THE L? NEUMANN PROBLEM FOR HIGHER ORDER
ELLIPTIC EQUATIONS

ARIEL BARTON

ABSTRACT. We solve the Neumann problem in the half space Rfrl, for higher
order elliptic differential equations with variable self-adjoint ¢-independent co-
efficients, and with boundary data in LP, where max(l, 712—1?2 — E) <p<2
We also establish nontangential and area integral estimates on layer po-
tentials with inputs in LP or WELP for a similar range of p, based on known
bounds for p > 2; in this case we may relax the requirement of self-adjointess.
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1. INTRODUCTION

In this paper we study the Neumann boundary value problem and layer potentials
for higher order elliptic differential operators of the form

(1.1) Lu=(-1)" Y 0%(Aapd’u),

lo|=[B]=m

where m is a positive integer, and with coefficients A that are t-independent in the
sense that

(1.2) A(x,t) = A(z,s) = A(z) forallz € R" and all s, t € R.

Our coefficients may be merely bounded measurable in the n horizontal variables.
Second order operators with t-independent coefficients have been studied exten-
sively; see, for example, [KP93, AT95, KR09, Rul07, AAM10, AAA*T11, Barl3,
AM14, HKMP15b, HKMP15a, HMM15b, BM16b, MM16, AS16, MM17]. Higher
order operators with t-independent coefficients have been studied by Hofmann and
Mayboroda together with the author of the present paper in [BHM17, BHM19a,
BHM19b, BHM 18, BHM, Bar].

Specifically, in [BHM18, BHM], we established the following result. Suppose that
L is an operator of the form (1.1) associated to coefficients A that are ¢-independent,
bounded, self-adjoint in the sense that A.g = Agn wWhenever |a| = || = m, and
satisfy the boundary Garding inequality

(13)  Re Y i 0% (1) Aas() 0%p(,t) dz > N[V 0 (-, 1)]|72(n
|a|=|8]=m

n

for all ¢ € R, all smooth test functions ¢ that are compactly supported in R"*1,
and some \ > 0 independent of ¢ and . Then for every § € L?(R") there is a
solution w, unique up to adding polynomials of degree m — 1, to the L? Neumann
problem

Lw=0in R},
(1.4) Miw> g,
IAS (V™ 0pw) | 2wy + |N4 (V™ 0) || L2y < Clgl| L2 (n)-

Here NJF is the modified nontangential maximal operator introduced in [KP93]
and given (in R7™') by

~ 1/2
(1.5) NyH(z)= sup{ (][ |H(z,t)|? dz dt> 18>0, lz—y| < 5}
B((y5),5/2)
AJ is the Lusin area integral given by

(1.6) A H(z) = ( / N /|x_y<t|H<y,t>|2ffff )/

We adopt the convention that if a ¢ appears inside the argument of a tent space
operator such as A7, then it denotes the (n + 1)th coordinate function.
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M; w denotes the Neumann boundary values of w, and is the equivalence class
of functions given by

(1.7) g € M} w if Z "o(x,0) gy (z) de = Z /Rn+1 %9 Anp 0%w

RTI,
lv[=m—1 lal=[B]=m " "+

for all smooth test functions ¢ that are compactly supported in R"*!. An integra-
tion by parts argument shows that the right hand side depends only on the behavior
of ¢ near the boundary, and so 1\'/12 w is well defined as an operator on the space
{Vm71¢|an§1+1 o € O (R}

In the second order case 2m = 2, MZ w consists of a single distribution; how-
ever, if m > 2, then by equality of mixed partials Mzw contains many arrays
of distributions, and so is indeed an equivalence class. This is the formulation
of Neumann boundary data used in [Barl7, BHM17, BHM19b, BHM18, BHM,
Bar], and is closely related to the Neumann boundary values for the bilaplacian
in [CG85, Ver05, She07, MM13a] and for general constant coefficient systems in
[MM13b, Verl0, Verl4]. We refer the reader to [BM16a, BHM17] for further dis-
cussion of higher order Neumann boundary data.

In the present paper we extend from results for L? boundary data to LP boundary
data for appropriate p < 2. The first of the two main results of the present paper
is the following theorem. (The second main result is Theorem 1.27 below.)

Theorem 1.8. Suppose that L is an elliptic operator of the form (1.1) of order 2m
associated with coefficients A that are bounded, t-independent in the sense of for-
mula (1.2), satisfy the ellipticity condition (1.3), and are self-adjoint in the sense
that Ang(x) = Aga(z) for all |a| = |8] = m and all x € R".

Then there is a positive number € > 0, depending only on the dimension n+ 1,
the order 2m of the operator L, the constant X in the bound (1.3), and || Al ®n),
with the following significance. Suppose that p satisfies

2n
1.9 1, —— — 2.
(1.9) max(,n+2 s><p<

Then for every g € LP(R™), there is a solution w, unique up to adding polynomials
of degree at most m — 1, to the LP-Neumann problem

Lv=0in Rﬁ“,
(1.10) Miv3g,
IAS (V™ 0w) || Loy + N4 (V") [ 2o @y < CollgllLomy
where C), depends only on p, n, m, \, and || A|| g ®n).

1.1. The history of the Neumann problem. We now discuss the history of
the Neumann problem with boundary data in a Lebesgue space. The Neumann
problem for the Laplacian with LP boundary data is traditionally the problem of
finding a function w such that

—Au=0inQ, v-Vu=gondQ, |[Nao(Vu)|rroo) <CllgllLeoa)-

Here NoH(X) = sup{|H(Y)| : | X — Y| < 2dist(Y,09Q)} is the standard nontan-
gential maximal operator in 2 and v is the unit outward normal to 02. We observe
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that if Au=01in Q and v and 9 are sufficiently smooth, then

/ gpu~Vudaz/Vg0~Vu
o0 Q

and so the formulation of higher order Neumann boundary values (1.7) is in the
spirit of the original harmonic Neumann problem. The harmonic Neumann problem
with L? boundary data was shown to be well posed in [JK81] for all bounded
Lipschitz domains €2, and the Neumann problem with L? data for p with 1 < p <
2 4 ¢ was shown to be well posed in [DK87], where € > 0 depends on (2.

In [KP93], the LP Neumann problem for more general second order equations

—div(AVu) =0in Q, v-AVu =g on 09, HNQ(VU)HLP(@Q) < Cllglle o0

was shown to be well posed for 1 < p < 2+ ¢ in starlike Lipschitz domains with co-
efficients that are bounded, elliptic, real, symmetric, and independent of the radial
coordinate. (This situation is very similar to the case of t-independent coefficients
in the domain above a Lipschitz graph.) Here NQ is a suitable modification of Ngq;
we remark that if Q = RT‘l then No = N is given by formula (1.5).

The case of real nonsymmetric t-independent coefficients was addressed in [KR09,
Rul07], in which the LP Neumann problem was solved in two dimensions for all p
with 1 < p < 1+ e. (As shown in the appendix to [KR09], there exist bounded
real nonsymmetric t-independent coefficients for which the L? Neumann problem
is ill posed.) Well posedness of the L? Neumann problem in the domain above
a Lipschitz graph was shown to be stable under t-independent perturbation in
[AAM10] (and, under certain additional assumptions, in [AAAT11]), and some
additional extrapolation type results were established in [AM14].

The L? Neumann problem for a second order system of equations may be written
as

n+ln+1 N

(1.11) (Li); = Z Zzaxa(z‘li%amuk) =0inQfor1 <j <N,
: a=1p4=1k=1

MR @=3g, [INo(VD)|Lro0) < CplldllLeon

where M% i is given by

n+ln+1 N N

N
WGa=g it 3 [ oo =355 [ o Al
j=1

a=1p8=1j=1k=1

for all ¢ € C5°(R™1). As observed in [She07], the traction boundary value prob-
lem for the Lamé system of elastostatics may be written in this form. The traction
problem and the Neumann problem for the Stokes system, with boundary data
in LP(0R2), 2 —e < p < 2 + &, were shown to be well posed in [DKV88, FKV88]; in
[She07] Shen observed that their arguments apply to general second order systems
with real symmetric constant coefficients that satisfy an appropriate ellipticity con-
dition. The traction boundary problem was shown to be well posed for LP boundary
data, 1 < p < 2, in [DK90]; their arguments relied on the fact that the Lamé system
is defined in three dimensions, and applies to many more general three-dimensional
(but not higher-dimensional) systems. In [She07], Shen showed that if Q C R"*! is
a Lipschitz domain with n + 1 > 4, then for any second order elliptic system with
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real symmetric constant coefficients, the LP Neumann problem (1.11) is well posed

2n
whenever s —e<p<2

Turning to higher order equations, the LP Neumann problem for the biharmonic
equation is given by

(—A)2u=0inQ, MIu3g, [Na(V2)|Le@0) < Cplldllran)

where
n+1
Mgu >q if /QpAuAcp—&— (1-p) Z O oy U0 0, p = /695' Vo do
jk=1

for all sufficiently smooth test functions ¢. The constant p is called the Poisson
ratio; we remark that an appropriate choice of coefficients A, for the biharmonic

equation yields that
_’]Rn-}—l

Mjgp u=M," wu,
where M}, u is given by formula (1.7). The biharmonic Neumann problem was
shown to be well posed in bounded Lipschitz domains for for p sufficiently close
to 2 in [Ver05] in dimension n + 1 > 2, and for p with f—& — & < p < 2in [She07]
in dimension n + 1 > 4. (The case of C* domains in R? was considered earlier in
[CG85].)

Finally, the L? Neumann problem (1.4) was shown to be well posed in [BHM18,
BHM].

We observe that Shen’s paper [She07] yields well posedness of the L? Neumann
problem, for both the biharmonic equation and for constant coefficient second order
systems, for the same range of p as in our Theorem 1.8. The present paper builds
heavily on our preceding paper [Bar], and the techniques of [Bar] owe much to the
techniques of Shen. However, we remark that the arguments of [Bar] are more
closely related to those of Shen’s earlier paper [She06a] concerning the Dirichlet
problem than to those of the later paper [She07] concerning the Neumann problem.

Our proof of Theorem 1.8 will involve well posedness of the subregular Neu-
mann problem as established in [Bar]. The subregular Neumann problem is the
Neumann problem with boundary data in W=7 (R"). Here W~1P(R") is the dual
space to W1+ (R™), the homogeneous Sobolev space in R™ with lellvire @ny =
V@l Lo gy Where 1/p+1/p” = 1 and where V| denotes the gradient in R™ (rather
than R"™1). We will discuss the main result of [Bar] in more detail in Section 7.
Here we only mention that subregular Neumann problems have received relatively
little study; see [Ver05] (the harmonic and biharmonic problems), [AM14, AS16]
(second order equations with t-independent coefficents), and [BHM18, BHM, Bar]
(higher order equations with ¢-independent coefficients).

The sharp range of p for which a higher order L? Neumann problem is well posed
is not known, even for special cases such as the biharmonic Neumann problem.
However, results for related problems are somewhat suggestive. Specifically, the
range of p for which the biharmonic WP Dirichlet problem

(-A)?u=0inQ, Vu=fond? [Na(V2)llro0) < Cllflison

is well posed in all Lipschitz domains 2 C R"™! is known to be [6/5, 2] in dimension
n+1=4,is [4/3,2] in dimension n + 1 = 5, 6, or 7, and is known to be a subset of
[4/3,2] in dimension n + 1 > 8. See [Ver90, She06a, She06b] for the well posedness
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results, [DKV86, Section 5] and [PV92, Theorem 10.7] for ill posedness results
for the LP" Dirichlet problem, and [KS11] for duality between the L¥" and Wi
Dirichlet problems for the bilaplacian.

This suggests that the L? Neumann problem (1.10) is probably not well posed
for the full range 1 < p < 2 in dimension 4 and higher.

1.2. Layer potentials. We will prove Theorem 1.8 using the method of layer
potentials. In the second order case 2m = 2, the double and single layer potentials
are explicitly defined integral operators and are given by

DAFX) = [ VT ATIVER (V. X) S(V) do ).

Skg(X) = /8 BHXY)gY)do(V)

where v is the unit outward normal vector to the domain  C R"*! and EF is
the fundamental solution for the operator L in R™*!. For reasonably well behaved
domains 2 and inputs f and g, the outputs Dé f and S§g are locally Sobolev
functions and satisfy L(Dg) = L(S&g) = 0 away from 9Q. Certain other properties
of layer potentials (in particular, the Green’s formula and jump relations) are well
known. It is possible to generalize layer potentials to the case of higher order
operators. This may be done using integral kernels composed of various derivatives
of higher order fundamental solutions (see [Agmb57, CG83, CG85, Ver05, She07,
MM13b, MM13a]) or by using the Lax-Milgram lemma to construct operators with
appropriate properties (see [Barl7, BHM17] or Section 2.4 below).

If the operator f — M% DG f is invertible ® — 91, for some function spaces
® and M, where Mf}‘ is an appropriate Neumann boundary operator, then the
function u = DA (M3 D&)~1g) is a solution to the Neumann problem

Lu=0inQ, M3=g
with boundary data ¢g. Furthermore, we may establish bounds on u (such as the
nontangential bound || N (V™u) llr00) < Cpllgllm) by establishing the correspond-
ing bound || Ng (Vng‘z‘f')HLp(aQ) < Cp||f||9 on the double layer potential.

Similarly, if ¢ — Tr® Vvm=18Lg is invertible M — D, then solutions to the
Dirichlet problem

Lu=0inQ, TV ly=f
exist for all f eD.

This is the classic method of layer potentials. This method of constructing so-
lutions to the Dirichlet or Neumann problem was used in [FJR78, Ver84, DK87,
FMM98, Zan00, May05] in the case of harmonic functions (that is, in the case
L = —A), in [DKV88, FKVS88, Fab88, Gao91, She07] for second order constant
coefficient systems, in [AAAT11, Barl3, HMM15b, HKMP15a, BM16b] for sec-
ond order operators with variable ¢-independent coefficients, in [Agm57, CG83,
CG85, Ver05, She07, MM13b, MM13a] for higher order operators with constant
coefficients, and in [BHM18] for higher order operators with variable t-independent
coefficients.

We will construct solutions to the problem (1.10) by showing that Mjg DA is
invertible M DA : WALP (R") — (WA%Y (R™))*, where WAJ? | (R") is the
space of all arrays of functions in W/P(R") (or LP(R™) if j = 0) that can arise
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as the gradient V™! of order m — 1 of a common function. If m > 2, then
by equality of mixed partials WAﬁ;’f_l (R™) is a proper subspace of WJ?(R™). Then
(WA?,’LP_/ 1 (R™))* is a quotient space of L?(R™) whose elements are equivalence classes
of LP functions; in light of the definition (1.7) of Neumann boundary values, Mj‘ DA
is naturally such an equivalence class.

Invertibility of the operator M} DA : WAL (R") — (WA?;LP_/ 1(R™))* yields
existence of solutions to the problem (1.10) if in addition we have the estimates

”A;_(tvmatDAf)HLP(]R”) + HN+(VmDAf)||Lv(Rn) < CP”f‘”WAirﬂl(Rn)'

Thus, we must establish these estimates for p and A as in Theorem 1.8. In fact,
we will establish these estimates for A satisfying weaker conditions. (In particular,
we will not need A to be self-adjoint to bound layer potentials.) Furthermore, we
will establish estimates on the single layer potential and additional estimates on
the double layer potential.

To discuss known results for higher order layer potentials, and to state the bounds
on layer potentials to be established in this paper, we establish some terminology.
We will consider coefficients A that satisfy the ellipticity condition

(1.12) Re/R . Z 0vp(x,t) Anp(x) P p(x,t) da dt > )\vacpH%z(RnH)

|| =[B]=m

for all ¢ € C§°(R™*!) and some A > 0 independent of ¢. Observe that the condi-
tion (1.12) is weaker than the condition (1.3) of Theorem 1.8.

Meyers’s reverse Holder inequality for gradients of solutions is well known. In
[Cam80, AQO0] it was generalized to operators of higher order. That is, if L is
an operator of order 2m, m > 1, of the form (1.1) and associated to bounded
coefficients A that satisfy the ellipticity condition (1.12), then there is a constant
€ > 0 such that if 2 < p < 2+ ¢, then

1 1/2
( / vmu|p) 7 e0,Lp2) < / vwg)/
B(Xo,r) = pr+1)(1/2-1/p) B(Xo,2r)

whenever u € W™?2(B(Xy,2r)) and Lu = 0 in B(Xy, 2r).

In [FS72, Section 9, Lemma 2] it was shown that if L = —A, then the L? norm on
the right hand side may be replaced by a L¢ norm for any ¢ < 2. The argument gen-
eralizes to arbitrary elliptic operators; see [Barl6, Theorem 24]. Furthermore, the
Gagliardo-Nirenberg-Sobolev and Caccioppoli inequalities allow bounds on lower
order derivatives to be established; see [Barl6, Section 4].

Thus, we define pj: 1, to be the extended real number such that, whenever p and

qsatisfy 0 < g <p< p;L, there is a constant ¢(j, L, p, ¢) < oo such that

p ) 1/q
i _cl, Lipa) M=y
(1.13) (/B(XO T)\V ul ) S D /a-17p) B(Xo 2r)|v 8

whenever u € W™2(B(Xy,2r)) and Lu = 0 in B(Xy,2r). We define pjL by

1 1
(1.14) —+——=1

+
Pir  PjrL
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By the results mentioned above, p;f ;, exists whenever 0 < j < m. By [AQ00, Theo-
rem 49|, [Barl6, Section 4], and [Bar, Propositions 3.3 and 3.6], if A is bounded, ¢-
independent in the sense of formula (1.2), and elliptic in the sense of formula (1.12),
then there are numbers ¢ > 0 and € > 0, depending only on the order 2m of the
operator L, the ambient dimension n + 1, the number A in the ellipticity condi-
tion (1.12), and the norm ||Al[pe(gny of the coefficients, such that the numbers
p;fL satisfy

piL =00,  pip=00 ifn+1=2,
pafL22+5, piL:oo ifn+1=3,
2n

+e ifn+12>4.

+
p0L>2+5a L

Therefore, there is a € > 0 depending only on n and e such that

Por =1, P =1 ifn+1=2,

)

s )

(1.15) Por <2-¢ p;L=1 ifn4+1=3,

2
" s ifn4+1>4
n+2

p(ILSQ—a piLS

Remark 1.16. If p < 2+ ¢, or if p < oo and n+ 1 = 2, then by again by [Barl6,
Section 4] and [Bar, Section 3], the numbers ¢(0, L, p, ¢) in the bound (1.13) may
be bounded by constants depending only on p, ¢ and the standard parameters m,
n, A, and ||A||p~. The same is true of the numbers ¢(1,L,p,q) if n+1 < 3 and
p<ooorn+124andp<%+e.

We may now discuss old and new bounds on layer potentials. In [BHM17,
BHM19a, BHM, Bar|, Hofmann, Mayboroda and the author of the present paper
showed that if L is an operator of the form (1.1) associated to bounded elliptic
t-independent coefficients, then there is a £ > 0 such that

(1.17) INA(V"S )| Lo eny < C(0, L, p)lIg ] Lo ey 2—e<p<pgp
(1.18) [N (V" DAR)| o gy < C(O, Lpll@llyare @ny, 2-e<p< oL
(1.19) A3tV 3S"G) Lo @n) < C(L, Ly p)lIgll Lo n). 2-e<p<p,
(120) SV ADAR) oy < O L) Blhgeats oy 250 <piss
(1.21)  [AS(EV"SER) oo eny < C(L, Ly p)||Al| 1o n), 2-e<p<pp,
(122) AT DAR) ey < O Lo haor oy 2 <P <piss
(1.23) [NV SER) oo @ny < C(L, L, p)|Al| Lo n, 2-e<p<py,
(124) RV DAR) oy < OO L) Flgass s 2— 2 < < bl

where p;L is as in the bound (1.13), and C(j, L, p) is a constant depending only on
m, n, A, ||A]|Le, p, and the number ¢(j, L, p, 2) in the bound (1.13). These bounds
played a crucial role in solving the L? Neumann problem (1.4) (and the subregular
problem of [Bar]).
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Here

(1.25) N.H(z )Sup{ <][ " |/2)| (z,t)zdzdt>1/2 (sER, |z —y| < |s|},

dydt \/?
1.26 / / y, )2 )
(1.26) AH ( |o— y|<\t| ) ¢+

are two-sided analogues of the nontangential and area integral operators of formu-
las (1.5) and (1.6).

The second of the two main results of the present paper is the following theorem,
in which we expand the range of the parameter p in the bounds (1.17-1.24) to
include more values below 2.

Theorem 1.27. Suppose that L is an operator of the form (1.1) of order 2m associ-
ated with bounded coefficients A that are t-independent in the sense of formula (1.2)
and satisfy the ellipticity condition (1.12) for some A > 0.

Then the double and single layer potentials DA, S* and SL, originally defined
as in Section 2.4 below, extend by density to operators that satisfy the following
bounds for all p in the given ranges and all inputs f, g, h, and @ in the indicated
spaces.

(1.28) NV S G) Lo ry < C L7, P)Ig] Lo qen). P <P <2
(1.29) [NV DA@) o) < COL LY D) @llyiarr @nys  Prpe <P <2
(1.30) [l A5(tV™0:S"G) || 1orny < C(LL*, D)l o (mn), P <p<2
(131) A (V"0 DAG) vy < C(L LY D) @llyirare (gnys  Prp- <P <2
(1.32) [ AS(EVSER) | Lown) < CO, L7, PRl o), Pore <P <2
(1:33) AV DAL |Lony < OO, L% P Flypaor @nyr PO <P <2
(134) [NV SER) Lo @ny < C(0, L7, )| Al 1o gy Pop- <P <2
(1.35) [NV DAF)|| o n) < C(O,L*,p’)IIfIIWAo P ey Pope <P <2

Here the numbers p,; are as in formulas (1.13) and (1.14), and in particular
satisfy the bounds (1.15). The constants C(j, L*,p") depend only on the standard
parameters m, n, A, ||Al|pe®ny, the number p, and the constants c(j, L*,p’,2) in
the bound (1.13), where 1/p+1/p' = 1.

The use of the numbers p;:L allows us to efficiently summarize several known
special cases from the case 2m = 2.

In particular, if A is constant then pg,L = piL =o00. If n+1=2and A is
t-independent, then we still have that pS: L= pf 1, = 00; see [AT95, Théoreme I1.2]
in the case 2m = 2 and [Bar, Proposition 3.3] (reproduced in the bound (1.15)
above) in the general case. Thus, in either of these two special cases, Theorem 1.27
and the bounds (1.17-1.24) imply that all eight bounds (1.28-1.35) (or (1.17-1.24))
are valid for all p with 1 < p < co. If 2m = 2, and if A is constant or n+ 1 = 2,
then all eight bounds are known (see [AS16, Theorem 12.7]) for 1 < p < oco.

Furthermore, if the well known De Giorgi-Nash-Moser regularity conditions are
valid, (which is true if A is real and 2m = 2, and which by [AAA*11, Appendix B] is
true for complex ¢-independent coefficients in dimension n 4+ 1 = 3), then pi 5, = 09,
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and so the bounds (1.30) and (1.31) are valid for 1 < p < oo, the bounds (1.28)
and (1.29) are valid for 1 < p < 2 + ¢, and the bounds (1.32-1.35) are valid for
2—e<p<oo The2+¢e < p < oo case of the bound (1.31) was established in
[Bar]; the remaining bounds on layer potentials were established earlier for second
order t-independent operators satisfying the De Giorgi-Nash-Moser conditions in
[AM14, HKMP15b, HKMP15a, HMM15b, HMM15a].

Finally, in the general case (with n + 1 > 4), [Bar, Proposition 3.6] (reproduced
in the bound (1.15) above) implies that the bounds (1.30) and (1.31) are valid for
n2f2 —& < p < 2 +¢, the bounds (1.28) and (1.29) are valid for nz—fz —e<
p < 2+ ¢, and the bounds (1.32-1.35) are valid for 2 — ¢ < p < % + e. Again,
the 2+ & < p < 2% + ¢ cases of the bounds (1.30) and (1.31) are due to [Bar];
the remaining bounds on layer potentials for general second order operators with
t-independent coefficients are due to [AS16, Theorem 12.7].

1.3. Outline. The outline of this paper is as follows. In Section 2 we will define
our terminology. In Section 3 we will state some known results of the theory that
we will use several times throughout the paper, and (in Section 3.3) will establish a
number of results concerning tent space operators, that is, the operators ]\~f+, .A;r,
N., A} given by formulas (1.5), (1.6), (1.25), and (1.26), as well as the related
Carleson operator €5, € given by formulas (2.3) and (2.4).

We will prove Theorem 1.27 in Section 5. We will prove it by duality with
the Newton potential, and so in Section 4 we will study the Newton potential.
Specifically, we will establish duality formulas relating the Newton potential to
the double and single layer potentials, then bound the Newton potential using the
known bounds (1.17-1.24) on the double and single layer potential, a decomposition
argument in the spirit of [HMM15a, Lemma 4.1], and the good-A results of [Bar]
modeled on those of [She06a].

In Section 7 we will conclude the paper by proving Theorem 1.8 using the method
of layer potentials. A crucial ingredient in the proof of uniqueness of solutions is
the Green’s formula; this formula is the subject of Section 6.
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lana Mayboroda for many useful conversations on topics related to this paper. The
author would also like to thank the Mathematical Sciences Research Institute for
hosting a Program on Harmonic Analysis, the Instituto de Ciencias Mateméticas
for hosting a Research Term on “Real Harmonic Analysis and Its Applications to
Partial Differential Equations and Geometric Measure Theory”, and the TAS/Park
City Mathematics Institute for hosting a Summer Session with a research topic of
Harmonic Analysis, at which many of the results and techniques of this paper were
discussed.

2. DEFINITIONS

In this section, we will provide precise definitions of the notation and concepts
used throughout this paper.

We will always work with operators L of order 2m in the divergence form (1.1)
(interpreted in the weak sense of formula (2.12) below) acting on functions defined
in open sets in R, n+1> 2.
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As usual, we let B(X,r) denote the ball in R"™! of radius r and center X.
We let Ri“ and R™™! denote the upper and lower half spaces R™ x (0,00) and
R” x (—o0,0); we will identify R™ with ORT™. If Q is a cube, we will let £(Q) be
its side length, and we let ¢@Q be the concentric cube of side length cf(Q). If E is a
set of finite measure, we let

]if(x)dx@/Ef(x) dz.

If F is a measurable set in Euclidean space and H is a globally defined function,
we will let 1gH = ygH, where xg is the characteristic function of E. If H is
defined in all of E, but is not globally defined, we will let 1z H be the extension of
H by zero, that is,

H(X), X€E,

0, otherwise.

1pH(X) = {
We will use 14+ as a shorthand for 1R7:zt,+1.

2.1. Multiindices and arrays of functions. We will routinely work with mul-
tiindices in (Ng)" !, (We will occasionally work with multiindices in (Ng)".) Here
Ny denotes the nonnegative integers. If ¢ = ((1,C2,...,(nt1) is a multiindex,
then we define |¢| and 9¢ in the usual ways, as [{| = (1 + (o + -+ + (uy1 and
0 =00 0% - 95t

Recall that a vector H is a list of numbers (or functions) indexed by integers j
with 1 < j < N for some N > 1. We similarly let an array H be a list of numbers
or functions indexed by multiindices ¢ with || = k for some k > 1. In particular,
if ¢ is a function with weak derivatives of order up to k, then we view V¥ as such
an array.

The inner product of two such arrays of functions F' and G defined in a mea-
surable set € in Euclidean space is given by

(F,G)o= > /QFC(X) Ge(X)dX.

<=k

2.2. Function spaces and Dirichlet boundary values. Let 2 be a measurable
set in Euclidean space. We let C§°(€2) be the space of all smooth functions sup-
ported in a compact subset of Q0. We let LP(Q)) denote the usual Lebesgue space
with respect to Lebesgue measure with norm given by

1/p
1L = ( /Q If(x)pdx) |

If 2 is a connected open set, then we let the homogeneous Sobolev space WP Q)
be the space of equivalence classes of functions u that are locally integrable in Q and
have weak derivatives in Q of order up to k in the distributional sense, and whose
kth gradient V*u lies in LP(Q2). Two functions are equivalent if their difference is
a polynomial of order at most k£ — 1. We impose the norm

”uHWk,p(Q) = ||VkUHLP(Q)-

Then u is equal to a polynomial of order at most k¥ —1 (and thus equivalent to zero)
if and only if its W*?(Q2)-norm is zero.
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If 1 < p < oo, then W12 (R") denotes the dual space to WP (R"), where
1/p+ 1/p’ = 1; this is a space of distributions on R™.

The use of a dot to denote homogeneous Sobolev spaces (as opposed to the
inhomogeneous spaces W#*?(Q) with lullyeni) = Z?ZOHVjuHiP(Q)) is by now
standard. The use of a dot to denote arrays of functions, as in Section 2.1, is
also standard (see, for example, [Agm57, CG83, CG85, PV95, She06b, MM13b,
MM13a]). We apologize for any confusion arising from this overloading of notation,
but the convention of these fields seems to require it.

We say that u € L2 () or u € WP(Q) if u € LP(U) or u € WHP(U) for any
bounded open set U with U C Q.

We will need a number of more specialized norms on functions. In the introduc-
tion, we defined the nontangential maximal function Ny, N, and the Lusin area
integral A3, Aj. See formulas (1.5), (1.25) and (1.6), (1.26). We will also need the
corresponding operators in the lower half space; thus, we define

N 1/2
(2.1) NiH(x)= sup{ (7[ |H(z,t)2dzdt> 18>0, |z —y|l < s},
B((y,%s),5/2)

o 1/2
(2.2) ATH(z) = </ / [H (y, it)Qdfflf)
0 lz—y|<t t

for all x € R™.
We will need one other tent space operator. Following [CMS85, HMM15a], the
averaged Carleson operator is given by

~ 1 Q) 1/2
(2.3) CEH(z) = sup —/ / (][ |H(z,t)|* dz dt) ds dy
@3z Ql Jo Jo B((y,+s),5/2) s

where the supremum is taken over cubes @ in R"™ containing x. We will let the
two-sided averaged Carleson operator be given by

(2.4) CiH (z) = max(¢] H(z), €] H(x)).

We adopt the convention that if a ¢t appears inside the argument of one of the
above operators, then it denotes the (n + 1)th coordinate function.
Following [BHM19b], we define the boundary values Tr™ u of a function u defined
in R by
(2.5) TrFu=f if lim |u(-,t) = fllzrx) =0
t—0*

for all compact sets K C R™. We define
(2.6) ’I‘rji u = Tr* Viu.

We remark that if Vu is locally integrable up to the boundary, then Tr* u exists,
and furthermore Tr* u coincides with the traditional trace in the sense of Sobolev
spaces. Furthermore, if Vu is locally integrable in a neighborhood of the boundary,
then Trt u = Tr™ u; in this case we will refer to the boundary values (from either
side) as Tru.

We are interested in functions with boundary data in Lebesgue or Sobolev spaces.
However, observe that if 7 > 1, then the components of Trjiu are derivatives
of a common function and so must satisfy certain compatibility conditions. We
thus define the following Whitney-Lebesgue, Whitney-Sobolev and Whitney-Besov
spaces of arrays that satisfy these conditions.
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Definition 2.7. Let
D = {Tr,,_1 ¢ : ¢ smooth and compactly supported in R" '},

If 1 < p < oo, then we let WA%? (R") be the closure of the set © in LP(R™).
We let WALP | (R™) be the closure of ® in W1?(R™). Finally, we let WA}W/Ef (R™)

be the closure of © in the Besov space 31/2 2(}R") the norm in this space may be
written as

1/2
(2.8) 1153725y = (/ 7e© |£d£)

where fdenotes the Fourier transform of f in R”.

Remark 2.9. It is widely known that f € WA1/2 2(]R”) if and only if f = Tr! | F

for some F with V"F € L2(R:"!). This was essentially proven in [Liz60, Jaw77];
see [BHM19a, Lemma 2.6] for further discussion.

Remark 2.10. There is an extensive theory of Besov spaces (see, for example,
[Tri83]). We will make use only of the Besov space Bé/z’z(R”) given by formula (2.8)
and the space B, 12 2(R™). This space has norm

1/2
(2.11) ||g|321/2,2(w—(/ 9(¢ |2|£‘ ) .

The two important properties of this space we will use are, first, that B2 1/2, 2(R")

is the dual space to B;/2 ?(R"), and, second, that f € 321/2 2(R”) if and only if
the gradient Vf exists in the distributional sense and satisfies ||V f|| 5-1/2.2

~
~

(R™)
[y,

2.3. Elliptic differential operators and Neumann boundary values. Let
A= (Aag) be a matrix of measurable coefficients defined on R™*!, indexed by
multtiindices «, 8 with |a| = |8| = m. If F is an array indexed by multiindices of
length m, then AF is the array given by

F)o= > AusFs.
|8]=m
We let L be the 2mth-order divergence form operator associated with A. The
weak formulation of such an operator is given by

(2.12) Lu =0in  in the weak sense if (V"¢p, AV™u)q =0 for all ¢ € C5°(Q).

Throughout we require our coefficients to be pointwise bounded and to satisfy the
Garding inequality (1.12), which by density we may restate as

Re (V™0, AV"0) i = AVl T2 (gnsry  for all o € W2 (R

for some A > 0. The stronger Garding inequality (1.3) will play a minimal role in
this paper; it is needed only because the proof of the primary results of [BHM18]
required this stronger inequality, the paper [Bar] used the results of [BHM18], and
our proof of Theorem 1.8 uses the results of [Bar].

We let L* be the elliptic operator associated with the adjoint matrix A, where
(A%)ap = Apa-



14 ARIEL BARTON

Recall from the introduction that the Neumann boundary values of a solution
w to Lw = 0 in R that satisfies estimates as in the problem (1.4) or (1.10) are
given by formula (1.7).

We will also be concerned with solutions v or v to Lu = 0 that satisfy u €
Wm2(REH) or AF (tV™u) € LY (R™) for p/ with 1 < p/ < co.

If u € WmVQ(R:L_'H) then we may still use formula (1.7) to define M} u. Fur-
thermore, by density, if u € Wva(]RTrl) and M;u is given by formula (1.7),
then

(213)  (Mju, Tr) | @)pe = (AV™u, V7 p)gnir forall g € Wm2(REH.

Thus, if u € W™2(R+), then M}, u is a bounded linear operator on WA;{E?(R”)
If v satisfies AF (tV™u) € LP (R™), then Vv may not be locally integrable up
to the boundary and thus the integral on the right hand side of formula (1.7) may
not converge. Thus, the definition of M7 v in this case is more delicate. We refer
the reader to [BHM19b, Section 2.3.2] for the precise formulation of the Neumann
boundary values M7 v of a solution v to Lv = 0 with AJ (tV™v) € LP' (R™).

The numbers C and e denote constants whose value may change from line to
line, but which are always positive and depend only on the dimension n + 1, the
order 2m of any relevant operators, the bound || A|| g~y on the coefficients, and
the number A in the bound (1.12). We say that A ~ B if there are some positive
constants € and C depending only on the above quantities such that eB < A < CB.

The numbers pjfL are always as in the bound (1.13). The notation C(j, L, p) de-
notes a constant that depends only on the standard parameters n, m, A, || Al| Lo (&),
the number p, and the constant ¢(j, L,p,2) in the bound (1.13). (If p is small
enough, then ¢(j, L, p,2) may be taken as depending only on p and the standard
parameters, and so in this case we may simply write C,, rather than C(j, L, p). See
Remark 1.16.)

2.4. Potential operators. In this section we will define the double and single
layer potentials of Theorem 1.27.

We will also define the Newton potential. We will use the Newton potential
to define the double layer potential. Furthermore, we will prove Theorem 1.27 by
establishing various bounds on the Newton potential and using duality to pass to
estimates on the double and single layer potentials.

For any Hel? (R"+1), by the Lax-Milgram lemma there is a unique function
Y H in W™2(R™+1) that satisfies

(214)  (V™p, AV™IEH)gnir = (V7™0, H)gays  for all o € W™2(R™Y),

We will use the operator II” operator frequently, and thus will refer it as the
Newton potential. This represents a break from tradition, as the traditional Newton
potential N is usually taken to satisfy (V"p, AV NEH)gni1 = (@, H)gn+1.

We record here that, by [Barl6, Lemma 43], there is some £ > 0 such that if
2—e<r<2+e, then

(2.15) IV IEH || gy < Crl H || pr oty
for all H € L"(R"1) N L2(R"H1).

We will be interested in the gradient V’”_lﬂfij of order m — 1. However, ITF H
as defined by formula (2.14) is an element of W™2(R"*1) and as such, it is the
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gradient V™IIY H of order m that is well defined; V™ 111~ H is defined only up to
adding constants.

We may fix an additive normalization as follows. If n+1 > 3, then by the
Gagliardo-Nirenberg-Sobolev inequality, (see, for example, [Eval0, Section 5.6])
there is a unique additive normalization of V™~ IE H such that

(2.16) [V I H || pa g1y < C| VX H || 12 g1y
where (n+1)/¢ = (n+1)/2 —1 (and in particular where ¢ < 00).

If n+1=2,let r < 2 be as in the bound (2.15). If H € L?(R"*1) is compactly
supported, or more generally if H € L2(R™1) N L"(R™*1), then again by the
Gagliardo—Ni}"enberg—Sobolev inequality, there is a unique additive normalization
of V™~IFH such that
(2.17) [V Y H | pagey < O | VIV H|
where 2/q = 2/r — 1 (and so again ¢ < 00).

We will use this additive normalization throughout.

We now define the double layer potential. Suppose that f € WA%E% (R™). As
mentioned in Remark 2.9, f = Tr,, _, F for some F € W™2(R!). We define

(2.18) DAf = —TI*(1_AV™F)+1_F.
This operator is well-defined, that is, does not depend on the choice of F. See

[BHM17, Section 2.4] or [Barl7, Section 4]. Using the bounds (1.18) and (1.24) we
may extend D4 by density to an operator on all of WAﬁﬂ L (R™), for k € {0,1} and
for an appropriate range of p.

We now define the single layer potential. Let g be a bounded linear operator
on WA;{E?(R”) Then by Remark 2.9, F — (Tr,,_; F,§)g~ is a bounded linear
operator on Wm’z(R”H). By the Lax-Milgram lemma, there is a unique function
Stg e W™2(R™H1) that satisfies

(219)  (V™p, AV"SLg)pnsr = (Trp_1 ¢, g)rn for all ¢ € W™2(R"H).

L7 (R2)

See [Bar17]. We remark that formula (2.19) is also meaningful and S¥¢ is defined
for g € By 1 >2(R™). This definition coincides with the definition of S%§ involving
the Newton potential given in [BHM17, BHM19a]. Using the bound (1.17) we may
extend S* by density to an operator on all of LP(R™) for all 2 — ¢ < p < paf -

Remark 2.20. If L is an operator of the form (2.12), then L may generally be
associated to many choices of coefficients A; for example, if Ayg = Aap + Mag,
where M is constant and M3 = —Mpg,, then the operators associated to A and

A are equal. The single layer potential S* depends only on the operator L, while
the double layer potential D4 depends on the particular choice of coefficients A.

In [BHM] the operator S& was defined in terms of integrals involving the fun-
damental solution. In the present paper, we will simply define Sé as the operator
satisfying [BHM, formulas (4.5-4.6)]. These formulas are as follows. If ¢ is a mul-
tiindex, then é. is the unit array associated to the multiindex (; that is,

(2.21) (éc)c =1, (é¢)g =0 whenever |0| = |(] and 0 # .

Let h € 321/2’2 (R”)QB;UQ’Q(R”). Suppose that « and 7 are multiindices with |a| =
m and |y| = m — 1; in particular, we require that all entries of v be nonnegative.
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Then

(2.22) V"SE(héo)(x,t) = —V"S*((05,h)é,)(z,t) f1<j<nanda=7y+§
and

(2.23) VIS (héy)(n,t) = V™ 108 (he) (2,t) if o = + Ep.

We define Séh for general h by linearity. As shown in [BHM, Lemma 4.4], SE
is well defined in the sense that if 1 < ap,41 < m — 1, then we may use either
formula (2.22) or (2.23) to define V""S&(hé,), and furthermore that if ap > 1 and
ay > 1 then the value of the right hand side of formula (2.22) is the same whether
we choose j =k or j = ¢.

Furthermore, by [BHM, Lemma 4.8], if & € L2(R") ¢ By/**(R")n B, "/**(R")
then there is a (necessarily unique) additive normalization of V"~ 1S% h that satis-
fies lim;_, 400 ||V ' SLA( - yt)||L2mny = 0. Using the bound (1.23), we may extend
Sé by density to an operator on all of LP(R") for 2 —e < p < piL.

3. PRELIMINARIES

In this section we will discuss a few known results and establish some general
results that will be of use throughout the paper.

Specifically, in Section 3.1 we will discuss the change of variables (z,t) — (z, —t),
and how it allows us to easily generalize from the upper half space to the lower half
space. In Section 3.2 we will list some known results from the theory of solutions
to elliptic equations Lu = 0. Finally, in Section 3.3, we will establish some general
results involving tent spaces, that is, spaces of functions H for which the tent space
norms Ny H, Af H or ¢} H lic in LP(R™).

3.1. The lower half space. It is often notationally convenient to establish bounds
only in the upper half space and to use change of variables arguments to generalize
to the lower half space.

The change of variables (z,t) — (x,—t), for z € R™ and ¢ € R, interchanges the
upper and lower half spaces. In [BHM, Section 3.3], it was shown that if Lu = 0 in
Q, then Lu~ =0 in Q~, where u™ (z,t) = u(x,—t), Q= = {(z,t) : (x,—t) € Q},
and L~ is the operator of the form (2.12) associated to the coefficients A~ given
by A s = (—1)@n+1+Bnt1 4,5 Notice that if A is bounded, t-independent and
satisfies the condition (1.12) (or (1.3)), then A~ satisfies the same conditions with
| All oo mry = [|[A7 || oo (rny and with the same value of .

We observe that by the same change of variables argument, if j is an integer
with 0 < 7 < m, and if pjfL and ¢(j, L, p, q) are as in the bound (1.13), then

(31)  pp=p/, and c(j,L,p,q)=c(j,L7,p,q) forall 0 <q<p<p],.
Furthermore, by [BHM, Section 3.3],

DAf(x,~t) = =D f (a,1), Stg(a,—t) = 8" ¢ (1),
YA (z,—t) =TI H (x,t), SLh(z,—t) = SL h™(x,1)
where
[y (@) = (=)™ fy (), 9y (@) = (=1)"* gy (2),

Hy (2,t) = (=1)""" Ho (2, —1), hy (z) = (=1)%+ g ().
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It is straightforward to calculate that if f = Tr! | ¢ in the sense of formula (2.6),
then f_ = ’i&';_l @~ . Thus, f'_ is in the distinguished subspace ® of Definition 2.7
if and only iff is, and so the mapping f — f.i is an automorphism of WA%{I(R")
for all the spaces WA'” | (R™) defined by Definition 2.7.

We observe further that if M w 3 ¢, then by the definition (1.7) of Neumann
boundary values, if ¢ € C§°(R"*!) then

<’I‘rm71 907g7>R” = <’j:‘rm71(90_>7g.>R" = <V"L(¢_)=Avmw>]1§i+l
= <Vm80aA_Vmw_>Rf+1

and so

(3.2) if M:;w > g then M;r w- 34 .

An examination of the definition of Neumann boundary values in [BHM19b, Sec-
tion 2.3.2] reveals that formula (3.2) is valid if that definition of Neumann boundary
values is used instead.

Thus, we may easily pass from bounds in the upper half space to bounds in the
lower half space.

3.2. Solutions to elliptic equations. It is well known that solutions to the el-
liptic equation Lu = 0 display many useful properties. In this section we will state
two regularity results that will be used throughout the paper.

We begin with the higher order analogue of the Caccioppoli inequality. This
lemma was proven in full generality in [Barl6] and some important preliminary
versions were established in [Cam80, AQOO].

Lemma 3.3 (The Caccioppoli inequality). Let L be an operator of the form (2.12)
of order 2m associated to bounded coefficients A that satisfy the ellipticity condi-
tion (1.12).

Let w € W™2(B(X,2r)) with Lu = 0 in B(X,2r). Then we have the bound

][ |Viu(z, s)|? deds < 7%][ |VI~ u(z, 5)|? da ds
B(X,r)

B(X,2r)
for any j with 1 < j < m.

If A is t-independent then solutions to Lu = 0 have additional regularity. In par-
ticular, the following lemma was proven in the case m = 1 in [AAAT11, Proposition
2.1] and generalized to the case m > 2 in [BHM19a, Lemma 3.20].

Lemma 3.4. Let L be an operator of the form (2.12) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).

Let Q@ C R™ be a cube of side length €(Q) and let I C R be an interval with
11| = 6Q). Ifue W*(2Q x 2I) and Lu = 0 in 2Q x 2I, then

C

) i, L '
/|Vm_’6fu(x,t)|p dr < M/ V"I O u(x, 5)|P ds da
Q UQ)  Jaq Jar

for any t € I, any integer j with 0 < 7 < m, any p with 0 < p < p;:L, and any
integer k > 0.
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3.3. Tent spaces. Recall that Theorem 1.27 concerns nontangential maximal and
area integral norms of layer potentials. Thus, in order to prove Theorem 1.27,
we will need a number of results concerning the area integral, the nontangential
maximal operator, and the Carleson operator of formula (2.3).

We begin with the following lemma concerning the Lebesgue norm and the area
integral.

Lemma 3.5. Let 0 >0,k € R, and 0 < § <r < 2. Let F L2 (R be such
that A3 (t°F) € LY(R™).
If0(n+1) < r(n+ 0k), then
J Cn,9,m,7'
[F || r &7 x (0,00)) < gy

If0(n+1) > r(n+ 0k), then

||A;_(tHF)HL9(R")-

Cn,@,n,r KT
IAS (" F) | Lo ()

1l Lr (re x (0,0)) < gy y ey

Proof. Our argument is largely taken from [BHM19b, Remark 5.3], where the case
r =2, k = 1 was considered. Let 7 be an integer. Then

2”1\f 2ﬂ(@> R
/ / F(z,t)|" dtdz = // F(x,t)|" dtdx
nJoi Qeg; VRl(Q)

where G; is a grid of pairwise-disjoint open cubes in R” of side length 2/ whose
union is almost all of R™. If » < 2, then by Holder’s inequality,

2E(Q)\f 1 /2 2Z(Q)\f r/2
/ / F(z,t)]" dtdz < (|QU(Q) (/ / F(x,t)]? dtda:) .
NG NG

For every z, y € @ and every t > £(Q)+/n we have that
|z — y| < diam Q = ¢(Q)v/n < t,
and so for any y € ) we have that

Qé(Q)\f 5 oQ)n+i—2n
/ / F(x,t)|*dtde < cn,{/ / F(x t)\ZinH% dx dt.
|z— y|<t t

{Q)vn
Thus,
2J+1\/> r/0
/ / B, ) dtde < Cop S 0(Q)"1 m(ffﬁ B (1)? dy) .
"Iy Qeg;
If 0 < r then
r/0 r/0
S ([ aserwra) < ([ aeroa)
€G; Q R
and so

21+1\/>
/ / Fla,t)[" dtde < C, 29017 nr/w(
nJ23

By summing over j with 2/+1\/n > o or with 2/\/n < o, we may complete the
proof. [

. r/0
A2+<t“F><y>9dy) .

Rn
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We now establish the following localization lemma involving the Carleson oper-
ator (2.3).

Lemma 3.6. Let 1 < r < oo, let Q C R™ be a cube, and let H € L%OC(R:L_H) be
such that € (tH) € L"(16Q). Then

(3.7) 1€ (110 x 0.e@)tH) | 2r@n) < Cor |€T(CH) || - (160) -

In particular, if H € LQ(RZL_H) is supported in a compact subset of RT’l, then
Cf(tH) € L"(R™) for all 1 < r < co.

Proof. We begin with the bound (3.7). If z € 16Q, then ET(llOQX(Oyg(Q))tH)(a:) <
&f(tH)(x) Thus, we need only consider x ¢ 16Q.
Let ®(x,t) = tH(x,t). By formula (2.3),

E1+ (1 10Q % (0,4(Q)) tH) (37)

1 U(R) .\ 2 dsdy
= sup —/ / <][ 110Q><(0,1?(Q))|(I)|2) —
raz | Bl JRr Jo B((y,s),5/2) 5

where the supremum is over cubes R C R™ with = € R. Observe that if

B((y,),5/2) N (10Q x (0,£(Q))) # 0,
then s < 2¢(Q) and dist(y, 10Q) < s/2 < £(Q), so y € 12Q. Thus,

0o 1/2
. ds dy
// <][ 110Qx<o,e<cz>>|’1’|2> —
nJo B((y,s),5/2) §

20(Q) . \? dsd -~
- / / (7[ |q>|2) EY < 12QIE] (tE)(2)
12Q Jo B((y,s),5/2) 8

for all z € 12Q). Furthermore, if

HR) 12 4sd
. Y
/ / (][ 110Qx(o,e(Q))‘I>2) — #0
rJo B((4,5),5/2) s

then RN 12Q # (. But observe that if z ¢ 16Q and R > x with RN 12Q # @, then
Vnl(R) = diam(R) > dist(z, 12Q). Thus, if z ¢ 16Q then

- ) 12Q) - . 1/r
1 tH < | f T(tH)(2)"d )
€ (oaxaantB)@) < ot o, € () d:

A straightforward computation yields the bound (3.7) for all r > 1.
We now turn to the case of compactly supported H. If H is supported in a
compact subset of Ri+17 then there is some € > 0 and some N < oo such that

H(z,t) = 0 whenever t < € or t > N. We compute that

1/2
(][ [tH(z,t)|*dz dt) < C’nsl/z_"/2||H||L2(Rn+1)
B((y.5),5/2) -
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and is zero if s < 2¢/3 or s > 2N. Thus, by formula (2.3),

U(R) Y2 4sd
& (LH) (x —Sup][/ (][ \FI(z,1)]2 2 dz dt> 54
Raw B((y.5).5/2) s

< Cn8_1/2 n/2||H||L2(Rn+1)d8.
2e/3 +

The right hand side is finite and independent of x. Thus, if H is supported in a
compact subset of R’ then E+(tI'I ) is bounded and so the right hand side of
formula (3.7) is finite for any fixed cube Q. But if His compactly Supported then
it is supported in 10Q x (0, £(Q)) for some cube Q; thus, 1194 o, 4(@))H H, and
so by the bound (3.7) we have that ¢} (tH) € L"(R"), as desired. O

We now come to a method for bounding nontangential maximal functions by
duality. This is the reason that the Carleson operator Q:f is of interest in the
present paper. It is well known (see [AM87, Theorem 5.1]) that if 1 < p < co and
1/p+1/p’ =1, then the dual to the space of nontangentially bounded functions

{U:N, U € LP(R")}, where N U(z) =sup{|U(y,t)| : |x —y| < t},
is the space of Borel measures
(el € /), where €()@) = s o | / Sdlul(y,1

We claim that a similar result is true for the spaces defined by the averaged norms
N, and € given by formulas (2.1) and (2.3). More precisely, we will use the
following two lemmas.

Lemma 3.8. Let p satisfy 1 < p < oo and let p’ satisfy 1/p —|— 1/p" = 1. Suppose
that @ and H are such that N.@ € LP(R") and ¢F (tH) € LP (R™). Then

|<’11,H>]R1+1\ < CHN+71HLP(R")||¢T(tH)||Lp’(Rn)~

Lemma 3.9. Suppose that © € LZOC(R’JFH). Let1<p<ooandletl/p+1/p' =1.
Then
| (da, H) g1

N4 i]| oy < Cp sup
srerz@ (o) 1€ ()| o

provided the right hand side is finite. Here L2(R") = {H e L? (R supp H C
K for some compact set K C RT‘l}.

Proof of Lemma 3.8. Let F be an integrable function. Then
/ F(x,t)da:dt:/ F(y+sz,s+sr)(1+r)dyds
Rn+1 Ri+1

for any z € R™ and any r > —1. Averaging over (z,r) € B(0,1/2), we have that

/ F(x,t)da:dt:/ ][ F(y—|—sz,s—|—sr)5+5r
R R} JB(0,1/2)

dzdrdyds
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and a change of variables yields that

4
(3.10) / F(z,t)dxdt = / ][ F(z,t)- dxdtdyds.
R+ RS B((y:9),5/2) s

Let K be a compact set in R’ ™. Observe that @ and H are both in L2 (R
thus F = 1x|4||H| is integrable. Therefore,

: : dy d
/IﬂIIHI=/ ][ 11 ciu(x, t)|[LE (z, t)| de dt 22225
K R I B((y,s),5/2) s

We define

1 ) 1/2 1/2
H(y,s>=(f |tH<x,t>|2dxdt) , U(y,s>=<f u|2)
S B((y,s),s/2) B((ys),s/2)

so that by the definitions (2.1) and (2.3) of N4 and €7,
N,U=N,u, €f(tH)=C¢f(tH).

/ | F| < / UH,
K R:;“

By the duality results discussed above (see [CMS85, formula (2.6)]), we have that

J

/K )| FT| < CIIN ] oo |EF GED) o o

provided the right hand side is finite. Because K was arbitrary, this inequality is
still true if we integrate over Ri“ instead of K. Thus, <1l,H>R1+1 represents an

By Holder’s inequality,

UH < CINU o 165 (L) | o
+

Thus,

absolutely convergent integral that satisfies

(at, )| < CIIN i o ery

CF(LH)| o (R™)
as desired. g
The following lemma will be used in the proof of Lemma 3.9.

Lemma 3.11. Let u be a nonnegative measure on R™. For each (x,r) € R?_H, let
H(x,r) be defined in Riﬂ, supported in B((z,7),r/2), and satisfy

1/2
(f H(;c,r)|2> < 1.
B((z,r),r/2)

. 1 .
H(z,t) = /]R”+1 mH(E,T)(Z?t) du(x,r).
+

Define

Then
Cf (tH)(3) < CCf (1) ()
for all & € R™ such that the right hand side is finite.
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Proof. Let W(y,s) = B((y, s),s/2), and let V(y,s) = {(x,r) : W(y,s) N W(x,r) #
(}. Then

][ |H (z,t)|? dz dt :][
W(y:s) W(y75)

By Holder’s inequality,

2 w(V(y,s))
][W(w)l (z,1)] dzdt<][ ” /w r2n+2 \H (.0 (2,0)]” dps(, ) dz dt.

Changing the order of integration, we see that

. VvV .
][ \FI(2,t)? dzdt < / %][ \H (40 (2,8)2 dz dt dp(z, 7).
W(y,s) Viys) T W(y,s)

A straightforward computation yields that V(y, s) is the ellipsoid

(3.12) V(y,s) = {(x,r) : %\x —y?+ <7“ - 23)2 < <§s>2} :

In particular, if (z,r) € V(y, s) then $r < s < 3r. Thus, |W(z,r)| =~ |[W(y,s)| and
S0

][ EL(2, t)\?dzdt<c%/ ][ H (2, 0)[2 dz dt du(z, 7).
W(y,s) V(y,s) W(zr)

Recalling the L? norm of H (z,r)» We see that

. ) 2 c C
H(z,t)|"dzdt < u(Viy,s)) = / du(x,r).
(f,, Gorae) < S = [ )

) , 1/2
& (LH)(3) = sup — / / <][ (tEL (2, 1) d2 dt) ds dy
Q>3 |Q| s

“Q o dsd
gsup—// 7/ dp(w,7) Y
@3 Q Jo o 5" Jviy.s s

By formula (3.12), if (y,s) € @ x (0,£(Q)) then V(y,s) C 4Q x (0,34(Q)). Recall
that V(y,s) = {(z,r) : W(z,r) N W (y,s) # 0} and so (z,r) € V(y, s) if and only if
(y,s) € V(z,r). Thus,

46(Q) ds dy
€+ tH < Csup — / / / du(x
( )( Q3% |Q| V(x,r) sntt )

But fV(:v " % is a constant. Renaming the variables (z,7) to (z,t), we see that

2
1
/V( ) yntl H(af (2, t) du(z,r)| dzdt.
Y,8

Then

40Q) 4
& (@) < Cawp / ) | fautany = et @)

as desired. O
Proof of Lemma 3.9. Let 1 € Lloc(Riﬂ) be such that
[, g

sup ~——
Aerz®O\(0) €7 (CH)| Lo (@)
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Let K. = {(z,t) :e <t <1/e, |z| <1/e}. Define @t = 1x_u. By the monotone
convergence theorem,

[N at]| po@ny = lm [Nyt || po@ny = supHNmEHLp(Rn).
e—0t

Thus we need only bound HN+'U,E|| Lr(&ny, uniformly in € > 0. We observe that if
e >0, then . € L? (R"H) and N+u€ is bounded and compactly supported.

We now construct an H, that will allow us to bound Nyd.. Let W(z,r) =
B((x,7),7/2), and let U.(x,r)? = fw(x’r)|u5| , so that Ny@. = N,_U.. By
[AMS87, Theorem 5.1 and formula (2.12)], there is a (nonnegative) measure y with
& (t4) o gy < Cp and with

| N Ue | oy = / U.(y. s) du(y, ).
Rn+1

+

Let
. e _ (‘JTlx,r)]‘W(ffvT)il’E’ UE((E,T') > 0,
(@) 0, Ue(x,r) =0,
so that

1/2
. 1 .
J 2 NE <1, U, = ——(u,Hf ntl.
<][W (w,r)| (er) ‘ > - (@) |W(xar)|<u (I’T)>R++

Observe that there is a constant ¢, such that |W(z,7)| = r"*1/c, for all z € R"
and all » > 0. Then

¥ il = [ Vo) dutar)

"
Cp,
- /]R"‘H T HY, )t dpa(, 7).

Changing the order of integration, we see that

Cn

||N+1:LEHL1’(1R") = <11,H5>R1+1 where He(zat) = ‘/]R"Jr1 m
+

We observe that F. is compactly supported. By Lemma 3.11 and assumption on 4,
€ (LHD) | o gy < CIES ()] ot iy < CC,p

and so
1N (i, FL ) S )
+Ue||Lp(Rn) = yH o )gni
R H¢1 (LH )| Lo gy -
|<u H>Rn+1|
<G, sup
srerz 0oy 1€F (H) |l 1o )

as desired. O

We will use Lemma 3.9 to prove the nontangential bounds (1.28) and (1.29). In
proving the bounds (1.34) and (1.35), it will be convenient to be able to introduce
an additional derivative in the inner product on the right hand side. Thus, we now
prove the following lemma.
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Lemma 3.13. Let u € VVlZLC’Q(Rj_H) satisfy Ny (V™ Lu) € L2(R"). Let p satisfy
l<p<2andletl/p+1/p' =1. Then

T (70l ey < Cpoup |
+ U)|lLe(rr) = Lp SUP == .
& (€)1 (g

where the supremum is over all compactly supported ¥ e LZ(RT'l) that are not
tdentically zero and have a weak vertical derivative also in LQ(RTFI).

Proof. By Lemma 3.9,

(H, VT )|

||]\7+(vmf1u)””(w) <Cp sup S )
Berz@ o) 1€ (EH)| Lo @)

Choose some such H. Let G(x) = fooo ﬂ(m, t) dt; because His compactly supported
we have that §(z) € L2(R"). Let Gp(z,t) = 0’(1’)%){(3T/4’5T/4)(t), where T' > 0
is a real number and where X(37/4,57/4) denotes the characteristic function of the
interval (37/4,5T/4). Let Hp be such that H = Gy + Ho.

Then [ H(z,t)dt = 0 for almost every = € R™. Let

t
(\I/T)a(x,t)z/ (Hr)y(x,s)ds where o =7+ €pq1,
0

where €,41 is the unit vector in the n + 1th direction, and let (¥r), = 0 if
any1 = 0. Then W € LQ(RiH) a.nd is compactly suppf)rted. Furthermore,
0t(¥r)a(z,t) = (Hr),(z,t), and so <HT,Vm_1u>R1+1 = —(TT,Vmu>R:+1.

Thus,

|<H,vm*1u>m+1\ |<¢T,vmu>m+1 - <GT,vm*1u>RT1|

1€ (tH) | o (g 1€ (¢ 0¥ + G o oy

for any 7' > 0. _
By the definition (2.3) of €, if 2 € R then

& (tGr)(x) < CT?)6] L2 n)-
Suppose that T is large enough that there is a cube Q with £(Q) = 57/4 and with
supp 0 C 10Q. By Lemma 3.6 with r = p/,
1€ (G )| 1o =y < Cw 1€ (FG )| 160y < Cor TP 2 (16]| L2 ey

Ifp<2and1/p+1/p’ =1, then p’ > 2 and so Héf(tGT)HLp/(Rn) —0asT —
co. Because (G7)y + Ont1(¥7)a = H,, this implies that ||61+(t at\i:T)HLp/(Rn) —
||Ef(tI-.I)HLp/(Rn) as T — oo; by assumption |\€f(tI:I)\|Lp/(Rn) > 0, and so

= 5 = lim = n
||(’:1+(tH)||Lp’(Rn) T=roe ||Q:1+(t8t‘I’T)HLP/(]R")

|(I.{,Vm_1u>Ri+1| ) |<\ilT,Vm_1u>]R:+1 — <GT’Vm_1u>Ri+1|
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We claim that (G, Vm’1u>m+1 — 0 as T — oo as well. We compute that
5T

|<GT, Vm_1U>R1+1 ‘ < ][

3T /4

/ 10(2) |V Lu(x, £)] da dt
RTL

5T
< ||0||L2<Rn>f 19 V(- 1)l 2 s d.
3T/4

By Holder’s inequality,

5T 5T 1/2
f V™ (1) || p2 ey dE < <][ / leu(x,t)|2dxdt> .
3T/4 3T/4 JR™

Introducing a term fl dy and changing the order of integration, we see that

r—y|<T/4

5T 5T
][ |V Yy, )| do dt < / ][ ][ |V (e, t)|? do dt dy.
37/4 JRn n J3r/a J|z—y|<T/4

Observe that {(z,t) : |z —y| < T/4,[t —T| < T/4} C B((#,T),T/2), and that the
two regions have comparable volume. Recalling the definition (1.5) of Ny, we see
that

5T 2
][ |V (2, t) | dedt < C (][ Ny (V™ ) (2) dz) dy.
3T/4 JR® R \J |y—z|<T

Let Fr(y) = f,_. .p N4 (V" 'u)(2) dz, so that
|<GT,VM_1U>RT1| < Cn|0] b2 @) | Frll 22 m) -
By Holder’s inequality,
Fr(y) < CaT "IN (V™ ) | p2eny,s

and so Fp(y) — 0 as T — oo pointwise for each y € R™. We also have that
Fr(y) < M(NL(V™ 'u))(y), where M is the Hardy-Littlewood maximal func-
tion. By boundedness of M on L2(R™), M(N, (V™ u)) € L*(R™), and so by the
dominated convergence theorem, Fr — 0 in L?(R") as T — oo. Thus,

Tlg\(éT,vm—lu>Riﬂ| =0.
Therefore,
\<H,vmflu>mﬂ| . |<¢:T7vm*1u>w1 — <G’T,vm*1u>R1H|
= S = lim = :
1€ CH) | o gy T €7 (£ 0¥ T) || Lo ey

(B, 9 )| (&, 97 ) |

= lim =~ N < Sup —=— - .
oo |E (0T o mny & €] (E0) | Lo ()

Recalling that Lemma 3.9 implies that

[(EL V7 Vg
SUp —=~——— -
i ([CTCH)| Ly )

IV 4 @tl| Loggny < Cp

completes the proof. [



26 ARIEL BARTON

4. THE NEWTON POTENTIAL

We will establish the bounds on layer potentials of Theorem 1.27 by duality with
the Newton potential, as in [HMM15a] and [BHM19a, Section 9]. Thus, the present
section is devoted to duality results for, and bounds on, the Newton potential.

Specifically, we will establish duality between the Newton potential and the dou-
ble and single layer potentials in Section 4.1. We will bound the Newton potential
in Sections 4.2-4.5. For ease of reference, the main bounds on the Newton potential
established in the present paper are all listed in Corollary 4.27. In Section 5, we
will apply the duality results of Section 4.1 and the bounds of Sections 4.3-4.5 to
establish bounds on the double and single layer potentials; the bounds of Section 4.2
will be used in Sections 4.3-4.5.

4.1. Duality. In this section we will prove the following lemma, that is, will es-
tablish appropriate duality relations between the Newton potential and the double
and single layer potentials. In Section 4.2, we will use these relations to establish
bounds on the Newton potential. In Section 5 we will reverse the argument and use
these duality relations to establish bounds on the double and single layer potentials.

Lemma 4.1. Let L be an operator of the form (2.12) of order 2m associated to
bounded coefficients A that satisfy the ellipticity condition (1.12).

If ¥ e L2R"), and if g € (WA%E’?(R”))*, then we have the duality relation
(4.2) (Try T W, Ghpn = (O, VS G)pas.
IfW e LQ(R1+1), and if f € WA%E?(R"), then we have the duality relation
(4.3) (M- T (14 9), flzn = (&, V"DA f)goin.
If A is t-independent in the sense of formula (1.2), if ¥ € L2(R™1) is zero in

]I.Q" x (—e,e) for some e > 0, and if f € WA;{%%(R”), g e (WA%E%(R"))*, and
h € L?>(R"), then

(4.4) (T, T W, A pn = (U, V" SER) g,
(4.5) (e i 17 W, g)gn = —(8, V"0, 118" §)mnss,
(4.6) (M- 0T (1,9), fpn = <‘i’7vm3n+1DAf>R1+l-

Proof. By the definition (2.14) of the Newton potential, if ¥ € L2(R™*!) then
I & € W™2(R**1). By the definition (2.19) of the single layer potential,
(Trp, 1 HL*‘i’,g>aR1“ = (V"I" &, AV S g gai
and by the definition (2.14) of the Newton potential, we have that the relation (4.2)
is Valigi. . . )
If & € L2(R7M) and f = Tr,,_; F for some F' € W™2(R™""), then by defini-
tion of Neumann boundary values

(M. I" (1,%), fipe = (A*V"TTY (1,.%), V" F)gon
= (V™IY (1, %),1_ AV F)gasr.
By [Barl6, Lemma 42], we have that
(4.7) (VPIIY G, H)gror = (G, V™M ITFH) g
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for all G, H € L?(R™*1). Thus,
(M. TTE (1, %), fipn = <xif,van(1_Ava)>R¢+1.

By formula (2.18), the relation (4.3) is valid.

To prove the relations (4.5) and (4.6), we review some Sobolev space theory. If
F € L*(R™"!) and h # 0, let Fy(z,t) = +(F(x,t + h) — F(x,t)). Suppose that
limp,_,¢ F}, exists in the the sense of L? functions, that is, that

}ILI_%HFh — G||L2(Rn+l) =0

for some function G € L2(R"*!). Then by the weak definition of derivative, 9,1 F
exists and equals G. Conversely, if F € L*(R"*!) N WH2(R*t1), then an ar-
gument similar to the proof of the Lebesgue differentiation theorem shows that
limh_>0||Fh - 8,L+1F||L2(Rn+1) = 0.

By linearity and t-independence of A, IT" (¥,,) = (ITX"¥),,. If ¥ € L2(R*T1)N
WL2(R™+1), then taking limits as b — 0 in L?(R"*1) shows that

(4.8) VI (8,11 ®) = 01 (VTITLD).

If in addition ¥ is zero in R™ x (—¢, ¢) for some & > 0, then formulas (4.5) and (4.6)
then follow from formulas (4.2) and (4.3) by integrating by parts.

To establish formulas (4.5) and (4.6) for arbitrary ¥ € L2(R"x (e, 00)), fix & > 0,
fe WA:,{EIQ(]R") and g € (WA,I,{EE(R"))* By formulas (2.18) and (2.19), we have
that DAf € Wm2(R7H) and Stg € W™2(R"*!), and so by the Caccioppoli
inequality V™9,41DAf € L2(R" x (g,00)) and V™9,418F§ € LA(R™ x (g, 00)).
Thus, the right hand sides of formulas (4.5) and (4.6) (regarded as functions of ¥)
represent bounded linear operators on L?(R"™ x (g,00)). Similarly, by the Cac-
cioppoli inequality 0,41I1*" is a bounded linear operator from L?*(R™ x (&, 0))
to W™2(R™), and so if g € (WAY22(R")* and §f € WAY2Z(R"), then the
left hand sides of formulas (4.5) and (4.6) represent bounded linear operators
on L*(R™ x (g,00)). Thus, by density, formulas (4.5) and (4.6) are valid for all
¥ € L2(R" x (g,00)). A similar argument (or the relations of Section 3.1) estab-
lishes formula (4.5) for ¥ € L?(R™ x (—00, ).

Formula (4.4) was established in [BHM19a, Section 9] under the additional
assumption that ¥ s supported in erfl. In the general case, by assumption
on supp ¥, Lemma 3.4, and the bound (1.21) (with p = 2), we have that both sides
of formula (4.4) have norm at most

C . .
7 %] L2ty || Al L2 ()

and in particular are meaningful if this quantity is finite. Thus, we need only
establish formula (4.4) for A in a dense subset of L2(R™). In particular, we need only
consider h such that formulas (2.23), (2.22), (4.2), and (4.5) (with appropriate §)
are valid, and formula (4.4) is a straightforward consequence of the given formulas.

O

4.2. The boundary values of the Newton potential. In this section, we will
begin to establish bounds on the Newton potential by using Lemma 4.1 and the
known bounds (1.17-1.24). The argument is precisely dual to that of Section 5. Ob-
serve that it is the boundary values Tr,, ; I W, Tr, TTX" ¥ and M, 1Y (1, %)
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that appear in the bounds (4.2-4.5); thus, it is the boundary values of the New-
ton potential that will be bounded in the present section. We remark that we
will not establish all of the bounds on the Newton potential that follow from for-
mulas (4.2-4.5) and the bounds (1.17-1.24), but only those that we will need in
Sections 4.3-4.5.

Lemma 4.9. Let L be an operator of the form (2.12) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).

Then there is some € with the following significance. Suppose that ¥el? (R™F1)
is supported in a compact subset of RT‘l UR™™ If1/p+1/p =1 and p lies in
the indicated ranges, then

(4.10) [ Te,, 5| < O L p)|ASE | L, 22 <p<pfy,
(411) [N T (L) gaon - < CL L) AT e 2<p <.
Suppose H € L?(R™HY) s supported in a compact subset of Rf_ﬂ UR™M . If we
normalize V"I H as in formulas (2.16) and (2.17), then

(412) [T 2 T H|| L < CO,L,p) S EH) |, 2—e<p<pi,.

Proof. We will use Lemmas 3.8 and 3.9 to establish the bound (4.12). We will
need a similar formula involving the area integral to establish the bounds (4.10)
and (4.11). Let 7§ = {¢ : AJ+¢ € LP(R™)} with the natural norm. By [CMS85,
p. 316], if 1 < p < co then under the inner product

)= [ fat)glant) =

t

the dual space to 7% is T% " Thus,

Lo ()]
(4.13) 07”"42 (t@)|| Lo (rn) < sup < Ol A3 (t4)|| e rmy
P

23 ||'A2+‘I’||LP/(]R")

where the supremum is over all ¥ € L? (R**") such that AW e L (R") and

loc
such that the denominator is positive. A similar formula is valid for A5 and A%.

Remark 4.14. We may take the supremum only over all ¥ L2(R7TH)\ {0},
where L? is as in Lemma 3.9.

If 1 < p < oo, then by formula (4.4), and by density of LP N L? in L?,
. . U, V" SLh)go
||rI\rm HL lI’HLP/(R") = sup |< _ v >R + |
heLrnL2\{0} A%
By the bound (4.13), if 1 < p < oo then

HAZ{[’”LP'(]R")
heLrnL2\{0} ”hHLP(Rn)

and by the bound (1.21),if2 —e <p < piL then the bound (4.10) is valid.
Similarly, by formula (4.3) and the bounds (4.13) and (1.22),if 2 <p < piL and

f € WA (R") N WAY/?2(R"), then
(V. T (1), ] < O L p) AT o | Flsao s qeos-

A5 (V™ SER)|| Lo

”Trm I 'i'”LP’(]R") <C
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By density of WA%P | (R")NWAY22(R") in WAL/22(R"), the bound (4.11) is valid.
We now turn to the bound (4.12). Let 4 € B;l/Q’Q(R”) N LP(R™) for some p

with 2 —e < p < pS:L. Then by formula (4.2), Lemma 3.8, and the bound (1.17),
we have that

(D1 TIE H L A)ge| < C0, L, p) |3l 2o &)

C(tH)|| 1 (R)-

By density of By /**(R") N LP(R") in LP(R"), there is an f € LP(R") with
1o gy < C(O, L p)ICT (LH) || o gy such that (f,F)re = (Trpy T H, Ao
for all 4 € 351/2’2(R") N LP(R™). We need only establish that f = Tr,,_; IIX" H.

We normalize ITY" H as in formulas (2.16) and (2.17). Then there is some ¢ < co
such that V"~ 'II*" H € L9(R"!). By Lemma 3.4 and because H is supported
away from 8[&1“, we have that Tr,,,_; IIZ" H € L%(R™) (and in particular is locally
integrable).

If ¢ € C5°(R™) and [, ¢ = 0, then ¢ € B “/**(R™) N LP(R™), and so
(¢, Trp 1 TX H — figa =0.
Thus, Trm_l L |1 — f is a constant.
We have seen that f € LT’/(R"), Tr,,_ IX" H e LY(R"), for p/, ¢ < oo, and
f — Tr,,_1 IIX" H is constant; therefore, f = Tr,,,_1 [IX" H, as desired. ([

4.3. Inputs satisfying area integral estimates. In this section we will continue
to establish bounds on the Newton potential. The two main results of this section
are Lemma, 4.15, in which we establish the L? bound

[NV @) | 2@y < CllASE L2y,
and Lemma 4.20, in which we establish the L?" bound
IN(V™ IR ®) | s oy < CUL LS D ASE N s nys P <P <2

The proof of Lemma 4.15 will involve the bound (4.10) and some techniques from
the proof of [HMM15a, Lemma 4.1], while the proof of Lemma 4.20 will involve
Lemma 4.15 and some techniques from [Bar].

Lemma 4.15. Let L be an operator of the form (2.12) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).
Let ¥ € L2(R™*1Y) be supported in a compact subset of ]R:L_"'l UR™ L. Then

. (V7 I ) | gy < CAS
Proof. Let z € R™ and let (g, to) satisfy |2 — zg| < |to|. Let B = B((z0,t0), [to]/2).

We wish to bound
][ vk Ik
B

by a quantity depending only on z and ¥, and not on z or t.
Let A(z,7) = {y € R" : |z —y| < r} denote a disk in R" (not R"*!). Let
Ey = A(xo, 282)to|) x (—2%+2|t], 25+2|t9|) be a cylinder in R"T!. We define
by =159, by, = 1Ek\Ek_11+‘i’7 k>1,

and let
wy =TE ¥, k>0
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Then X" ¥ = w, + Sy Wk
We begin by bounding V"wy. By the L? boundedness of V"IIF"

C .
]i|vmw0|2 < W”‘I’OH%Z(RTLH)'

By Lemma 3.5 with » =2 and x = 0, if n{’fl < 0 <2, then

. . Ce N
1¥ollw2@nrsy = WollLa@nx ~atol o) < Formrg=izz=nyz 42 Wollooger).

But A%, = 0 outside of A(zo, 8to|) € A(z,9|to|), and A5Wq(x) < A3® () for all
x € A(z,9]to]). Thus,

Co Y
R
]{3| | [to[2n/0 A(z,9|to|)( 2 %)

Let M denotes the Hardy-Littlewood maximal operator (in R™) given by
M) =swpf 17wl dy.
>0 J|y—z|<r
We then have that

(4.16) 7{9 Vw2 < CoM((A39)°)(2)?/"

whenever =t < 0 < 2.

We now turn to Wy, k> 1. Let @ = Yp°, wg. Observe that L*@ = 0 in Ep.
The following lemma may be proven using the same argument as [BHM, Lem-
ma 3.19], in which the case of cubes (rather than cylinders) was considered.

Lemma 4.17. Let L be an operator of the form (2.12) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).
Let zo € R™ and let r >0, ¢ >0, and 0 > 1. Let E' = A(zo,r) x (—cr,cr) and
let E = A(zo,01) X (—cor, cor). Suppose that u € W™2(E) and that Lu = 0 in
E. Let 0 < j < m. Then there is a constant C., depending only on c, o and the
standard parameters (and in particular independent of xg and r) such that

2
][ \Viu(x,t)|? dt dv < C., (r ][~|8g+1u(x7t)| dt dx)
B B

2
+C, <][ i, u(x)|dx> .
A(zg,or)

Observe that B = B((xo,t0), |to]/2) C A(xo, |to|/2) x (=3|to|/2, 3]|to]/2). Thus
by Lemma 4.17,

2[tol ]
(4.18) (f |vm{17|2> <C f / ot | +C][ |Tr,,, @).
A(ﬂﬂmltOD 2to| A(zo,[tol)

Recall that 6 is a number with =% < 6 < 2. If n > 1 then § > 1. Thus by Holder’s
inequality,

1/6
][ T, @] < CM (T w)(2) + <][ i, w0|9> .
A(zo,|to]) A(zo,|to])
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By the bound (1.15), p; ; < max(l,f—_&) < nz—fl, and so if nzj_‘l <
the bound (4.10) is valid for p’ = 0. Furthermore, the constant ¢(1, L, 6’,2) of the
bound (1.13) may be bounded by a constant depending only on € and the standard

parameters. Thus,

1 . 1
\Tr wol’ < ——— |Tr wol’ < Copr——cr
][A(xo,lto) " | Ao, [to])| Jen ™ | Ao, [to])] Jrn

As before, A3W, < A5W and A5¥, = 0 outside of A(z,9]to|), and so

(A580)”.

(4.19) ][ Ty @] < CM(Tr w)(2) + CoM((A3H))(2)7°.
A(zo,|tol)
We are left with the term involving 8™ '@
Choose some k > 1. Let (x,t) € A(xo, 2|to]) x (—2]to|, 2]to|) = E-1 C Ex_a. Ob-
serve that because A (and thus A*) is t-independent, we have that L* (37"+1 k) =0

n+1
in Ey_; for each k > 1. By [Barl6, formula (29)], if 2m > n + 1, then

1/2
|a;"+1wk<x,t>|so(][ |a?+1wk<y,s>2dyds) .
Er_3/2

Recall that wy, = II1X @, By the Caccioppoli inequality and boundedness of the
Newton potential L?(R"T1) — Wm:2(R" 1),

C

m-1 T
\8t ’LUk(CC,t)‘ < WHQI’CHLZ(R"*J%

Observe that A3¥;, < A5W and that A3¥, = 0 outside of A(xq,2"3|to])
A(z, 24 tg]). As before, by Lemma 3.5 with 7 = 2 and k = 0,

Co
||‘I’k||L2(R"+1) = (2k|t |)n/9 1/2 n/2 ||A2‘I’k||L9 R”

< Cy(2[to]) VP M((A5E)%) (2) 7.
Thus,

2to|

2[to] ~ > C .
Fo o [ 801 < 32 SEMU AR )
(wo, |tol) k=1

Summing, and applying the bounds (4.16), (4.18) and (4.19), we see that if 2m >
n+1and 24 <60 <2, then

) 1/2 1/2 1/2
<][ |vaL ‘I’|2) (][ |vmw0|2> + (][ Vmﬁ|2>
B B
< CoM((A3®)") ()7 + CM(Tr,, TTH ) (2).
The right hand side depends only on z, not on zg or tg, and so
N(V™IF @)(2) < CoM((A58)%)(2)Y0 + CM(Tr,,, T §)(2).
By the bound (4.10), we have that || Tr,, HL*¢||L2(R7L) < C’||A§\il||Lz(Rn). Choose
6 = (2n+1)/(n +1) < 2. By boundedness of M on L?(R™) and on L*¢(R"), we
have that B
[NV 0| L2y < CllAS® | L2z,
This completes the proof in the case 2m > n + 1.
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Suppose now that 2m < n+ 1. Let L = AMLAM for some large integer M. As
shown in the proof of [Barl6, Theorem 62], there are constants ag such that

HL‘i’:AN[HZ‘AI} where \AI}Z Z Z Qg \I/B é[3+f
|§]=2M |B|=m

where ég4¢ is given by formula (2.21). Thus,
N(VIE @) (2) = N (VP AMTIE @) (2)
and if we choose M so that 2m + 4M > n + 1, then
[NV MR W) | 2y < O A5 p2n) < CPJlASE || 2 )
as desired. (]
We now extend to bounds for A3¥ € LP' (R™), p < 2.

Lemma 4.20. Let L be an operator of the form (2.12) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).

Let j be an integer with 0 < j < m. Let p satisfy Pipe <P <2 and let
1/p+1/p’ =1. Let ¥ e 2 (R™*1) be supported in a compact subset ofRiHUREH.
Then

INAV" RO )| s gy < CULL PNATE N ot )y Pjp- <P S 2
Proof. The p = 2 case is Lemma 4.15. Let
u=0l" g, ug =/TI" (Ligu—u@ e ®),  P1= A

where @ is any cube in R". Hereafter the proof closely parallels that of [Bar,
Theorem 4.12], and in fact will use many results of [Bar]. Choose some p with
P <p <2 By standard self-improvement properties of reverse Holder estimates
(see, for example, [Gia83, Chapter V, Theorem 1.2]), there is a ps > p’ such that
the bound (1.13) is valid for solutions u to L*u = 0 and for p = ps. That is, there
is a py > p’ such that py < szM with py and c(j, L*, p2,2) depending only on p
and c(j, L*, 1/, 2).

We have that u — ug € W,™*(10Q x (—£(Q),4(Q))) and L*(u — ug) = 0 in

loc

10Q x (—4(Q),4(Q)). By [Bar, Lemma 4.11] with v = u — ug, we have that

(£ Nﬁ(vm_j(“‘““)”y/m < . ) ﬁsf<vm—j<u_w>>2>l/2

10Q
where ¢ = ¢(Q)/4 and where N’ is as given in [Bar, Section 4]. In particular,
N3(V™=iu) < N, (V™). By Lemma 4.15, we have that

IV (70 2y < Ol g2z < oo
Observe that A;(llOQX(_Z(Q),Z(Q))\il)(x) < A5W (z) = B (x) and is zero if = ¢ 12Q);
thus, again by Lemma 4.15, we have that

[N (V™ u0) || 22 @ny < Cl|®1]l£2(160)-

These bounds imply that

C(j,L*;pQ)

N
IRV = ugD o) < o mi7es

(1911l 22160) + IN(V™ T u)l| L2 (100 ) -
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The conditions of [Bar, Lemma 4.3] with & = V"™ 7y and g = V™ Jug are thus
satisfied, and so

||N+ (meju) ||Lp’ (R™ < O(.]7 L*7p/) H(I)l ||LP/ (R™)»
as desired. O
4.4. Inputs satisfying Carleson estimates. In this section we will continue to

establish bounds on the Newton potential. In Lemma 4.21 we will establish the
area integral bound

A5 (V™ I H) || 0 ey < CO, L )€ (EH) | ot oy 2 <0 < P s
and in Lemmas 4.22 and 4.24 we will establish the nontangential bound

||N*(Vm_1HL*H)HLp’(Rn) < CPHQ:T(tH)”LP’(R")v P <p< pf{L

for an appropriate constant 5'p.

Lemma 4.21 will be proven by a simple duality argument. The proof of Lem-
ma 4.22 uses similar techniques to that of Lemma 4.15. Most of the proof of
Lemma 4.24 will be omitted, as once some notation has been established it may be
proven in the same fashion as [Bar, Theorem 4.12] or Lemma 4.20.

Lemma 4.21. Let L be an operator of the form (2.12) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).
Let H € L?*(R"*Y) be supported in a compact subset of Ri“ UR™!. Let paL
be as in the bound (1.13). If 2 <p <p3'7L, and if 1/p+1/p' =1, then
AtV 1 H)|| ot gy < CO, L)€ (CH) | ot (nys 2 <0 < 1
Proof. By the bound (4.13),
(&, VT H ) g |
[AZE | Lo ()

A5V T H)|| o gy % sup
@

We may take the supremum over g supported in a compact subset of RTFI U
R™*! such that the denominator is positive and finite. Thus, we may assume
¥ ¢ L2(R"1). By [Barl6, Lemma 42] (reproduced as formula (4.7) above),

(VI E gt |
[AZ® ]| Lo ()

| A5 ¢V IT H)”LF’(R") A sup
¥

and by Lemma 3.8,

el ||N*(vaL‘i’)||LP(R") ET(ﬂq)”m’ Rn
JAS (V™ TTE ED) | ey < Cpsup - =
: 1A% o )

Using Lemma 4.20 with 7 = 0 and with p, p’ and L, L* exchanged completes the
proof. O

We now establish nontangential estimates.

Lemma 4.22. Let L be an operator of the form (2.12) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).
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Let H € L?(R™1) be supported in a compact subset of RT‘l UR™ . Let p(‘;L
be as in the bound (1.13). If2<p < pa"L, and if 1/p+1/p’ =1, then

[N (V™ tnF ﬂ)"LP’(R"L < C(O7L,p)||(‘3’{(tH)HLp/(Rn), 2<p< pg,L-

Proof. As in the proof of Lemma 4.15, let A(z,7) = {y € R" : |z —y| < r}, let
z € R", and let B = B((zo,t0),|to]/2) be a Whitney ball with |xg — z| < |to]. Let

H=H,+H; where Hy=1a@0at0)x(-1ltolalto) H-
Our goal is thus to show that

. 1/2 . 1/2
(][ |vm71HL Hn|2> + (][ |vm71HL Hf|2)
B B

may be bounded by a quantity depending only on z and H, not z( and to.

Fix some p with 2 < p < pajL. As in the proof of Lemma 4.20, by standard
self-improvement properties of reverse Holder estimates (see, for example, [Gia83,
Chapter V, Theorem 1.2]), there is a # > p such that the bound (1.13) is valid for
solutions u to Lu = 0 and for p = 6. That is, there is a 6 such that p < 6§ < pafL,
with 8 and ¢(0, L, 6, 2) depending only on p and ¢(0, L, p, 2).

Ifn+1>3,let r=2;if n+1=2,let r satisfy #/ < r < 2 and be close enough
to 2 that the bound (2.15) is valid. Let ¢ be as in the bound (2.16) or (2.17).
Observe that r > 1 and so ¢ > 2.

We begin with IT% H,. By Holder’s inequality,

1/2
(][B|vm—1HL Hn|2) < C|t0|—(n+l)/Q||vm—1HL HnHL‘I(]R"XI(tO))

where I(tg) = (to/2,00) if to > 0, and where I(tg) = (—o0,t9/2) = (—o00, —|to|/2)
if tg < 0.

Recall that H € L?*(R"') and r < 2, and so H, € L"(R"!). By the
bound (2.15), we have that V"II*"H, € L"(R" x I(to)). By the Gagliardo-
Nirenberg-Sobolev inequality and standard extension theorems of Sobolev spaces
on a half-space, we have that there is a constant ¢ such that

V™ Hoy, — €l parnxrio)) < CrllV™IIE Hop|| (e x1(t0) -

By the bound (2.16) or (2.17), V™ TIX H,, || pe(rn+1) is finite, and so é = 0.
Recall that 1 < ¢ <r <2 and so ¢'(n+1)/(n+6') < r. By Lemma 3.5 with
k=1,
< C@,r
) = |t0|1+n/0’—1/7‘—n/r

V™I H | e A5 (T FL) | or oy

By Lemma 4.21,if 2 < 0 < par’L, then
IStV I H o) ot oy < C(0, L, 0)[| €5 (tH W) | o -

Thus,

1/2
e C0,L,0) ~ -
(][ vt (Hn)|2> < (7n/9/)||€1(tHn)HL9’(R“)'
B lto]

By Lemma 3.6 with » = 0’, we have that
€5 (L) [ or gy < Colto]™* M€ (D))" ) ()"
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where M is the Hardy-Littlewood maximal function. Thus,

1/2 B
(1.23) (][ N O >|2) < (0, L. O) M(E (HED)) ) ().
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We now turn to IT*" H ;. Recall that H ; = 0 in A(zo,4|to|) x (—4|to|, 4|to]). By

Lemma 4.17,
1/2 X .
(][ |V7YL—1HL Hf|2> S C |’I‘Lfm,1HL Hfl
B A(wo,|tol)

2o .
ve [ o jopantH|
2|to| Y A(zo,ltol)

We begin by bounding the trace. We have that

][ Tr,, I H | < CM(Trm_lnL*H)(z)+][ T, I H,|.
A(zo,|to])

A(zo,[tol)
By the bound (4.12), we have that Tr,, ; 1" H € LY (R"), and that
1 T | or gy < C(0, L, 0)[|€5 (LEL) | Lo (-

Thus, by Holder’s inequality and Lemma 3.6,

Foo R IV E| < O0.L )G [ L) o o

A(zo,[tol)
< C(0, L, ) M((E; (LH))” ) ()",
Therefore,
1/2
(ﬁw’nlnﬁﬂfﬁ) < CM(Tr,,_ ITY H)(2)

+C(0, L, O)M((&; (tH))" ) ()"

20| .
ve [ o jopantl
2|to| J A(zo,ltol)

We are left with the term involving 97, IT* "H;. Let w =0 m  ITE "H;. By the

bound (1.13), if 0 < p < oo then

2|to] 3to| 1/p
][ ][ lw| < Cu (][ ][ w|”> .
2[to (zo,ltol) 3|to] J A(zo,2[to])

Choose pr = 1/2. By Lemma 3.5 with 6 =r =1/2 and k =1,

3to] 2 _—
(][u |7[A< 2t |)|w|l/2> < Gt M el @y
0 xo, 0

where E is the region of integration on the left hand side. Observe that A} (t1pw) =

0 outside of A(xg, 5|to]) C A(z,6[to|). By Holder’s inequality, if ' > 1/2 then

2|to| , 1/6'
[ s C(f A (tw)(y)? dy) .
2|to| J A(zo,ltol) A(z,6[tol)
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Recalling the definitions of w and H 7, we see that if 6’ > 1, then

1/¢’
(][ Aj (tw)? ) < (7[ A (tVIIE H,)Y )
A(2,6]to]) A(2,6]to])

L 1/6'
+ (][ A5 (tvmIIE H)? ) .
A(z,6ltol)

By Lemma 4.21,if 2 < 6 < parL, then

1/¢’

AT c,L,0) ~,
(£ ) < T )l e
A(z,6t0]) to

+ M(A;(EV™ITE H)? ) (2)V

and by Lemma 3.6 with r = 6/,

1

o7 |G EH ) o ey < CMAE (EH))) ()"
0

Thus,
1/2
(éwm—lnb’ﬁﬂ?) < CM(Tr,,_ TTY H)(2)
+ CM(A; (V™I )Y ()Y
+C(0, L, O) M((E: (tFT))? ) (2) /7.
Combining this estimate with the bound (4.23) yields that
N.(V™ Y (1, H))(2) < CM(Tr,, o T H)(2)
+ CM(As (V™ TIE )Y ()Y
+C(0, L, ) M(( (LH)) ") (=)'

Recall that p < 0 < par’L, so that p’/6’ > 1, and that ¢(0, L, 6,2) depends only

on p and ¢(0,L,p,2). By the bound (4.12), Lemma 4.21, and the L* and LP'/?'-
boundedness of M, we have that the lemma follows from the above bound. O

The techniques of [Bar] let us extend the range of p in our nontangential bound.

Lemma 4.24. Let L be an operator of the form (2.12) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).

Let H € L2(R"*1) be supported in a compact subset of RT‘l UR™ . Let p;:L
be as in the bound (1.13). If py ;. <p <2, and if 1/p+ 1/p’ =1, then

[N (V™ tTF H)”LP’(]R") < C’(LL*,p')\|€*1‘(t1iI)||Lp/(Rn), P <P <2
Proof. Let
u=T"(1+H), ug=1" LigxuquenH), @1 =C(H), j=1

The proof is similar to the proof of [Bar, Theorem 4.12] or Lemma 4.20 and will be
omitted. (]
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4.5. Area integral estimates on the Newton potential. In this section we will
establish area integral estimates on the Neumann potential beyond Lemma 4.21.
We recall that the Fatou-type estimates on Neumann boundary values established
in [BHM19b] involve area integral estimates and not nontangential estimates; thus,
in light of formulas (4.3) and (4.6), area integral estimates are necessary to bound
the double layer potential. We will also expand the range of p in the nontangential
bound of Lemma 4.20. For ease of reference, all of our nontangential and area
integral bounds on the Newton potential are listed in Corollary 4.27.

Lemma 4.25. Let L be an operator of the form (2.12) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).
Let ¥ € L? (RT‘l) be compactly supported. Then

A (tV™OITE (14 ®))|| L2 (rny < CJlAS |2 ().

Proof. By boundedness of the Newton potential (see Section 2.4), TIE™ (1,.¥) e
Wm2(R*1). By the definition (2.14) of ITX", L*(II*" (1,¥)) = 0 in R™*!. By
[Barl7, Lemma 5.2] or [BHM17, formula (2.26)], we have the Green’s formula

LV (14%) = VDA (T, T (1, %) + V7 S™ (M. 17 (14 9))

m—1
away from OR’.T'. This formula may also be derived from formula (2.18) for the

double layer potential (with F = IT1*" (1, ¥)), and from the definitions (2.13), (2.14)
and (2.19) of M., IT¥" | and S%.
Thus
A5 (V™8I (14 @) |2y < A7 (V0D (T, 3 T (10 8))) | 2
+ Ay (V™ 0,SY (M TIE (1.9))) || 2 (-
By the bound (1.20) with p = 2,

A (199, DA (T, T (L 8))) | ey < Ol T (Lo#)ypre oo,

m—1
and by definition of WA»>? | (R") and the bound (4.10),
T,y HL*(1+¢’)||WA;;{1(R7L) < T, T2 (1 ®) | L2 ey < CJLATE | L2,

as desired.
We will apply a similar argument to the second term. By the bound (4.11) with

p=2,
(M. T (14%), £

< CIAFE o | Fliar o
By boundedness of the Newton potential L2(R™1) — W™2(R"*1), and by the
definition (2.13) of Neumann boundary data, we also have that

(N T (1 8), fme] < I g | Fllyarro o

Thus, M. 1" (1, %) extends to a bounded linear operator on WAY? (R™) +
WA;{EE (R™), and by the Hahn-Banach theorem extends to a bounded linear opera-
tor on LQ(R”)+B;/2’2(R"). By standard duality arguments, there is a § € L?(R™)N
By Y*2(R) such that (g, @)rr = (M. TIE" (1,9), @)gn for all ¢ € WAL22(R).
We may ensure that [|g[|z2@n) < C | AS®|| r2(rny by carefully choosing the norm
in L2(R") + By/*?(R™).
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By the definition (2.19) of the single layer potential, we have that S¥" ¢ =
SE (M. ¥ (1, ¥)). Thus,

A7 ¢V OITE (1, 9)) 2y < CIADE 2y + A7 (V"0 §) 122
and the given bound on ||g||z2(z~) and the bound (1.19) completes the proof. [

We now establish area integral estimates for a wider range of p.

Lemma 4.26. Let L be an operator of the form (2.12) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).

Let H and W be elements of L*>(R™*1Y) that are supported in compact subsets of
RﬁHURﬁH and Rf{_ﬂ, respectively. Let p; ; be as in formula 1.14. If 1/p+1/p =
1, and ifpiL* < p < 2, then we have the bounds

IS (V" T H)| ot ey < O LY, ) I€E CHD | ot )y Pripe <P <2y
1A ¢V 0T (L))l o oy < C(L LY P AT ® Lz Prpe <P <2

Proof. We will use [Bar, Lemma 6.2].
For ease of notation we will consider only A5 in both cases; a similar argument

or Section 3.1 establishes the bound on A (tV™IT*" H). We make one of the
following two choices of notation:

w=T"H, ug =1 Ho, ®, = C(tH), or
u = 8tHL*(1+\i/), uQ = 6tHL* ‘ilQ, (I’l = A;\if
where
Hq = Liogx(-e@.@)H, Yo = (Ligx(o.20eQ) ¥)-

Observe that A ¥ (z) < AF ¥ (z) and Af W (z) = 0 whenever z ¢ 15Q, while by
Lemma 3.6 we have that HQ:T(tI'IQ)HLT(Rn) < C”Q:T(tH)”LT(lGQ) forany 1 < r < oc.
By definition of II*" and the Caccioppoli inequality, we have that

u—uq € W™(10Q x (—£(Q),£(Q))),
L (u— ug) = 0 in 10Q x (—£(Q), (Q)).
By Lemmas 4.21 and 4.25, we have that
A5 (tV™u) € L*(R™),
A5 (V™ uQ)l r2®n) < Cll®1lz2(160)-
By Lemmas 4.20 and 4.24, if p; ;. < p < 2 then
1N (V™ )| o ey < C(L L) 1@l o ey
||]\7*(Vm_1UQ)||L2(10Q) < O] 22 (160)-
By [Bar, Lemma 6.2], the conclusion is valid. O
For the sake of completeness, we establish a few final bounds on the Newton

potential; for ease of reference we list all of our nontangential and area integral
bounds on the Newton potential in the following corollary.
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Corollary 4.27. Let L be an operator of the form (2.12) of order 2m associated
to bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).

Let W € L2(R™Y) and H € L2(R™1) be supported in compact subsets of R U
R™ 1. Let j be an integer with 0 < j < m. Let 1/p+1/p’ = 1. Ifp lies in the given
ranges, then

4.28 [N (Vmt L (®ny < CPHQ:T(t-H)”LP’(]R")v Py <p< paLa

(4.28) H)

(4.29) HA;(tvaL*H)HLP/(]R") < 5p||ET(tH)||LP’(R")7 Prpe <p< P:{,La
(430)  [NAV"IRIE G | gy < Coll A5 o yy Py <P <P 1
(431) A7 (9" 00" (1 9)) 1t oy < Cpl AT Bl nyy Prpe <P <Prp

where 6'10 depends only on the standard parameters, p, and the constants c(k, L,p,2)
(if p > 2) or c(k,L*,p',2) (if p < 2) in the bound (1.13), for appropriate values
of k.

Proof. The bounds (4.28) and (4.29) were established in Lemmas 4.22 and 4.24 and
in Lemmas 4.21 and 4.26, respectively.

The p < 2 case of the bound (4.30) was established in Lemmas 4.20. To establish
the p > 2 case, we may take 7 = 0. The bound then follows from Lemma 3.9,
formula (4.7), and the bounds (4.13) and (4.29), as in the proof of Lemma 4.21.

The p < 2 case of the bound (4.31) was established in Lemmas 4.25-4.26. As
in the proof of the bound (4.30), we will establish the p > 2 case by duality. By
formulas (4.7) and (4.8), if G and H are in L2(R™1) 0 W12(R"1), then

(4.32) (01 V'IY G Hgnsr = —(G, 0y 1 VIV H ) s

If G is supported in J and H is supported in K, where J and K are disjoint
compact sets, then by the Caccioppoli inequality, both the left hand side and right
hand side are at most CJ7K||C";"||L2(J)||I_‘IHL2(K); thus, by density, formula (4.32) is
valid whenever G € L2(R"*1) and H € L2(R"') have disjoint compact support.

We may now see that the p > 2 case of the bound (4.31) follows from the
bound (4.13), formula (4.32), and the p < 2 case of the bound (4.31) (that is,
Lemma 4.26). O

Remark 4.33. The nontangential bounds (4.28) and (4.30) and the area integral
estimate (4.29) involve the two-sided operators N, and A3, while the bound (4.31)
involves one-sided operators A7 and Aj; .

This restriction cannot be removed. Let F' be a function that is smooth and
supported in the Whitney ball B((0,1),1/4). Let ¥ = AV™F. It follows from the

definition of IT” in Section 2.4 that F' = II*(AV™F) = II*¥. Thus,
IAS ¢V 0 ) || Lo ny = [|AS (V"0 F) | Lo g -
By the ellipticity condition (1.12) and the definition (1.6) of A3, if 0 < p < 0o then
IAZ (V™ F)[ Lo geny = IV Fll 2 (5((0,1),1/4)) = 43 @ | o iy

where the constants of approximation depend on p. Thus, |AF (V™F)| 1sm@n) <
Cpll A3 ¥ 1o ().
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But for any fixed number C, we may choose F' so that

m O m
| A5 ((V 0 F)|| Lo mny £ EHA;(V F)|| Ly ®m
p

and so N
|AF (tV O )| Lo ey £ C|l AT | Lo ().
Thus, no two-sided analogue to the bound (4.31) is possible.

5. THE DOUBLE AND SINGLE LAYER POTENTIALS

In this section we will prove Theorem 1.27.

We will establish estimates on the double and single layer potentials using the
duality results of Lemma 4.1 and the bounds on the Newton potential of Corol-
lary 4.27. Recall that Lemma 4.1 involves the Dirichlet and Neumann boundary
values of the Newton potential along R” = R}, while Corollary 4.27 yields non-
tangential and area integral bounds, that is, bounds in the interior of R’iﬂ. Thus,
we will need Fatou type theorems to pass from Corollary 4.27 to useful estimates
on boundary values.

We will list three Fatou type theorems from [BHM19b, Bar| in Section 5.1.
These theorems suffice to prove the bounds (1.28-1.33); the arguments will be
given in Section 5.2. The bounds (1.30) and (1.32) allow us to eliminate a technical
assumption in certain results of [BHM19b]; these simplified theorems will be stated
in Section 5.3, after the bounds (1.30) and (1.32) have been established, and will
be used in Section 5.4 to establish the bounds (1.34) and (1.35).

5.1. Fatou type theorems. In this section we list some known results concerning
boundary values of functions that satisfy nontangential or area integral estimates.
We begin with the following theorem concerning Dirichlet boundary values.

Lemma 5.1 ([Bar, Lemma 5.1]). Let @ be defined and locally square integrable in
Riﬂ, Suppose that Ny& € LP(R™) for some p with 1 < p < oo. Suppose that
Tr™ 1 exists in the sense of formula (2.5); that is, there is an array of functions
Tr™ 4 such that

lim / |(x,t) — Trt a(z)| de =0
K

t—0+

for any compact set K C R™. Then Tr' 4 satisfies
ITe* ]| Lo gny < N4l o (gn)-

We will also need the following Fatou type theorems for Neumann boundary
values. We remark that in [BHM19b], these theorems are stated for solutions v, w
to Lv = Lw = 0 in R} with A (tV™0), AF (tV™0,w) € LP(R™). We will usually
apply these theorems to solutions v, w to L*v = L*w = 0 in R™™* with A5 (tV™v),
A; (tV™9,w) € LP (R™); we have modified the theorem statements accordingly.

Theorem 5.2 ([BHM19b, Theorem 6.1]). Let L be an operator of order 2m of
the form (2.12) associated to bounded t-independent coefficients A that satisfy the
ellipticity condition (1.12).

Let 1 <p < oo andlet 1/p+1/p = 1. Let v satisfy Ay (tV™v) € LP (R™) and
L*v =0 in R™. If p < 2, suppose further that v e W™2(R™ x (—o0, —0)) for all
o > 0, albeit possibly with norm that approaches oo as o — 0.
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Then for all ¢ € C§°(R™) we have that
[(Trm—1 o, M. 0)gn| < Gyl Trm1 @llyare @nyllAz EV™0)] 1ot )

where 1\'/1:4* v is as in [BHM19b, Section 2.3.2]. In particular, if v € Wva(R’jH),
then by [BHM19b, Lemma 2.4] M. v is as in formula (2.13).

The theorem as stated in [BHM19b] requires that v € W"2(R" x (oo, —0)) for
all p; however, if p > 2 then this condition follows from Lemma 3.5 or its predecessor
[BHM19b, Remark 5.3].

Theorem 5.3 ([BHM19b, Theorem 6.2]). Let L be an operator of order 2m of
the form (2.12) associated to bounded t-independent coefficients A that satisfy the
ellipticity condition (1.12).

Let 1 < p < oo and let 1/p+1/p' = 1. Let w satisfy Ay (tV™dw) € LY (R™),
N_(V™w) € L (R™), and L*w = 0 in R, If p < 2, we impose the additional
condition that 8, 1w € W™2(R" x (—o0, —0)) for all o > 0.

Then for all ¢ € C§°(R™*1) we have that

|<Trm71 %MZ* W)rn |
< G| Trpm ellaoe wny (A5 V™ 00wl o (ny + IN= (V™ w) | 1 ()

where M. w is as in formula (1.7).

5.2. The bounds (1.28-1.33). In this section we will prove most of Theorem 1.27;
specifically, we will establish the estimates (1.28-1.33). Throughout this section we
will let L and A be as in Theorem 1.27; that is, L will be an operator of the
form (2.12) of order 2m associated to bounded t-independent coefficients A that
satisfy the ellipticity condition (1.12).

The estimate (1.28). By Lemma 3.9, if 1 < p < oo then
~ . I‘:I, vmsL o
IR (T SL ) oy < Cpsup LY S Glan]
H ||€1(tH)||Lp’(Rn)

where the supremum is over all H e L?(R™*1) supported in a compact subset
of R?_H UR™ ! such that the denominator is positive. By formula (4.2), if g €

By /**(R") then

~ Tr, 1 12 H, §)pn
HN*(VmSLg)HLP(]R") <, sup ( o L s g)rn |
g (1€ EH)] Ly g

Because 1Y H € W™2(R™t1), we have that Tr,,_; 1" H exists in the sense of
Sobolev spaces, and thus in the sense of formulas (2.5) and (2.6). By Lemma 5.1,

1Ty T H | o oy < ([N (VT H)| oy

and so by Lemmas 4.22 and 4.24, if p; ;. <p < pa',L and g € 351/2’2(]1%”) NLP(R™)
then

INA(V™SEG) | oy < Cpllgll e

where @) is as in Corollary 4.27. By density, the bound (1.28) is valid.



42 ARIEL BARTON

The estimate (1.29). By Lemma 3.9 and formula (4.3), if ¢ € WA}T{EE(R”) then
_ [(H, V™ DAG) g1 |
INL (V" DAG) | Lo (n) < Cpsup —=— -
B )| (CH)|| e )

M. T2 (1, H), @)gn
o MV I (L.
H €7 (CH)|| Lo

By Theorem 5.2, if ¢ = Tr,,_1 ® for some ® € C&°(R™1), then
”LPHWAL’,’L(R”)||A5(tvaL*(1+H))HLP/(RTL)
CRE T

INL (V" DAG)|| oy < Cpsup
H

By Lemmas 4.21 and 4.26, if p; ;. <p < p('{L then
N mA ~ .
¥4 (VP DAG) o) < Collélharr ao:

We establish a bound on ]\Nf_(VmDAgb) using Section 3.1 and extend to all ¢ €
WALP (R™) by density. This completes the proof of the bound (1.29).

m—1

The estimate (1.30). By the bound (4.13) and formula (4.5), if 1 < p < oo and
g € By **(R"), then

W, V"9, 118§ gni
||A§(th6tSLg‘)||Lp(Rn) < Cp sup ‘< ’ — +1 9>1R + |
14 ||A2\I’||LP’(R71)

(Try_ 1 O T W, G)pn |
||A§‘PHLP’(R")

= Cpsup
W

We may take ¥ to be supported away from 8R1+1. By Lemma 3.4, Tr,, 1L @

exists in the sense of formula (2.6), and so by Lemma 5.1,

IN- (V™20 T (L4 8) | o oy 1] o )
”A;_‘I]”LP'(]RTL)

A5tV 8,5 g) | Lo gn) < Cp sup
¥

By the bound (4.30) with j = 1,if p ;. < p < p{, andif g € B, "/**(R")NLP (R"),
then

(5.4) A5 (V™ 0S| Loy < ColldllLr @), Prp- <P <pip

By density, the bound (1.30) is valid.

The estimate (1.31). By the bound (4.13) and formula (4.6), if ¢ € WAY/22(R™),

then

(P, vmatDAcp)RiH |

”A;‘il”Lp'(]R")

(M- 0n i TTX (1, W), @) en |

”A;—‘I’HLP’ (R™)

1A (V"0 DA@) | Loy < Cpsup
v

= Cpsup
¥
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By Theorem 5.2 and the bound (4.31), if p ;. <p < pr and ¢ = Tr! | ® for
some ® € Cg°(R"*1), then

147 (tV ™08 (L)) | o (o) [ Bllyinare | ny
I3 ¢V ™0, DAp)|| o (rn) < Cpsup : =
W ||A§r‘I’HLp’(R")
< Cp”‘)b”WAiﬂl(Rn)-

As before, we may use density arguments and Section 3.1 to complete the proof of
the bound (1.31).

The estimate (1.32). By the bound (4.13), formula (4.4), and Lemma 5.1, if 1 <
p < oo and h € L2(R™) N LP(R™), then
. U V"SLh)gn Tr,, 12" &, h)gn

[ A3tV SER)|| Lo (zn) < Cpsup I — vhin| =C, < — )

& HAz‘I’HLp/(Rn) & ||A2‘I’||Lv’(Rn)
N (VPOE D) o s 1| 1o (e

<O, sup [N ( : .)”L @ [PllLe )
¥ HAZ‘I’HLP'(R”)

By density and the bound (4.30) with j =0, if py ;. <p < piL then

(5.5) A5 (V" SER) || Loy < Cpllal| o), Por- <P <Dl
Thus, the bound (1.32) is valid.
The estimate (1.33). By the bound (4.13) and formula (4.3), if 1 < p < oo and
f e WA/Z2(R") then
. (&, VDA f) | M. 57 (1, %), f)rn
AT VDA F) || Lo n) = sup = * — =sup (M - ( +¥), Fiw |
N4 [[A3 ‘I’||Lp'(Rn) ¥ A3 ‘I’”Lp’(]Rn)

By Theorem 5.3, if f = Tr,,_, F for some F € C5°(R™*1!) then

(M. T (14 %), F)en |
< Cy|[N_ (VI (1,9)) + A (VO (1 9)) | 1ot oy | Fll i gy

provided the right hand side is finite. Thus, by the bounds (4.30) and (4.31), if
Do+ <P < pf’L then

IAZ (EV DA F) | o ny < Cllfllyiaor  ny:
By density and by Section 3.1, we have that the bound (1.33) is valid.

5.3. Further Fatou type theorems. In order to establish the bounds (1.34)
and (1.35), we will need further Fatou type theorems.

The Fatou theorems [BHM19b, Theorem 5.1 and 5.2] contain a technical assump-
tion involving the single layer potential. As observed in [BHM19b, Remark 5.3],
this technical assumption is true if p > 2; given that the bounds (1.30) and (1.32)
have been established (see the bounds (5.4) and (5.5) above), we have that this
technical assumption is true for a broader range of p. Thus, we will now restate
the parts of [BHM19b, Theorems 5.1, 5.2 and 6.2] necessary for the proofs of the
bounds (1.34) and (1.35). As in Section 5.1, we have interchanged the roles of L
and L*, p and p’, and RT‘l and R™"! relative to their roles in [BHM19b).
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In [BHM19b], p} is defined as pj = min(p],,p] ,-); however, a careful exami-

nation of the proofs in [BHM19b] yields that the results are valid for pf 1, and pf I
as indicated below.

Theorem 5.6 ([BHM19b, Theorem 5.1]). Let L be an operator of order 2m of
the form (2.12) associated to bounded t-independent coefficients A that satisfy the
ellipticity condition (1.12).

Let py . <p <ooandlet1/p+1/p' = 1. Let v satisfy A (tV™v) € LY (R™)
and L*v = 0 in R""L. If p < 2, suppose further that v € W™2(R™ x (—oc0, —0))
for all o > 0, albeit possibly with norm that approaches co as o — 0T,

Then 'i‘r;lq v exists in the sense of formula (2.5), and there is some constant
array ¢ such that

HTrf_n—l v é”Lp’(Rn) <C(L L7 p)[IAy (tvmv)HLP’(]R")'

Theorem 5.7 ([BHM19b, Theorems 5.2 and 6.2]). Let L be an operator of order
2m of the form (2.12) associated to bounded t-independent coefficients A that satisfy
the ellipticity condition (1.12).

Letpy . <p<ooandletl/p+1/p'=1. Letw € VVI?C’z(RﬁH) satisfy L*w = 0
in R™ and A7 (tV™dw) € L (R™). If p < 2, we impose the additional condition
that O, 1w € W™2(R" x (=00, 0)) for all o > 0.

If there is some t < 0 such that V"™w(-,t) € LP (R™), then T, w exists in the
sense of formula (2.5) and satisfies

Ty, ]| o gy < C(O, L7, )| A5 (V" 00) || o ey -
We also have the uniform bound

iggHVmU/( SOl e ey < CO0, L7, p) | Ay (V™ 0rw) || Lo ey
and the limits
tliggoHVmw( Sl ey = t£%1+||vmw( ) — Trr_anLp/(Rn) =0.
Finally, we have that 1\./1;1* w exists in the sense of formula (1.7), and that
(1 0, M. 0| < OO, L) [T @lops gy A5 (697 000)]| ot o
for every p € C§°(R™H1).

5.4. The bounds (1.34) and (1.35). In this section we will complete the proof
of Theorem 1.27 by establishing the bounds (1.34) and (1.35). As in Section 5.2,
throughout this section we will let L and A be as in Theorem 1.27.

We begin with the bound (1.34). Let h € L*(R"™) N LP(R") for some p with
Po.r- <P < 2. By the bound (1.23) with p = 2, we may apply Lemma 3.13 with

u = Séil; by Lemma 3.13 and formula (4.4),

(B, VSR g |
sup —— _ +
¥ (€ (0 ) | Lo ()

Tr IE (1,.%), A)gn
= Cp sup ‘< N'n:— (. + )7 >R ‘
v €70 Lo ey

IN¢ (V" SER) Loy < Cy
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where the supremum is over all ¥ € L2 (Rfrl) that are supported in a compact
subset of R"! and have a weak vertical derivative in L2(R’™).

By definition of- the Newton potential and the Caccioppoli inequality, we have
that 0,4 11% (1, %) € W™2(R"™!). By Lemma 3.4 and the bound (4.30), we
have that V™IIL" (1, %)(-,t) € LP (R™) for any (hence some) t < 0. Thus, we may
apply Theorem 5.7 with w = IT*" (1, ¥) and see that

[(Tr, 7 (14 %), R)a| < C0, L%, p") || A (V™ 0117 (14 9)) | 1ot oy | ol o -
By formula (4.8) and the bound (4.29),
lAZ (V0 (1 8)) | o ey = (145 (VT (14:0,9)) | o oy

< CL L p)IE (¢ 0T)l| o oy

Thus, if py ;. < p <2, then
NG (VT LSER)| Lo ny < C(0, L, ') || A 1o ().

By density and Section 3.1, the bound (1.34) is valid.
Similarly, let f = Tr,,—1 F for some F € C§°(R"™1). By the bound (1.24) with
p =2, Lemma 3.13, and formula (4.3), if 1 < p < 2 then

(&, VDA F) o
sup —=— :
¥ [|€7 (E0Y)|| L gn)
M. I (1, %), f)rn
Gy a1 (), e
¥ €T (0 Lo gy
By Theorem 5.7, formula (4.8) and the bound (4.29), if py ;. < p < 2 then
(M- T (1%), F)zn| < OO0, L7, p)[|A; (V™I (109)) | o oy | Fll o
< CO, L, p)IES (£ 0: )| Lo oy 1 F | o () -

By density and Section 3.1, the bound (1.35) is valid. This completes the proof of
Theorem 1.27.

INL (VDA ) Lo@ny < Cy

6. THE GREEN’S FORMULA

A useful tool in the theory of higher order equations, and one of the reasons
layer potentials are of interest, is the Green’s formula

(6.1) 1, V™u = —V"DA(TY) | u) + V"SE(MY ).

This formula is valid for all u € Wm’z(Rf_H) that satisfy Lu = 0 in R%"'. See
[Barl7, Lemma 5.2] or [BHM17, formula (2.26)]. It is also valid if Lu = 0 in RT‘I,
AT (tV™ou) € LAR™) and V™u(-,t) € L*(R") for some t > 0; see [BHM1S,
Theorem 4.3]. This Green’s formula was used in [BHM18] to establish uniqueness
of solutions to the L? Neumann problem (1.4); the corresponding formula in the
lower half space was used to prove Lemma 4.25 above.

In this section, we will show that the Green’s formula is still valid if Lu = 0 in
R AT (V™ 0u) € LP(R™) and sup, ol V™u( -, )| Lrrn) < oo for some p with
p1r- <p < 2. The Green’s formula for such solutions will be used in Section 7 to
establish uniqueness of solutions to the Neumann problem (1.10).
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We will begin with some useful auxiliary lemmas. Specifically, recall from The-
orem 5.7 that V™w(-,t) — Tr,, w as t — 07 and V™w(-,t) = 0 as t — co. We
wish to prove a similar result for Neumann boundary values. Our argument will
follow the proof of [BHM18, Lemma 4.2].

Lemma 6.2. Let L be an operator of the form (2.12) of order 2m associated to
bounded coefficients A that satisfy the ellipticity condition (1.12).
Let p satisfy 0 < p < 2. Let j be an integer with0 < j < m. Letu € W™ 2(}R”+1)

loc
be such that Lu = 0 in R and A (tV7u) € LP(R™). Define uc(v,t) = u(z,t+¢).
If e > 0, then

A5 (V7 ue) || po@ny < Cl| AT (V7)o ®n),
and

i A (09 (1= )o@y = fim (A3 (69 7ur) |z an) = 0.

o0 dy dt\?

= H(y,t) ) ,
L, moorgs

¢ 1/2
dy dt

= H(y,t)] > ,
([, mwor s

so that AJ H(z)? = ,Ach(aﬁ)2 + AL H ()2

Let ¢ > 1 be a constant to be chosen later. We begin by analyzing Af,/c(tvjug).
Let G be a grid of pairwise-disjoint open cubes in R™ of side length £ /¢ whose union
is almost all of R™. Then

AT 2 gy = 3 / AL/ () (@) de
Qeg

Proof. We define

By Holder’s inequality,

p/2
AT 0 ey < D112 | At o ds)

Qeg
By definition of u. and of A,

/e dy dt
A/ () [ gy < SIQIT /(/ / / TP
|z—y

QEg

p/2
Changing the order of integration and evaluating the integral dz, we have that

p/2
HAs/c(tvjug)HLp(Rn < ap/2 Z'Q‘l p/2 (/ / t‘v] y,t—|—5)|2 dydt)

Qeg

where «, is the area of the unit disk in R™.
Making a change of variables, we see that

) ete/c
A () ey < 082 D 1QI /(/ / (t— o)V yt>|2dydt)

Qeg

/2
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Let ¢ = 2y/n = Vdn. If z € Q, y € 3Q, and t € (g, + ¢/c), then |z —y| <
2/nl(Q) =e < t. Thus, if x € Q then

ete/V4n ) p/2
( / / <t—e>v3u<y,t>2dydt)
e 3Q

e+e/Van ) dy dt p/2
< ((5—}—5/\/411)" / [ iur th) |

€ |lz—y|<t

The right hand side is at most
(Cal@DP/? min(AZH/ VI 4V u) (), AF (1) ()"
For ease of notation we replace € + ¢/v/4n with 2¢. Thus,

AV () gy < CE2 S / min (A2 (£V9u) (), A5 (6V9u) () da.
Qeg
Summing over @), we have that

(6.3) A VI (VI u) || 1oy < Cr min ([ A2 (VI 0) || 1o (s [|AG (EVI0)]| L (o)) -

We now turn to Ai/m. By definition of u,,

- 1/2
AP w0 = ([ [ 9t -t )P )

B </°° / 2dydt>1/2
e/Van J|z—y|<t .

2fn—l
Applying Holder’s inequality and Changing the order of integration, we have that

t+e )
V7 0suly,s) ds

e/V4n 2 dy dt
A (tV7 (u — ug)) Vjauy s)|d
f ’ tn 1
e/Vin |:v y|<t t
1/2
<Cple? |V785u(y,s)|2dyd8 .
n—1
e/Van J|z—y|<s s

By the Caccioppoli inequality,

/NI [y * e? , ydyds\'?
A (V7 (u—wu.))(z) <C = V7 u(y, s)|* —— .
f 2 n—1
e/Vien 57 J|z—y|<2s S

o= ([, mworgi)
|z— y\<rt tn+l

for any r > 0, so that AJ H = ALH. Tt is well known (see [CMS85, Proposition 4]
or [CT75, Theorem 3.4]) that if 0 < p < oo, then [ ASH || 1o grny < Cpl|AZH|| Lo (wr)-
Thus,

(6.4) AT (099 (1 = 1) | o gy < Cpll AT (V9 0) | 1 -

The bound || A (tV7u) | 1on) < Cpll A3 (tVIU)| 1o @) follows from the bounds
(6.3) and (6.4). We now use these bounds to bound A (tV7ur) as T — oo and
AT (VI (u—u.)) as e — 0.

Now, define
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First, by definition of A’ and A¢,

AT ¢V ur) | oy < ALY (EV9ur) | pony + AT Y (69 uz) | 1o n)-
Next, by the bounds (6.3) and (6.4),

IS (V9 ur) | 1o gy < Cpll ATV (499 0) | 1o -

If A (tV7u)(z) < oo, then A?/ Y (tViu)(z) — 0 as T — oo, and so by the

dominated convergence theorem, if A (tV7u) € LP(R"), then A?/ O (Viu) — 0
in LP(R") as T — oo. Thus, || A3 (tV7ur)| egn) — 0 as T — oo, as desired.
We now turn to u — u.. By definition of A’ and A%,

2 '(u— )| oeny < ATV EVI0) Lo (en) VIV ug) || o r)
|AF (179 ( )| < AR e + AV (1w, |
+ A (V9 (= ) | o -
By the bounds (6.3) and (6.4),
IS (97 (u = ue) | o zny < CIAZE (V0| ogrny + Coll A7V (€97 0) | 1o )

Both terms converge to zero by the dominated convergence theorem and the proof
is complete. O

Combining Lemma 6.2 with Theorem 5.7 (or, for more notational convenience,
[BHM19b, Theorem 6.2]) yields the following corollary.

Corollary 6.5. Let L be an operator of the form (2.12) of order 2m associated to

bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).
Suppose that w € WZZZC’Z(R’}FH) satisfies Lw = 0 in R, that A (tV™0,w) €

LP(R™) for some p with 1 < p <2, and that V™w(-,t) € LP(R™) for some t > 0.
Let w.(x,t) = w(x,t +¢). Then

. b _ : Tt —
Th_I};OHMA wT”(WA?,;"_/l(]R"))* =0, 51_1)161+||MA(UJ - wE)H(WA?);”’_ll(Rn))* =0.

We are now in a position to prove the Green’s formula.

Theorem 6.6. Let L be an operator of the form (2.12) of order 2m associated to
bounded t-independent coefficients A that satisfy the ellipticity condition (1.12).

Let p satisfy py . < p < 2, where py . is as in formula (1.14). Suppose
that w € W2 (RTTY) satisfies Lw = 0 in R*, AT (tV™9,w) € LP(R™), and
V™w(-,t) € LP(R™) for some t > 0.

Then we have the Green’s formula

1, V™w = —V™DA(Tr),_, w) + V"SE(M} w).

Proof. Let w.(x,t) = w(z,t+¢), and let we r = we —wyp. If A is t-independent then
Lw. 7 =01in Rﬁ“ for any T' > ¢ > 0. By Lemma 3.5 or [BHM19b, Remark 5.3],
if T > e >0 then w. 7 € W™2(R7TH).

Recall that formula (6.1) is valid for all solutions in W™2(R’*!). Thus, we have
that

1, V™. r = —V™DA(Tr, _ w.r) + V"SE(M} w.r).

Let B = B((xo,t0),]|to|/2) be a Whitney ball in R, By Theorem 5.7, we

have that Tr, | w.r — Tr! | win WALP | (R") as ¢ — 07 and T — oo, and by
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Corollary 6.5, M} w. 7 — M} w in (WAgﬂll(R”))* as e — 0% and T — oo. By
the bounds (1.28) and (1.29) established in Section 5.2, we have that
—VDA(TY) | wer)+ VSEMY wer) = —V™DA(TY) | w)+ V"SE (M w)
in L?(B) as T — oo and € — 07

Because Aj (tV™8,w) € LP(R™), we have that w, — w as € — 01 in W™2(B).
By Theorem 5.7, V"wyp(-,t) — 0 in LP(R™) for any fixed ¢ > 0, uniformly for ¢ in
(=3|tol/2, 3|to|/2). Therefore, wy — 0 in WP (B); by the bound (1.13), wy — 0
in W™2(B) as T — oc.

Thus, taking appropriate limits yields the Green’s formula, as desired. a

7. THE NEUMANN PROBLEM

In this section we will prove Theorem 1.8, that is, will establish well posedness of
the Neumann problem with boundary data in LP(R"™) for operators with bounded
elliptic t-independent self-adjoint coefficients.

Our proof of Theorem 1.8 will be based on a duality argument. That is, we
will show that well posedness of the Neumann problem with boundary data in
W12 (R™) implies well posedness with boundary data in L?(R™) for adjoint coef-
ficients; as well posedness of the subregular Neumann problem was established in
[Bar], this implies well posedness of the LP Neumann problem.

We begin by precisely stating the well posedness result of [Bar].

Theorem 7.1 ([Bar]). Let L and A satisfy the conditions given in Theorem 1.8.
Then there is some €1 > 0, depending only on the standard parameters n, m, A,
and || Al| o rny, with the following significance. If

1 1 1 1
(72) ma,X(O,Z—n—El) <p§§,

then for every b in W-L2(R™) N W-Le (R™), there is a solution v, unique up to
adding polynomials of degree m — 2, to the subregular Neumann problem

L*v=0in R,
M. v 3 h,
1A (V™ 0) [ L2y + 1N (V" 0) |2y < CollBlly1,2n»
A5 (9™ 0) o ey + I (T 0) ot ey < Cop bl gy
The numbers Cy and Cyp depend only on n, m, A, ||Al|pemny, and p'.

(7.3)

We remark that the p’ = 2 case, like the L? Neumann problem (1.4), is from
[BHM18, BHM]. Here Mz* v is as given in [BHM19b, Section 2.3.2].

If A is self-adjoint, then A = A* and L = L*; however, we have phrased the
problem (7.3) in terms of A* and L* for ease of notation for duality arguments. We
now state our duality theorem; Theorem 1.8 will follow easily from Theorem 7.4.

Theorem 7.4. Suppose that L is an elliptic operator of the form (2.12) of or-
der 2m associated with coefficients A that are bounded, t-independent in the sense
of formula (1.2), and satisfy the ellipticity condition (1.12).

Let p and p" satisfy py ;. < p < 2 and 1/p+1/p’ = 1, where p; ;. is as in
formulas (1.13) and (1.14). Suppose that for every h € W—12(R") 0 W12 (R")
there is a unique solution v to the Neumann problem (7.3) for L*.
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Then for every g € LP(R™), there is a solution w, unique up to adding polyno-
mials of degree at most m — 1, to the LP-Neumann problem
Lv=01n RT‘I,
(7.5) M} v > g,
IS (V™ 0w)l| Loy + 1N+ (V™0) [ 1o @ny < Collgllo@ny

where Cy, depends only on p, n, m, A, |A|p=®n), the number c(1,L*,p’,2) in
formula (1.13), and the constants Cy and C, in the problem (7.3).

Proof. Fix some such p and p’. We will use the method of layer potentials of
[Ver84, BM13, BM16b], specifically as formulated in [Barl7].

We let }I;[ and Z%; be the space of all equivalence classes of functions such that
the appropriate norm

[wllx2 = [N+ (V"0)]| o ) + | A5 6V pw) || 1o ()
ollzz = IN£ (V™ 0) ot ey + 145 (EV™0) | Lot ey

is finite.
We define the following function spaces.

DE = {w, +ws 1w, € %;t, wy € X5, Lw, = Lwy = 0 in R},
9E = {ve f%i ﬂi;t : L*v =0 in R,

D = WALP (R™) + WALZ (R™),

D = WA (R") N WA%2 | (R™),

N = (WANY (R))" + (WAZ | (R))",

N= (WAL (R™)" N (WAL, (R)".

We will be interested in a family of norms on these function spaces. For each
number § > 0, let

lellyys = int{ g + 5lheall s : w= 1w, +wa, Ly = Ly =0},
[éllos = inf{”‘)bp”WA;ﬂl(R") + %”LibQHWAiyﬁl(]R") =t ¢2}7
Gy = 1G] a5 1Cl s oy  + C = G+ G
lollgss = lloles, + dllvlz

113, = 100 oy + 31 Flhiane ny

155, = 1Hllgaze , @y + O1H L iarz | oy

Then N5 = (Ds)* and Ny = (Dg)*. See [LvR69, formula (1.3) and Theorem 1.7].
By Theorems 5.2, 5.3, 5.6 and 5.7, the operators
’h'ifl :@gt — Dy, Tri':nfl :Qt)gt — 55, Mf‘ : 2)? — MNs, Mfﬁ :52)6i — "J~T5
are bounded with bounds depending only on p and the standard parameters, and in
particular, not on ¢ provided § > 0. By Theorem 1.27 and the bounds (1.21-1.24)



THE L?” NEUMANN PROBLEM 51

we have that the double and single layer potentials are bounded
D405 » 95, DA D5 F, SE - 9F, SV 0 - 9F
with bounds independent of §.

By [BHM18, Theorem 4.3], and by Theorem 6.6 and Section 3.1, we have that
ifve ijst and w € @fst, then the Green’s formulas

1.V = VDA (Trf,i_l v) 4+ vrSt (Mj v),
1.V"w = FV™DA (TrE_ | w) + v"SY (Mi* w)

are valid.
Finally, the jump relations

(7.6) Tx} _DAf-Tx, DAf=-f  Ix}_,St¢g-Tr, ,Stg=0,
(7.7) M} DAf+ M, DAf 50, ML Stg+M,Stg=4g

of [Barl7, Conditions 6.19-6.22] are valid for all f € WAL/*?(R") and all § €
(WA:,{E%(R"))*, see [Barl7, Lemma 5.4]. By density, the relations (7.6) and (7.7)
are true for all f in ®s or 355 and all g in 915 or ‘jvtg.

Thus, [Barl7, Conditions 6.14-6.22] are valid for the spaces éjf;t, 355 and ‘:)715, and
so by [Bar17, Theorems 6.23 and 6.24] and well posedness of the Neumann prob-
lem (7.3), we have that Mj;. DA” is invertible D5 — Ny, and that (M. DA
is independent of 6. By duality (see [Barl7, Lemma 5.3]), Mj[‘ DA is invert-
ible ®5 — Ms. Furthermore, the norm is independent of §, and the value of
(M7}, D4)~14 is independent of 4.

Let w = DA((M}; D4)"'@), G € LP(R™) C N;.

Then w € P and so w = wg + w$ for some wg € Xt wl € X§ with ng =
Lw§ =0 in R} and with

1 . .
) 4
lwplley + 5llwzlley < ClGlg, < ClGLr@n).

Taking the limit as § — 0T, we see that w) — 0 in Wm’2(Ri+1). Thus w =

5 loc
lims o+ w;, and so

IN+ (V") + Ay (tV " 0w) | Lo oy < ClIG o)
as desired.
Thus, solutions to the Neumann problem (7.5) exist. We have seen that M; DA
is one-to-one on ® = WALP (R™) + WAL?  (R™), and so it is also one-to-one on
the subspace WA},’IP_ 1(R™). The Green’s formula of Theorem 6.6 allows us to apply

[Barl7, Theorem 6.13] to see that solutions to the problem (7.5) are unique, as
desired. (I

We conclude the paper by proving Theorem 1.8.

Proof of Theorem 1.8. The ellipticity condition (1.3) in Theorem 1.8 implies that
the condition (1.12) in Theorem 7.4 is valid. Thus, if L and A satisfy the conditions
of Theorem 1.8, then they satisfy the conditions of Theorems 7.1 and 7.4.

There is a € > 0, depending only on n and the number £; in formula (7.2), such
that if p satisfies the bound (1.9), then p’ satisfies the bound (7.2). Thus, if ¢ > 0 is
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small enough and the conditions of Theorem 1.8 are satisfied, then the subregular
Neumann problem (7.3) is well posed.

Recall from formula (1.15) that there is some € > 0 depending on the standard
parameters such that

- 2n ~
Py - < Mmax 1’n—|—27€ .

By Remark 1.16, if max(l, n2—f2 — 5) < p < 2 then ¢(1, L*, p,2) depends only on p

and the standard parameters.

Thus, if ¢ is small enough and p satisfies the condition (1.9) of Theorem 1.8,
then p and L also satisfy the conditions of Theorem 7.4. Thus, the Neumann
problem (7.5) (or (1.10)) is well posed. O
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