,a,A)’l is bounded L?(R") —
L?(R™), as desired.

We prove invertibility for [|[Ima||r« or ||[A — B||r~ small using standard analyt-
icity arguments. Specifically, the mapping a — Sj’a, 4 is analytic in the sense that
if z +— a, is analytic D — L (R") for some D C C, then z — 5j,az,Ah is analytic
D + L*(R") for any h € L?(R™). Furthermore, under our assumptions, if aq is
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real and accretive then ||Sj)a, Al z2@ny is bounded for all t-independent a in an
L*>° neighborhood of ag; thus if ||a — ag||= is small enough, then
1 1
||gA,a,A - gA’aO’A||L2(R7L)'_>L2(R’!L) § CHCL — aO”LoC(Rn).

Thus, if [|[Tm al| o (gn) is small enough then 5j7a’A is invertible on L?(R™). Similarly,
invertibility of £z, 4 for [|A — B|| g () small enough follows from analyticity of
the map B — I'%. g

We now use this invertibility result to prove existence of solutions to the fourth-
order Dirichlet problem.

Theorem 8.2. Suppose that a, A and B satisfy the conditions of Lemma 8.1. Let
f € WE(R") and let g € L*(R™).
Then there exist a constant ¢ and an h € L*(R™), with
[1Bllz2@n) < CIVfllL2@n) + Cllglz@n),
such that
u(X) = —'DAf(X) — SAg(X) + 5B,a,Ah(X) +c
satisfies
Ly(aLau) =0 iR,
1
u=yf on 3RT‘ ,
> 1
€ AVu=g ondR}"

where L (a Lau) = 0 in the sense of Definition 2.9 and where u= f, €- AVu =g
in the sense that

lim [[u(-,t) = fllwz@n) + 1€ AVu(-,t) — gllL2@n) =0.

t—0t

Furthermore,
(8:3) [Nt (Vu)llL2gny + It Lavll s + It Vowullly < ClIV fllz2my + Cllgllz2 ey

Proof. Let v(X) = —Daf(X) — Sag(X), so that div AVv = 0 in R**! \ R*. By
(3.29) and (2.26), and by (3.30) and (3.23), we have that

84)  [Ne(Vo)lzae + 1t VOl < CIVS 2y + Clglzeen)-

By Theorem 3.7, 9p110|ggn+1 exists and lies in L*(R™). Let h € L*(R™) be such
that
an+15B,a,Ah|aR7i+1 = 78"+1U|E3]Rf+1'

By Lemma 8.1, h exists and satisfies ||h||z2rn) < C||V fl|L2®n) +Cllgll L2 (®n). Thus
by Lemma 7.9 and Corollary 7.12,

(8.5) HNi(vgB,mAh)HL?(R") + [t VOEp,a,ahll| < O||foL2(R") + C||9||L2(R")~
By (5.7), LASBJLA}L = (1/&)872%’_183*}1 and so by (2.25),
It LaEp.aahlls < ClAllLz@ny < CIVFlz2@n) + Cllgllze gn)-

Let w=v+Epgah=—Daf—Sag+Ep e ah. Then w satisfies (8.3). By (5.7),
Li(aLaw) =0 in R in the sense of Definition 2.9. We need only show that for
some constant ¢, u = w + ¢ has the correct boundary values.
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By our choice of h, 9, 11w =0 on OR™M. By (8.4) and (8.5), 11w is a (D)4-
solution in R™™ and so 9, 1w = 0 in R™™. Again by (8.4) and (8.5), w satisfies

the conditions of Lemma 3.9, and so w is constant in R™*!.
By (3.25), (3.26), (3.31), and (3.32),

lim Vyv(-,t) = Vyv(-,—t)=Vf, lim & - AVv(-,t)—¢-AVu(-,~t) =g
t—0+t t—0+

in L?(R"), and by (7.11) the same is true of w. Since w is constant in R™™!, this
yields that ¢ - Avwbu{iﬂ = g and that V”w‘aRi+1 = Vf. As in Remark 2.18 we

have that w — f — ¢, for some constant ¢, pointwise nontangentially and in L?(R™).
Letting u = w 4 ¢ completes the proof. O

We conclude this paper by proving a Fatou-type theorem and uniqueness of
solutions.

Theorem 8.6. Suppose that a, A and B are t-independent, that a is accretive, and
that A and B* satisfy the single layer potential requirements of Definition 2.27. We
do not require that ||[Imal|pe or ||A — Bl|p~ be small.

Suppose that u satisfies

{ Ly(aLau) =0 in RYH,
INL(Vu)|l2@ny + It Laull|+ < oo.

Then G = Vu|ggn+1 exists in the sense of (2.10) and satisfies
+

(8.7) 1Gll 2@y < ClINL (V) [ 2qany + Ol Laul|+-

Furthermore, there exist functions ua € Wﬁloc
satisfy the estimate

(R and h € L*(R") that

IN+(Vua)llpa@n) + 1Bl 2@ey < CIING (V)| g2 @e) + Cllit Laul|+
and such that
u=1ug+Ep,qah and divAVuy =0 in Riﬂ.

Proof. If L(aLau) = 0 in the sense of Definition 2.9, then there is some w €
Wﬁloc(Riﬂ) such that w = a Lsu in the weak sense. Furthermore, div B*Vw = 0
in R

Now, observe that by the De Giorgi-Nash-Moser condition, Theorem 4.1 and the
Poincaré inequality, and the definition of N+,

1/2 o 1/2
wienl <o f wt) < (f Vuf?
B((x,t),t/4) t \JB(@.t).t/2)
o 1/2
" ][ N+(VU)2
3 Alz,t/C)

< inf N, (Vu)(y) <

lz—y|<t/C

+|Q

< CHIR N (V)| 2 -
We define
v(z,t) = / w(z,s)ds = / w(z,t + s)ds.
¢ 0
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Observe that the integral converges absolutely for all ¢ > 0. Furthermore, v €
Wﬁloc(Riﬂ) and Lpg+v = 0. Using Lemma 4.8, we may bound Vv as follows:

Vel Dl <€ [ IV aogands < [ Sl s)laen ds
o0
< [ GIF Tl ds < TIFTO)zzgeny

Thus, by Lemma 7.2,

/ Vo, ) t da dt < c/ O, 1) £zt + C [N (T20) |2 -

Ry Ry
But since 0,,4+1v = —w = —a L qu, the right-hand side is at most
ClIN+(Vu)lZ2(zny + Cllt Laulll3-

Thus, by Theorem 3.6,
INtoll L2y < ClING (V)| 2 @ny + CllIELaul| -

By invertibility of ngﬁ and by uniqueness of solutions to (D)%, we have that
v = —0,418p-h for some h € L2(R"). So a Lau =w = 92, ,Sp~h.

Let ua = u— &g q,ah. By Lemma 5.6, div AVu, =0 in Rﬁlfl. Furthermore, by
Lemma 7.9

N4 (Vua)ll L2 @ny < N+ (V)| z2gn) + CllA] L2 rn)

as desired. B
The existence of G = Vu| oRTTL and the bound (8.7) follow immediately from
Theorem 3.7 and Lemma 7.9. [l

Finally, we prove uniqueness of solutions.

Corollary 8.8. Let a, A, and B be as in Theorem 8.6. Assume in addition that
5§7G’A is one-to-one, where Eé-,a’Ah = an+lgB’aﬁAh|aR1+1-
If u satisfies

Ly(aLau)=0 in R,
Vu=0 on 8Rﬁ+1,
IN (V)| p2eny + Il Laulll+ < o0
then u is constant in RT‘l.

Proof. By Theorem 8.6 we have that u = ug + g q ah for some h € L*(R") and
some u4 with div AVusq =0 in Riﬂ.

Let uy = uga, and let u_ = —Ep 4 ah in R”T'. Observe that div AVuy = 0 in
R’ By Lemma 7.9, and because Vu = 0 on OR"", we have that

v“*|aR’j+1 = _vngavAMa]Rﬁ“ = _vgB1a1Ah|aRfﬁ1 = v“+|anﬂ+1'

Thus by Lemma 3.11, uy = u4 and u— = —E€p 4,4h are constant in Rl“. In
particular, if Sﬁ’a,A is one-to-one, then h = 0, and so u = u4 + Ep 4,4l is constant
in RT‘I, as desired. O
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