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ABSTRACT. We show that if u is a solution to a linear elliptic differential
equation of order 2m > 2 in the half-space with ¢t-independent coefficients, and
if u satisfies certain area integral estimates, then the Dirichlet and Neumann
boundary values of u exist and lie in a Lebesgue space LP(R™) or Sobolev space
Wil(]R"). Even in the case where u is a solution to a second order equation,
our results are new for certain values of p.
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1. INTRODUCTION

This paper is part of an ongoing study of elliptic differential operators of the
form

(1.1) Lu=(-1)" Y 0%(Aapd’u)
la|=|8l=m
for m > 1, with general bounded measurable coefficients.
Specifically, we consider boundary value problems for such operators. One such
problem is the Dirichlet problem

(1.2) Lu=01in Q, V™ Ly = f on 90

for a specified domain 2 and array f of boundary functions.
We are also interested in the corresponding higher order Neumann problem,
defined as follows. We say that Lu = 0 in ) in the weak sense if

Z /80‘4,014@38511:0
Q

lee|=|B|=m
for all smooth functions ¢ whose support is compactly contained in 2. If ¢ is
smooth and compactly supported in R**! D Q, then the above integral is no longer
zero; however, it depends only on u and the behavior of ¢ near the boundary, not
the values of ¢ in the interior of 2. The Neumann problem with boundary data g
is then the problem of finding a function u such that

13 > /awAaBaﬁu: > gy do  for all p € C5°(R™1).
la|=|8l=m " ly|=m—1 92

In the second-order case (m = 1), if A and Vu are continuous up to the boundary,
then integrating by parts reveals that ¢ = v - AVu, where v is the unit outward
normal vector, and so this notion of Neumann problem coincides with the more
familiar Neumann problem in the second order case.

In the higher order case, the Neumann boundary values g of w are a linear
operator on {Vm’lc,0|aQ 1 € C°(R™ 1)}, Given a bound on the above integral in
terms of, for example, ||Vm_1cp|ag||L,,/(BQ), we may extend ¢ by density to a linear

operator on a closed subspace of Lp/(aﬂ); however, gradients of smooth functions
are not dense in L¥' (9Q), and so ¢ lies not in the dual space LP(S2) but in a
quotient space of LP(9€). We refer the interested reader to [BM16al, BHM17] for
further discussion of the nature of higher order Neumann boundary values.

In this paper we will focus on trace results. That is, for a specific class of
coeflicients A, given a solution w to Lu = 0 in the upper half-space, and given that
a certain norm of u is finite, we will show that the Dirichlet and Neumann boundary
values exist, and will produce estimates on the Dirichlet and Neumann boundary
values f and ¢ in formulas or ; specifically, we will find norms of u that
force f and ¢ to lie in Lebesgue spaces LP(OR") or Sobolev spaces W, (9R").

These results may be viewed as a converse to the well posedness results central
to the theory; that is, well posedness results begin with the boundary values f or
g and attempt to construct functions u that satisfy the problems or .

We now turn to the specifics of our results.

We will consider solutions v to Lu = 0 in the upper half-space Rff_“, where L is
an operator of the form , with coefficients that are t-independent in the sense
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that
(1.4) A(z,t) = A(z,s) = A(x) for all z € R™ and all s, ¢t € R.

At least in the case of well posedness results, it has long been known (see
[CFK81, IMMS1]) that some regularity of the coefficients A in formula
is needed. Many important results in the second order theory have been
proven in the case of t-independent coefficients in the half-space; see, for ex-
ample, [KKPT0O0, [KR09, [AAAT11] [AATO08, [AAMI0, Barl3, [AMI4, HKMPI5b),
[HKMPT15a, [HMM15b, [BM16bl, [AST6]. The t-independent case may also be
used as a starting point for certain ¢-dependent perturbations; see, for example,
[AATT, [HMMI5al. In the higher order case, well posedness of the Dirichlet
problem for certain fourth-order differential operators (of a strange form, that is,
not of the form ) with ¢-independent coefficients was established in [BM13a].
The theory of boundary value problems for ¢t-independent operators of the form
is still in its infancy; the authors of the present paper have begun its study in
the papers and intend to continue its study in the present paper,
in BHMD), and in future work.

We will be interested in solutions that satisfy bounds in terms of the Lusin area
integral A3 given by

1/2
(1.5) A H(z y, )20 4t for = € R".
o y\<t tntt

Our main results may be stated as follows.

Theorem 1.6. Suppose that L is an operator of the form of order 2m, asso-
ciated with coefficients A that are t independent in the sense of formula and
satisfy the ellipticity conditions ) and .

If Lu = 0 in R"H, n > 1, let the Dzrzchlet and Neumann boundary values
T"r;;q u and M u of u be given by formulas (2.6) and -

There exist some constants €1 > 0 and €5 > O dependmg only on the dimension
n+1 and the constants X and A in the bounds and , such that the
following statements are valid. (If n+1=2 orn+1=3 then ey = c0.)

Let v and w be functions defined in RT‘l such that Lv = Lw = 0 in R:L_H.
Suppose that A (tV™v) € LP(R"™) and AF (tV™0,w) € LP(R™) for some 1 < p <
0. If p > 2, assume in addition that V™v € L?*(R™ x (0,00)) and V"0, 11w €
L?(R" x (0,00)) for all o > 0. (It is acceptable if the L?> norm approaches infinity
aso —07.)

If p lies in the ranges indicated below, then there exists a constant array ¢ and
a function w, with Lw = 0 and V™01 = V™Op11w in RT‘l, such that the
Dirichlet and Neumann boundary values of v and W exist in the sense of formulas

(2.6) and (2.13) and satisfy the bounds

(L7) T v = éllr@ny < Cpll A (EV™0)|| Loy, 1<p<2+e,
(1.8) ||M;U||W31(R") < Cpll AT (EV™0) || Lo s 1<p<oo,

(1.9) 1Tty Bl ny < Coll A (V™ Opw)||o@ny, 1 <p<2+eo,
(1.10) IME @[ Lo 2r) < CpllAS AV )| Lo@ny, 1 <p<2+es
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Define

p/q 1/p
(1.11) Wyo(7) = (/ <][ |vmw|q> dx) .
n B((z,7),7/2)

If for some ¢ > 0 and some T > 0 we have that W) 4(7) < 0o, then the bounds

(1.9) and (L.10) are valid with ® = w.

If W, 4(7) is bounded uniformly in 7 > 0 for some fized ¢ > 0, then
(1.12) |V W| Lo rny < Cpll ATtV Ow)| Lo @) + Chp.q sti% Wp.q(T)

for all p with 1 < p < 0.

Here the L” and W”, norms of the Neumann boundary values are meant in the

sense of operators on (not necessarily dense) subspaces of L*" and Wlp /, that is, in
the sense that

y ‘<vm7190('30),MA’U>]Rn|
”MJAU”WEI(]RTL) = sup om1 0
pecg @) || ¢ 0l
. mel _’071\‘/1 .
||Mj1wHLv(Rn) = sup I mj( ), Ma @) |'
peCF® (Rn+1) ||v 90('70)||Lp’(]1§n)

)

These results are new in the higher order case. In the second order case, the
bounds 1] are known in some cases (in particular, the case p = 2), but
are new for certain other values of p.

Specifically, if n + 1 > 3, then the bounds and are new even for second
order operators in the case 1 < p < 2 —e. Here ¢ is a positive number depending
on L. The bounds and for 2—e¢ < p<2n/(n—2)+e, and the bounds
and for 2n/(n+2)—e < p < 2+¢, are known. If n + 1 > 4, then the case
2n/(n —2) +¢& < p < oo of the bound (L.8), and the case 1 < p < 2n/(n+2) —¢
of the bounds and , are known if L is a second order t-independent
operator that satisfies a De Giorgi-Nash-Moser type condition (see [AS16] for the
details), but are new for general second order t-independent operators.

Remark 1.13. Let NH(z) = sup{(fB((yt) t/2)|H|2)1/2 i |z —y| < t} be the

modified nontangential maximal function introduced in [KP93]. Estimates of
the form HN(melu)HLp(Rn) ~ || A3 (tV™u)| 1o (rn), for a solution u to Lu = 0,
have played an important role in the theory of boundary value problems. See
for some proofs of this equivalence and related equivalences under various assump-
tions on L.

This equivalence can be used to solve boundary value problems. In [KP0I]
[HKMP15D] (and [KKPTOQ]), this equivalence was used, together with the method
of e-approximability of [KKPT00], to establish well posedness of the Dirichlet prob-
lem with LP boundary data for certain second order operators and for p large
enough. The operators of were further studied in [DPR17], again
using equivalences between nontangential and square function estimates. In the
higher order case, this equivalence was used by Shen in [She06] to prove well posed-
ness of the LP-Dirichlet problem for constant coefficient systems and for appropri-
ate p, by Kilty and Shen in [KSII] to prove well posedness of the W{-Dirichlet
problems for A? and for appropriate ¢, and by Verchota in [Ver96] to prove a
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maximum principle in three-dimensional Lipschitz domains for constant coefficient
elliptic systems.

The results of the present paper constitute a major first step towards prov-
ing the estimate ||j\7(vm_1u)||LP(Rn) < C||\ A3 (tV™u)|| L (rny for higher order op-
erators with ¢-independent coefficients. Specifically, if Lu = 0 in RT‘l
V™y € L3R, then we will see (formula below) that

Vmu = —VmDA(Ty,) | u) + VSE(M} u)

and

where DA and S” denote the double and single layer potentials. This Green’s for-
mula will be extended to solutions u that satisfy A (tV™u) € L?(R™) in [BHMIS].
In [BHMD], we will show that the double and single layer potentials satisfy non-
tangential estimates, and in a forthcoming paper, we intend to extend the Green’s
formula to solutions u with A (tV™u) € LP(R™) for a broader range of p; com-
bined with Theorem ﬁ this implies the desired estimate ||]\~I(Vm_1u)||Lp(Rn) <
C|l A3 (V™) Lo ).

We mention some reﬁnements to Theorem [L.6l

The definition ([2.13)) below of Neumann boundary values is somewhat delicate; a
more robust formulatlon of M, w is stated in Theorem[6.2} (The delicate formula-
tion is necessary to contend Wlth v in the full generality of Theorem [I.6} however, if
v satisfies some additional regularity assumptions, such as V™v € LQ(RZL_H), then
the formulation of Neumann boundary values of formula coincides with more
robust formulations. See Section [2.3.2])

There is some polynomial P of degree m — 1 such that V~'P = ¢é. Then
v =wv — P is also a solution to Ly = 0 in R”+1 V™p = V™v and so v satisfies the
same estimates as v, and furthermore M AV = M A.

Some additional bounds on 1w and v are stated in Theorems (.1l and 3l In
particular, we have the bounds

iggllvm’lv( 1) = EllLr@ny < Cpll AT (EV™0) | Lo (B,
supl| V™ (- )]z < CpllAZ (V™ 0pw) || Lo )
and the limits
Ji [V (e T) = ey + lim [V R0(- ) Tr,), 1 o)l o ny = 0,
S [V (- Tl oy + T [V #) = T ]| oy = 0.

Notice that an LP bound on V™w(-,t) is stronger than a Wf bound on
V™=L@( -, t), as the former involves estimates on all derivatives of order m while
the latter involves only derivatives at least one component of which is tangential to
the boundary.

It is clear that W, ,(7) < C'sup;l|V™w(-,1)||1r@n). In addition, we remark
that Wy o(7) < |IN(V™w )HLP(RH where N is the modified nontangential maximal
function introduced in [KP93] and mentioned in Remark

We now review the history of such results. The theory of boundary values
of harmonic functions may be said to begin with Fatou’s celebrated result [Fat06]
that, if a function u is bounded and harmonic in the unit disk in the plane, then the
Dirichlet boundary values of u exist almost everywhere in the sense of nontangential
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limits. We remark that if «w € L°°(Q), then its boundary values necessarily lie
in L>®(09Q).

In [Pri23], Privaloff considered general domains 2 C R? bounded by rectifiable
curves and relaxed the requirement that v be bounded uniformly in Q. That is, let
Nu be given by

Nu(X) = sup [u(Y)| for X € 0Q
r(X)
where T'(X) is a triangle (or, in higher dimensions, a truncated cone) contained
in  and with a vertex at X. Privaloff showed that if Nu is bounded in some set
E C 09, then u has a nontangential limit at almost every point in E. This result
was extended to the half space R}*" for n > 1 by Calderén in [Cal50] (see also
[Car62]), and to Lipschitz domains by Hunt and Wheeden in [HWG68| [HW'70].

Observe that in particular, if Nu € LP(99), then Nu(X) < oo for almost every
X € 09, and so u has a nontangential limit almost everywhere in 0€2; necessarily
|u(X)|] < Nu(X) and so the boundary values are also in LP(052).

In [Dah80], Dahlberg showed that if w is harmonic in a bounded Lipschitz domain
Q C R™*!, then if u is normalized appropriately we have that

(1.14) A (6VU) || Lro0) = | Nul|Lr 00 0<p<oo

where A$ is a variant on the Lusin area integral of formula appropriate to
the domain 2. Thus, Dahlberg’s results imply the analogue to the bound (for
0 < p < o0) in Lipschitz domains for harmonic functions v. Because the gradient
of a harmonic function is harmonic, Dahlberg’s results also imply the Lipschitz
analogue to the bounds and (with Neumann boundary values v - Vw)
for harmonic functions.

Turning to more general second order operators, in [CFMS8I| the results de-
scribed above, for nontangentially bounded harmonic functions in Lipschitz do-
mains, were generalized to the case of nontangentially bounded solutions w to
div AVu = 0, where A is a real-valued matrix for which the L-harmonic mea-
sure associated to L = div AV is mutually absolutely continuous with respect to
surface measure. The equivalence (1.14)) was established in [DJK84] for such u,
provided that the Dirichlet problem with boundary data in LP(9) is well posed
for at least one p with 1 < p < oo. (Well posedness implies mutual absolute conti-
nuity of L-harmonic and surface measure.) Thus, for such coefficients the analogue
to the bound 7 in Lipschitz domains, and for 1 < p < oo, is valid.

In [KP93|, Section 3] it was shown that if div AVw = 0 in the unit ball, where A
is real, and if N(Vw) € LP(99) for 1 < p < oo, where N is the modified nontangen-
tial maximal function introduced therein and mentioned above, then the Dirichlet
boundary values w’ ¢, lie in the boundary Sobolev space Wf (09Q) and the Neumann
boundary values M$w = v - AVw lie in LP(9€). With some modifications, the
requirement that A be real-valued may be dropped (and indeed the same argu-
ment, at least for Dirichlet boundary values, is valid for higher order operators).
These results are the analogues to the bounds and with nontangential
estimates in place of area integral estimates.

Turning to the case of complex coefficients, or the case where well posedness of
the Dirichlet problem is not assumed, in [AA11l Theorem 2.3], the equivalence

(1.15) A (67 00w0) | 2z ~ [N (V)] z2an)
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for solutions w to elliptic equations with ¢-independent coefficients was established
combined with the arguments of [KP93], this yields the bounds and -
for p = 2 and m = 1. (Under some further assumptions, this equlvalence was
established in M) Furthermore, in [AATT, Theorem 2.4] the bound
was established for general t-independent coefficients, again for p = 2 and m =
1. These results extend to t-dependent operators that satisfy a small (or finite)
Carleson norm condition.

The result , and indeed the Neumann problem with boundary data in neg-
ative smoothness spaces, has received little attention to date; most of the known
results involve the Neumann problem for inhomogeneous differential equations and
the related theory of Neumann boundary value problems with data in fractional
smoothness spaces [FMMO98|, [Zan00, Bar].
However, the Neumann problem with boundary data in the negative Sobolev space
WP (ORTT) was investigated in [Ver05, Sections 4 and 22] in the case of har-
monic and biharmonic functions, and in Section 11] in the case of sec-
ond order operators with t-independent coefficients. Furthermore, as a conse-
quence of [AST6l Theorems 1.1-1.2], we have the bound with m = 1 and
2—e<p<2n/(n—2)+ec(or2—e<p<oo,ifn+1=2o0rn+1=3), where
€ > 0 depends on L.

[@EL Theorems 1.1-1.2] also yield improved ranges of p for the bounds (L.7)),
) and with m = 1. Specifically, the bound . Was also established for
2—5 <p< 2n/(n 2)+¢cor2—e < p< oo, and the bounds and (L.10) were
established for 2n/(n+2) —e¢ < p < 2+e. If L satisfies a De GlOI‘gl Nash-Moser
type condition, the bounds and were established for 2 —e < p < oo, and
the bounds and were established for 1 —e < p < 2+ ¢ under a suitable
modification in the case p < 1.

We remark that Fatou’s theorem, our Theorem and many of the other results
discussed above, are valid only for solutions to elliptic equations. An arbitrary
function that satisfies square function estimates or nontangential bounds need not
have a limit at the boundary in any sense. Many of the trace results applied in
the higher order theory have been proven in much higher generality. It is well
known that if u is any function in the Sobolev space W (Q), where Q is a bounded
Lipschitz domain, 1 < p < co and m > 1 is an integer, then the Dirichlet boundary
values Tr’_, u lie in the Besov space B1 p (092). Similar results are true if u lies
in a Besov or Triebel-Lizorkin space (see [JawT7, [JW84]) or a weighted Sobolev
space (see [Liz60), - MMST0, BM13bl, [Bar18]). These results all yield that the
boundary values Tr! | u lie in a boundary Besov space BP?(9€), with smoothness
parameter s satisfying 0 < s < 1.

Such results, and their converses (i.e., extension results), have been used to pass
between the Dirichlet problem for a homogeneous differential equation and the
Dirichlet problem with homogeneous boundary data, that is, between the problems

(1.16) Lu=H in Q, V™l =0 on 99, llul|x < ClH||y,
(1.17) Lu=0in Q, V™ lu = f on 09, lullx <

for some appropriate spaces X and 9). See, for example, MMST0
MMWI1 MM13b, BMMMT14, BMI6b, Bar].

We are interested in the case where the boundary data lies in a Lebesgue space
or Sobolev space, that is, where the smoothness parameter is an integer. In this
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case the natural associated inhomogeneous problem is ill-posed, even in very nice
cases (for example, for harmonic functions in the half-space) and so the arguments
involving the inhomogeneous problem are not available. Furthermore, in this
case it generally is necessary to exploit the fact that u is a solution to an elliptic
equation, and so the method of proof of Theorem is completely different.

The outline of this paper is as follows. In Section [2] we will define the terminol-
ogy we will use throughout the paper. In Section [3] we will summarize some known
results of the theory of higher order elliptic equations. In Section [4] we will prove
a few results that will be of use in both Sections [p] and [6} In particular, we will
prove Lemma [4.4] the technical core of our paper. Finally, we will prove our results
concerning Dirichlet boundary values in Section [5| and our results concerning Neu-
mann boundary values in Section [6} these results will be stated as Theorems [5.1]
and We mention that many of the ideas in the present paper come
from the proof of the main estimate (3.9) of [HKMP15a]. The results of the present
paper allow for a slightly different approach to proving the results of [HKMPT5al;
see [BHM18, Remark 7.6].

Acknowledgements. We would like to thank the American Institute of Math-
ematics for hosting the SQuaRE workshop on “Singular integral operators and
solvability of boundary problems for elliptic equations with rough coefficients,” and
the Mathematical Sciences Research Institute for hosting a Program on Harmonic
Analysis, at which many of the results and techniques of this paper were discussed.

2. DEFINITIONS

In this section, we will provide precise definitions of the notation and concepts
used throughout this paper.

We mention that throughout this paper, we will work with elliptic operators L of
order 2m in the divergence form acting on functions defined on R**1, n > 1.
As usual, we let B(X,r) denote the ball in R" of radius 7 and center X. We let R
and R™™! denote the upper and lower half-spaces R” x (0,00) and R x (—00, 0);
we will identify R™ with OR’ .

If @ C R™ is a cube, we let £(Q) be its side-length, and we let ¢Q be the con-
centric cube of side-length ¢f(Q). If E is a measurable set, we let 1 denote the
characteristic function of E; we will use 11 and 1_ as shorthand for the charac-
teristic functions of the upper and lower half-spaces, respectively. If E is a set of
finite measure, we let f, f(z)dx = ﬁ [ flz) de.

2.1. Multiindices and arrays of functions. We will reserve the letters «, £,
v, ¢ and € to denote multiindices in (Ng)"*!. (Here Ny denotes the nonnegative
integers.) If ¢ = (C1,...,Cne1) is a multiindex, then we define |¢|, ¢ and (! in
the usual ways, as [(| = (1 + G+ -+ + Cog1, 08 = 051022 -~-5)§ZE, and ¢! =
GGl Gugrl. )

We will routinely deal with arrays F' = (FC) of numbers or functions indexed by
multiindices ¢ with || = k for some k > 0. In particular, if ¢ is a function with
weak derivatives of order up to k, then we view V¥ as such an array.

The inner product of two such arrays of numbers F and G is given by

(B¢ = Y FGe.

ICl=k
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If F and G are two arrays of functions defined in a set 2 in Euclidean space, then
the inner product of F' and G is given by

(F,G)o= > /QFC(X) Ge(X)dX.

ICl=k
We let €; be the unit vector in R™*1 in the jth direction; notice that € is
a multiindex with |€;] = 1. We let é; be the unit array corresponding to the

multiindex ¢; thus, (é;, F) = F.

We will let V|| denote either the gradient in R", or the n horizontal components
of the full gradient V in R"*!. (Because we identify R” with 9RTT ¢ R™+!, the
two uses are equivalent.) If ¢ is a multiindex with ¢,+1 = 0, we will occasionally
use the terminology aﬁ to emphasize that the derivatives are taken purely in the
horizontal directions.

2.2. Elliptic differential operators. Let A = (Aag) be a matrix of measurable
coefficients defined on R"*! indexed by multtiindices a, 8 with |a| = |8] = m. If
F is an array, then AF is the array given by
(AF)o = > AapFp.
|8]=m
We will consider coefficients that satisfy the Garding inequality

(2.1) Re (V™ p, AVmgo>Rn+1 > )\||Vmgo||2L2(Rn+1) for all ¢ € W2 (R"1)
and the bound
(2.2) HA||L00(R7L+1) S A

for some A > A > 0. In this paper we will focus exclusively on coefficients that are
t-independent, that is, that satisfy formula (L.4).

We let L be the 2mth-order divergence form operator associated with A. That
is, we say that Lu = 0 in € in the weak sense if, for every ¢ smooth and compactly
supported in §2, we have that

(2.3) (V7o AV u), = > / %% App 0Pu = 0.
jal=[B]=m * ¢!

Throughout the paper we will let C' denote a constant whose value may change
from line to line, but which depends only on the dimension n + 1, the ellipticity
constants A and A in the bounds and , and the order 2m of our elliptic
operators. Any other dependencies will be indicated explicitly.

We let A* be the adjoint matrix; that is, we let Al = Apa. We let L™ be the
associated elliptic operator.

2.3. Function spaces and boundary data. Let Q@ C R™ or Q@ C R*"! be a
measurable set in Euclidean space. We will let LP(Q2) denote the usual Lebesgue
space with respect to Lebesgue measure with norm given by

1/p
1L = ( /Q If(x)pdx) |

If © is a connected open set, then we let the homogeneous Sobolev space Wﬁl (Q)
be the space of equivalence classes of functions u that are locally integrable in Q and
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have weak derivatives in ) of order up to m in the distributional sense, and whose
mth gradient V™u lies in LP(2). Two functions are equivalent if their difference is
a polynomial of order at most m — 1. We impose the norm

l[ullyie @ = V™ ul| Lo (-

m

Then wu is equal to a polynomial of order at most m — 1 (and thus equivalent to
zero) if and only if its W2 (Q)-norm is zero. We let LY (Q) and W,f’loc(Q) denote
functions that lie in LP(U) (or whose gradients lie in L?(U)) for any bounded open
set U with U C Q.

We will need a number of more specialized function spaces.

We will consider functions u defined in R} that lie in tent spaces. If z € R”
and a € R with a # 0, then let I'y(z) = {(y,t) : y € R", t € R, | —y| < at}.
Notice that T'y(z) C R if @ > 0 and I'y(z) € R™™ if a < 0. Let

dydt \/?
2.4 ASH :/ H(y,t)|? )
(2.4 () = ([ 1H0.0P RS

We will employ the shorthand A; = Ay ' and AJ = AL. If the letter ¢ appears in
the argument of AJ, then it denotes the coordinate function in the ¢-direction.
The case p = 2 will be of great importance to us; we remark that if p = 2, then

o dy dt \V/*
(25) 145 Bl = (o [ [ 1i0P %)

where w,, is the volume of the unit disk in R".

2.3.1. Dirichlet boundary data and spaces. If u is defined in Riﬂ, we let its
Dirichelt boundary values be, loosely, the boundary values of the gradient V"~ 1u.
More precisely, we let the Dirichlet boundary values be the array of functions
Tr,, 1 u=Tr} | u, indexed by multiindices v with |y| = m — 1, and given by

(2.6) (Trj,:b—l u)v =f if tl_i)r(r)1+||87u(.7t) — fllevxy =0

for all compact sets K C R”. If u is defined in R™*!, we define Tr,, ,u simi-
larly. We remark that if V™u € L'(K x (0,0)) for any such K and some o > 0,
then T, u exists, and furthermore (Tr,_, u)., = Trd"u where Tr denotes the
traditional trace in the sense of Sobolev spaces.

We will be concerned with boundary values in Lebesgue or Sobolev spaces. How-
ever, observe that the different components of ’_[.‘rm,l u arise as derivatives of a
common function, and thus must satisfy certain compatibility conditions. We will
define the Whitney spaces of arrays of functions that satisfy these compatibility
conditions and have certain smoothness properties as follows.

Definition 2.7. Let
D = {Tr,,_1 ¢ : ¢ smooth and compactly supported in R"*1}.

We let WAP, _, ((R") be the completion of the set ® under the L? norm.
We let WA? | | (R") be the completion of ® under the W} (R") norm, that is,

under the norm H-fHWAﬁ’n,l,l(R") = ||VH.]£||LP(R”)~
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Finally, we let WA?R_L1 /2(R™) be the completion of ® under the norm

) . 1/2
(25) s, e = (5[ F@P1ele)
) 1 R’!L

ly|=m—
where fdenotes the Fourier transform of f.

The goal of Section [5]is to show that if u is a solution to the differential equation
in R7M and if A3 (tV™u) € LP(R™) or A (tV™0u) € LP(R™) for some 1 <
p < 2-¢, then up to a certain additive normalization, Tr,, 1 u lies in WA%7170(R")
or WA? | | (R™).

The space I/VAfn_L1 /2 (R™) is of interest in connection with the theory of solu-

tions to boundary value problems in Wﬁl (Riﬂ), as will be seen in the following
lemma. Such boundary value problems may be investigated using the Lax-Milgram
lemma, and many useful results may be obtained therefrom. In particular, we will
define layer potentials (Section , establish duality results for layer potentials
(Lemma , and prove the Green’s formula , in terms of such solutions.

Lemma 2.9. Ifu € W2 (R ™) then Tr) _u€WA2 | 1/2(R™), and furthermore

ety llyiaz ey < OV ullpagnsy-

_ (
1,1/2
Conversely, if f € VIVA;_1 1/2(R™), then there is some F € W,%(Ri“) such that
Tr) | F = f and such that

19" Fllpaqaety < Clflhias, sy

If W2 (R and WA? ),
terparts, then this lemma is a special case of the main result of [Liz60]. For the
homogeneous spaces that we consider, the m = 1 case of this lemma is a special
case of the results in [Jaw77, Section 5]. The trace result for m > 2 follows from
the trace result for m = 1; extensions may easily be constructed using the Fourier
transform.

(R™) are replaced by their inhomogeneous coun-

Remark 2.10. This notion of Dirichlet boundary values may require some expla-
nation. Most known results (see, for example, [Ver90l, [PV95], IMM13b]) establish
well posedness of the Dirichlet problem for an elliptic differential operator of or-
der 2m in the case where the Dirichlet boundary values of u are taken to include
lower order derivatives, that is, to be {07ulsq}|yj<m—1 OF {0Fu)an ), or some
combination thereof, where 0, denotes derivatives taken in the direction normal to
the boundary. (Indeed the analogue to our Lemma in [Liz60] is stated in this
fashion.)

If 99 is connected, then up to adding polynomials, it is equivalent to specify
V™ 4 on the boundary. We prefer to specify only the highest derivatives for
reasons of homogeneousness. That is, we often expect all components of V™ !u
to exhibit the same degree of smoothness. In this case, all components of Try,_1u
lie in the same smoothness space, but the lower-order derivatives {9"u|aq }y|<m—2
or {0Fu|a}=;? lie in higher smoothness spaces. This is notationally awkward in
Rﬁ“; furthermore, we hope in future to generalize to Lipschitz domains, in which
case higher order smoothness spaces on the boundary are extremely problematic.
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2.3.2. Neumann boundary data. It is by now standard to define Neumann boundary
values in a variational sense.

That is, suppose that v € W2 (R%"!) and that Lu = 0 in R}"'. By the defini-
tion ([2.3)) of Lu, if ¢ is smooth and supported in R’}rﬂ, then (V™ , AV”W)RKH =0.
By density of smooth functions and boundedness of the trace map, we have that
(Vmgo,AVmeiﬂ = 0 for any ¢ € W2(R}') with Tr),_; ¢ = 0. Thus, if
v e W,%(]R:L_H), then the quantity (V™U, AVmu>R1+1 depends only on 'I.'r;_1 v,

Thus, for solutions u to Lu = 0 with u € W%(Ri“), we may define the Neumann
boundary values M} u by the formula

(211) (T} O, ML uppe = (V"0 AV u) o for all W € W7 (R,

See [BM16al [ BHMI7] for a much more extensive discussion of higher order Neumann
boundary values.

We are interested in the Neumann boundary values of a solution u to Lu = 0
that satisfies AJ (tV™u) € LP(R™) or A (tV™0;u) € LP(R™). For such functions
the inner product on the right hand side of formula does not converge for
arbitrary ¥ € W%(R:‘_H).

If AS (tV™u) € L2(R™), then V™u is not even locally integrable near the bound-
ary (see formula ), and so the inner product will not in general converge
even for smooth functions ¥ that are compactly supported in R**!. However, we
will see (Section @) that for any 1/) in the dense subspace ® of Deﬁnition there
is some extension ¥ of 4 such that the inner product converges (albeit pos-
sibly not absolutely). We will thus define Neumann boundary values in terms of a
distinguished extension.

Define the operator Q" by

Q= e~ (-tAD™,

Notice that if f € C§°(R™), then 0FQ™ f(z
that QF' f(x) = f(x).

Suppose that ¢ is smooth and compactly supported in R"*!. Let o (z) =
Ok 1 o(x,0). If t €R, let

n

)‘t:O = 0 whenever 1 <k <2m—1, and

3
L

(212) g@(xﬂt) = g(rI‘rmfl (P)(x»t) = tk ?@k(fv)

E
Il
=| =

0

Observe that £y is also smooth on ]R?r“ up to the boundary, albeit is not compactly
supported, and that Tr:%1 Ep=Tr,, Ep=Try,_1.
We define the Neumann boundary values M4 u = MZ u of u by
T
(2.13) (Trp—1 p, M} u)gn = Jim (V"Ep(-,t), AV™u(-,t))rn dt.

We define M:4 u similarly, as an appropriate integral from —oo to zero. Notice that
M4 u is an operator on the subspace © appearing in Definition given certain
bounds on u, we will prove boundedness results (see Section @ that allow us to
extend M4 u to an operator on WA?, | ((R"™) or WA, | | (R") for various values
of p.
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As mentioned in the introduction, if A} (tV™u) € LP(R™) then the right-hand
side of formula does not represent an absolutely convergent integral even for
U=¢ Tr;;_l U, and so the order of integration in formula is important.

The two formulas and for the Neumann boundary values of a solu-

tion in W2 (R7") coincide, as seen in the next lemma.

Lemma 2.14. Let L be an operator of the form (1.1) of order 2m associated to
bounded coefficients A. Suppose that V™u € L*(R",™") and that Lu = 0 in R},
Let ¢ be smooth and compactly supported in R"T1. Then

(V™p, AVmu>RK+1 = (V"&p, AVmu>RK+1

and so formulas (2.11) and [2:13) agree on the value of (Tr,,_1 @, M} u)gn.
The operator Mjg u as given by formula (2.11)) is a bounded operator on the space

WAfnfl 1/2(R"), and Mj‘u as given by formula (2.13)) extends by density to the

same operator on Wqunq 1/2(R").

Proof. By an elementary argument involving the Fourier transform,

(2.15) 197 E(Trm1 @l ety < ClTrmot 0l 22 oy

Thus, Ep is an extension of Tr,, 1 ¢ in W%(Ri“), and so
(V"u, Ava>Ri+1 = (V"Eyp, AVmu>Ri+1

for any other extension ¥ of Tr,, ;¢ in W%(Ri“), in particular, for ¥ = ¢.
Boundedness of MX U on WAfn_l 1 /Q(R”) follows from Lemma 2.9, and the lemma
follows from density of the subspace © of Definition in I/VAfn_L1 /2(R™). O

2.4. Potential operators. Two very important tools in the theory of second order
elliptic boundary value problems are the double and single layer potentials. These
potential operators are also very useful in the higher order theory. In this section we
define our formulations of higher order layer potentials; this is the formulation used
in [BHM17, BHMa] and is related to that used in [Agm57] [CG83l [CG85l [Ver(5,
MM13al MM13D].

For any H e 12 (R™*1), by the Lax-Milgram lemma there is a unique function
u € W2 (R™H1) that satisfies

(2.16) (V™o AV ) gns1 = (V"0 H)gnss

for all ¢ € W2(R"!). Let ITI*H = u. We refer to IT” as the Newton potential
operator for L. See [Barl6] for a further discussion of the operator II%.

We will need the following duality relation (see [Barl6l, Lemma 42]): if F €
L2(R"1) and G € L*(R""1), then
(2.17) (B, V™I G)gosr = (VITE B, G)gosr.

We may define the dogble and single layer potentials in_terms of the Newton
potential. Suppose that f € WA? | 1/2(R”). By Lemma E there is some F' €
W%(Rﬁ“) that satisfies f = Tr; | F. We define the double layer potential of f
as

(2.18) DAf = -1, F+T5(1, AV™F)
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where 1, is the characteristic function of the upper half-space Rﬁ“. DA is well-
defined, that is, does not depend on the choice of F’; see [BHMI7, Section 2.4]. We
remark that by [BHMI7, formula (2.27)], if 1_ is the characteristic function of the
lower half space, then

(2.19) DAf=1_F-T*(1_AV™F) if Tr,, F=f.

Similarly, let g be a bounded operator on WAEI%M/Q(R”). There is some G €
L?(R™) such that (G, Vm§0>R1+1 = (g, Tx} | QO>8R1+1 for all p € W2 (R7); see

[BHMI7, Section 2.4]. Let 1, G denote the extension of G by zero to R™'. We
define

(2.20) Stg=1*1,G).

Again, as shown in [BHMIT, Section 2.4], S¥§ does not depend on the choice of
extension G.

It was shown in [BHMI7, BHMal that the operators D4 and S”, originally de-
fined on WAranm /Q(R”) and its dual space, extend by density to operators defined
on WA2, | o(R™) and WA2, | ,(R") or their respective dual spaces.

A benefit of these formulations of layer potentials is the easy proof of the Green’s
formula. By taking F' = v and G = AV™u, we immediately have that

(2.21) 1, V™= —V™DA(Ty,) | u) + V"SE(M} u)

for all u € W2 (R%™) that satisfy Lu = 0 in R

In the second-order case, a variant S*V of the single layer potential is often
used; see, for example, [AAAT11, [HMMT5al [HMMTI5b]. We will define an analogous
operator in the higher order case. Let a be a multiindex with |a| = m. If a1 > 0,
let

(2.22) S&(héy)(x,t) = =0, S (hé.,)(x,t) where av = 7y + &,11.

If a1 < |a] = m, then there is some j with 1 < j < n such that &; < a. If h is
smooth and compactly supported, let

(2.23) S&(héq)(z,t) = =S (9,,hé,)(z,t) where a =7 + €.

If 1 < apqe1 < m—1, then the two formulas (2.22)) and ([2.23)) coincide; furthermore,
if @41 < m—1 then the choice of distinguished direction z; in formula (2.23)) does
not matter. See [BHMal Section 2.5].

3. KNOWN RESULTS

To prove our main results, we will need to use a number of known results from
the theory of higher order differential equations. We gather these results in this
section.

3.1. Regularity of solutions to elliptic equations. The first such result we list
is the higher order analogue to the Caccioppoli inequality; it was proven in full
generality in [Barl6] and some important preliminary versions were established in
[Cam80l [AQO0].
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Lemma 3.1 (The Caccioppoli inequality). Suppose that L is an operator of the
form of order 2m associated to coefficients A satisfying the ellipticity condi-
tions [2.1) and 2.2). Let u € W2 (B(X,2r)) with Lu = 0 in B(X,2r).
Then we have the bound
][ |Viu(z, s)|? deds < % VI~ u(x, s)|? da ds
B(X,r) ™ JB(X,2r)
for any 5 with 1 < j < m.

Next, we state the higher order generalization of Meyers’s reverse Holder inequal-
ity for gradients. The following theorem follows from the Caccioppoli inequality of
[Cam80l [AQO00, Barl6], and was stated in some form in all three works. (The
version given below comes most directly from [Barl6].)

Theorem 3.2. Suppose that L is an operator of the form (1.1)) of order 2m asso-
ciated to coefficients A satisfying the ellipticity conditions and , Then
there is some number pt = pa' = p}JIr > 2 depending only on the standard constants
such that the following statement is true.

Let Xo € R™™ and let v > 0. Let u € W2, (B(Xo,2r)) and suppose that

Lu =0 or L*u= 0 in B(Xo,2r). Suppose that 0 <p < q < p*. Then

1/q 1/p
(3.3) (f |vmuq) < C(p.q) (][ |vmu|P)
B(XQ,’I‘) B(X072T)

for some constant C(p,q) depending only on p, q and the standard parameters.

We may also bound the lower-order derivatives. Let 1 < k < m. There is some
extended real number pZ‘, with pZ‘ >pf(n+1)/(n+1—kp}) ifn+1>kpl and
withpz =0 ifn+1< kpz, such that if 0 < p < q < pz, and if Lu = 0 or
L*u =0 in B(Xy,2r), then

1/q 1/p
(3.4) (f |vm’“u|q> < Clk,p,q) (f vm’“uV”)
B(X[],’r’) B(Xo,27“)

for some constant C(k,p, q) depending only on k, p, q and the standard parameters.

We remark that if n + 1 = 2 then pj = oo. If n + 1 = 3 and A is t-independent,
then again pj = oo; the argument presented in [AAA¥11l Appendix B] in the case
m = 1 is valid in the higher order case.

Finally, if A is t-independent, then we have additional regularity. The following
lemma was proven in the case m = 1 in [AAA™11, Proposition 2.1] and generalized
to the case m > 2, p = 2 in [BHMI17, Lemma 3.2] and the case m > 2, p arbitrary
in [BHMal Lemma 3.20].

Lemma 3.5. Suppose that L is an operator of the form of order 2m, asso-
ciated with coefficients A that satisfy the ellipticity conditions and and
are t-independent in the sense of formula .

Let t be a constant, and let Q C R™ be a cube. If Lu = 0 in the (n + 1)-dimen-
sional cube 2Q x (t —£(Q),t + £(Q)), then

) . t+£4(Q) )
/ |V 0k u(x, t) [P da < ¢y.p) / / |V =19k u(x, 5)|P ds da
Q UQ) Jag Ji—uq)

forany 0 < j <m, any 0 < p < pj, and any integer k > 0, where pj 18 as in
Theorem [3.2.
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3.2. Estimates on layer potentials. We will make use of the following estimates
on layer potentials from [BHMal, in particular the technical estimates (3.8]), (3.9)
and (3.10)). (Indeed their applicability to this paper is the main reason the bounds

(3.9) and (3.10)) were proven in [BHMal.)
Theorem 3.6. ([BHMal, Theorems 5.1 and 1.13]) Suppose that L is an operator of

the form (1.1) of order 2m, associated with coefficients A that are t-independent in
the sense of formula (1.4) and satisfy the ellipticity conditions (2.1)) and (2.2).

Then the operator Sé extends by density to an operator that satisfies
(3.7) / / 97 SLh(w, 8)? [ dt do < Cllh| s,
" J -0

for all h € L2(R™).

If k is large enough (depending on m and n), then the following statements are
true.

First, there is some € > 0 such that the area integral estimates

(3.8) [AZ (t]* V™ 0ESLG) | Lo mny < Clky )G Lo (rn)s
(3.9) A ([t + V™ 0ESER)| Loy < C (kD) ||Rl| Lo ey

are valid whenever 2 —e < p < oo. If n+1 =2 orn+1 = 3 then the estimate

(3.8) is valid for 1 < p < oc.
Second, let n be a Schwartz function defined on R™ with [ =1. Let Q; denote

conwolution with ny = t~"n(- /t). Let b be any array of bounded functions. Then
for any p with 1 < p < oo, we have that

(310) (|5 ([H* 1O SE (D Quuyh) oy < C ks )1l oo )

|l e @n)

where the constants C(k,p) depends only on p, k, the Schwartz constants of n, and
on the standard parameters n, m, A\, and A.

4. PRELIMINARIES

In this section we will prove some preliminary results that will be of use both in
Section [§ (that is, in bounding the Dirichlet traces of solutions) and in Section [f]
(that is, in bounding the Neumann traces of solutions).

4.1. Duality results. We will need the following duality results for layer poten-
tials.

Lemma 4.1. Suppose that L is an operator of the form (1.1) of order 2m, asso-
ciated with coefficients A that are t-independent in the sense of formula (1.4) and

satisfy the ellipticity conditions (2.1]) and (2.2)).
Let f € WA%%M/Q(R”), let g lie in the dual space (WAfnfl’l/Z(R”))*, and let

P e L?(R™). Let 7 > 0 and let j > 0 be an integer. Then
(4.2) (W, VTHDAF( m))rn = (—1)/THM 4. (011 (SE %)), Frn,
(4.3) (4, V9IS G( -, 7))en = (—1)(V7 10, SE P (-, —7), §)un

where (S& ) . (x,5) = SE ap(x,5 — 7).
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The proof will be based on the adjoint relation (2.17)) for the Newton potential;
we remark that the result may also be proven by writing layer potentials in terms of
the fundamental solution (see [BHMIT,[BHMa]) and using the symmetry properties
thereof.

Proof of Lemma[4.1. We begin with formula (4.2)).

Let g be smooth, compactly supported and integrate to zero. By Lemma |3.5
<q.7 vm_la:lDA«f( ' aT)>R" = 3ﬁ<q, Vm_lDA-f( . 77—)>]R"-

Let F € W2/(R"™) with Tr,,_, F = f; by Lemma such an F must exist. By
formula (2.19)) for the double layer potential,

(4. V" AUDAF (- m)re = —0L(q, VT IIF(1-AVTE) (-, 7)) e

For the remainder of this proof, let subscripts denote translation in the vertical
direction. That is, if ¢ is a function (or array of functions) and s € R, let ;s (z,t) =
o(z,t + s). Notice that (o, ¥s)grn+1 = (p—_g, ¥)pn+1. Then

(4. V" ODA( m)re = —02(¢, Try),_ (ITF (L AV F)); )

Recall the definition (2.20)) of the single layer potential and let Q be an array of
functions supported in R such that S&" ¢ = IIX" Q. Then

(@, V" TrADAF(- e = —02(14Q, V" (ITF(1_AV™ F)); )i
and by the adjoint relation (2.17)),

(@, V"D AF (- T)re = —0L(ATVITE (14.Q) ), V" F) gt

Recall that if A € L*>(R"!) then u= ITY H is the unique function in W2 (R*t1)

that satisfies formula (2.16)). If ¢ € W2 (R"*1), then

(V7" AV (I (1,.Q)) - r)rnis = (V7 ATV (11.Q))znsn.
But if A is t-independent, then A* = A7, and so

(V7, AV (IT" (1,.Q)) r)pnir = (V"r, AVTY (1,,Q)) g
= (V"7 11Q)rnt1 = (V™0 (11.Q)_r)mnt1.

Thus, v = (II*"(1,.Q))_, satisfies formula (2.16) with H = (1, Q)_,, and so we

must have
v (14Q) ) = V(T (1,Q)) - = V(8" §) -~

as L2(R"*1)-functions.
Thus,

(@, V" roIDAF (- ) )me = (1) THATY™(D) ST G)—r, VT F )i

By formulas (2.22)) and (2.23)), if 1) is smooth, compactly supported and integrates
to zero, then

(Wb, V"I DAF (-, 7)) = (~ 1) THATY (0], SE ), V) g
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By the bound (3.7 and the Caccioppoli inequality, we may extend this relation to
all ¢ € L%(R"). Recalling formula (2.11]) for Neumann boundary values, we have
that

(@, V"HDAS(- 7))z = (1T (ML (81,56 ). frn
as desired. ) .
We now turn to formula ([#.3). With ¢ and Q as above, and with S'g = II*G,

(G VS G, 1)) = D2, VT IE (LG (-, 7))
=01((14Q) -, V"I* (1, G))rnin
and by formula (2.17) as before,
(@ V"8 G 7)ee = LV (1eQ) ). G
= 0L(V™(S" §)—r G-
By definition of G, we have that
(4, VoIS G T = OUTY, (ST 4)—r dme
=0V IS (-, —7), gk
= (_1)j<vm_1831+1811*q.( ) _T)ag.>R”~
Applying formulas and ([2.23)), we see that
(, VoS G(- m)re = (~1)(V 0L SE (-, 1), G)re
as desired. 0

4.2. Estimates in terms of area integral norms of solutions. The main goal
of this paper is to show that, if Lu = 0 in R:L_H and u satisfies certain area integral
estimates, then the Dirichlet and Neumann boundary values Tr | u and Mjg U
exist and are bounded.

Recall from formula that MZ u is given by

N e = [ (AT, VMl 5 .
0
If u decays fast enough, then we have the following formula for ’I"r;;_l u:

b Tl = — [V 0 e ds = [ EOT T () ds
0 0

for some constant matrix OF. Thus, we wish to bound terms of the form
o0
/ <¢s7 Vmu( " S)>R" ds
0

for some arrays wg
We will prove the following technical lemma; passing from Lemma to our
main results is the main work of Sections [l and [l

Lemma 4.4. Suppose that L is an operator of the form (1.1) of order 2m, asso-
ciated with coefficients A that are t-independent in the sense of formula (1.4) and
satisfy the ellipticity conditions (2.1]) and (2.2)).

Suppose that Lu = 0 in R:L_H. Suppose further that V™u € L*(R™ x (0,00)) for
any o > 0, albeit with L? norm that may approach co as o — 07 .
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Let j > m be an integer. Let w be a nonnegative real-valued function, and for
each s > 0, let ¢, € L*(R™). Then

/°° s70w(8) (e, V0P u( -, 8))en | ds
0

4
<G Ay ([t 2100 SE by, ) () AZ (Q(1) ¢ V™) () dar dr

4/3 Jrn
where (t) = sup{w(s) : 4t/3 < s < 4t}, provided the right-hand side is finite.

Proof. Let u,(z,t) = u(z,t + 7); by assumption, if 7 > 0 then V™u, € L2(R7H).
By the Caccioppoli inequality, if 7 > 0 and 7 > 0 is an integer then 87; L1Ur €
w2 (Riﬂ) and because A is t-independent we have that L(9}, u,) =0 in R”H

Let s = 27, so u(z,s) = u,(z,7). We will apply the Green’s formula
to 87% 41ur. Notice that by Lemma and the Caccioppoli inequality, the map
o~ Vm6J+1uT( ,0) is continuous (0, 00) — L?(R"). The Green’s formula is thus
valid on horizontal slices R" x {7}, and not only in R*'. Thus,

(4.5) <¢27‘7 Vmaii-lur( TR = —<"/"27a Vmai-s-lDA(T‘r;A 8i+1“7)( S T))Re
+ (¥, vmafmsL(M; 8£+1U7)( T))Rn-

By Lemma [£.1] we have that

(4.6)
(or, VO tr (-, 7 )mn = (—1) (M- (41 (S§ Whg,)—r), T, 1 0y ur e
+ (_1)j<vm718£+15g"/}27( = T), MJA 5i+1“T>R"

Recall formula for the Neumann boundary values of W2 (R%:™)-functions.
Let 0 < € < 1 be a small fixed absolute constant, to be chosen later. Let n.(z,r) =
n-(r) =n(r/et), where n : R — R is a smooth function with |n(r)| = 1if |r| < 1/2
and |n(r)| = 0 if |r| > 1. Thus,

(4.7) <1j)2,r,vm82+1uT( ,T))Rn
= (*1)j/R ( 0)<A*Vm32+1(55*7j)27)—nVm(nf 0%, 1ur))
nX(—eT

SO [ 000 (5K ) ), AV )

Remark 4.8. The preceding arguments, that is, the application of the Green’s
formula to derive formula , the use of Lemma to derive formula , and
the use of formula ) to derive formula , are the only times in the proof
of this lemma that we use the fact that u, € W2 R”H We will also assume

v, € W2 2R and w, € W2 2(R*') in Theorems H and again,

that assumption is necessary only in order to apply the present Lemma [4.4] and SO
only necessary to ensure validity of formulas (4.5H4.7)).
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Observe that |V¥n,| < Cy .77%, and so if j > m, then

(s, VO, yur (- )>Rn|

Ce 3 [ L )

k=j—m Y R"x(=€T,0)

Cje Z / (0, T Vman+1(8é*1j’2r)—r| |vm8 +1UT|
R™ x ET

l=j—m

Thus, recalling the definitions of (Sé*ij.:QT),T and ur,
/ s2(s)| (3, VO u( -, 8))men | ds
0

o0 ET
< Cj,s/ w(27) Z/ / TR VO SE o, (2, — (T — 7))
0 i ) —em JRY
x |V™Ok  ju(z,m + 7)|dz dr dr.
Making the change of variables » = 67, we have that

/Oo 82jw(8)|<1j)87 vmagju( ) 5)>R” | ds
0

<0 / )3 [ [ el 1 SE (e~ — 0)7)
— n
x |V™Ok ju(z, (1+0)7)|dzdf dr
and changing the order of integration we see that

/ $20(8)| (4h, VO u( -, 8))an | ds
0
<O X [ [ [ st e~ -0
ke Y€ "

w(27)|[ V™I u(z, (14 0)7)| dz dr df.

Now, observe that if F' is a nonnegative function and a > 0, then for some C,
depending only on the dimension,

o0 n oo 1
(4.9) / / F(z,7)drdz = O—n / / / F(z,7)— dzdr da.
n Jo a n JQ |z—z|<aT T

Thus,

ds

/ () (1, V™0 u( -, 5)) g
0
<e. [ [ [ et b0
ke’ —e /R JO |z—z|<eT

FlR+I=n (90 | V™ +1u( 2, (1 +0)7)| dz dr dx db.
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By Holder’s inequality,

/ 550o(5)| (4, VO u -, )| ds
0

€ S 1/2
<o [ [ mretasE (- omnp)
ke Y —eJR" 0 |z—z|<eT

1/2
X (/ IV™Ok u(z ,(1+9)7‘)|2d2) TR (27) dr dae d.
|z—z|<eT

By Lemma and recalling that || < e, we have that

(142¢e)7
/ VO qu(z, (1+0)7)|*dz < — / / |V Ok u(z,r)|* dz dr.
|z—z|<eT —2e)1 J|z—z|<2eT

By the Caccioppoli inequality,

Ck, (143e)7 .
/Iz ZKET\V +1u( z,(L+6)7) dz < 7_1+25k /1 /|z V™ u(z, )| dz dr.

z|<3eT
By Theorem [3:2 we have that

1/2
(/ | V™o Hu(z (1+6)7))? dz)
z—x|<eT

Ck . /(l+46)7/ | . ( >| p
< —a V™"u(z,r)| dz dr.
Thtn/2+1 ( |z—z|<4deT

1—4e)T

Letting » = u7, we have that

(/Zz|<sf|vm el (+9)T)|2dz>1/2

Ck . 1+4e
- V()| d= dp
Thtn/2 /1745 /|za:|<45-r

By an identical argument,
‘ 1/2
( / I SE a0 dz)
zZ—X ET

—14-4¢ . .

< / / 82" SE py (2, k7)| dz dr.

> n+1 ¢V 27\
T2m+é ]+n/2 1-4e J|z :E|<4s‘r

Thus,

/Oo Sij(s)K"/}s? vmafju( " S)>R" | ds
0

1+4e 1+4e oo
<y, E/ / / / / V™ u(z, ur)|w(27) dz
1 1—4e nJo |z—x|<4eT

% T1+j2n2m/| | \3n+1 SE 4y (2, k7)| dz dr d dr dp.
z—x|<deT
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Applying Hoélder’s inequality, we see that

/OO 2jw( )|<¢s’vma§ju('vs)>ﬂ§”|ds

1+4e 1+4e /2
< Js/ / / (/ / w(27r)? T V(2 uT)|2dsz)
1 1—4e n |z—x|<4deT

(/ / | 8,JL+71”SV B o Y e A P dT) dx dr dp.
z—x|<4eT

Apply the change of variables t = p7 in the first integral and ¢ = k7 in the second
integral. We then have that

/OO Sij( )|<"/}s7vma§]u(7s)>R"|ds

1+4e 1+4e [e'e]
<Cje / / / (/ / w(2t/p)* V™ u(z, 1) [* dz dt)
1 1—4e n |z—z|<4et/p

1/2
(/ / o SE wzt/,{<z,t>|2|t|23-4m+1-"dzdt) da dr d.
|z—z|<4et/k

Let ¢ = 1/8. Because p > 1 — 4e = 1/2, we have that 4¢/p < 1. Similarly,
4e/|k| < 1. Recall Q(t) = sup{w(s) : 4¢/3 < s < 4t}; then w(2t/p) < Q(¢). So

1/2

/Oo 82jw(s)|<"/}s7 vmafju( T 5)>R" | ds
0

1/2 1/2
<c/ / (/ / 02 [T (2, t)|2dzdt)
3/2 n |z— m|<t

1/2
(/ / o Sv*lbzt/n(z,t)|2|t|2j_4m+1_"dzdt> dz dk.
|—al <

Recalling the definition of AT, we see that

/oo Szjw(8)|<1j)87 vmagju( T 5)>R" | ds
0

1/2 _ R
<Cj / Q) t V™) (2) Ay (772101 SG ) () da dis.
3/2 ]R"
Making the change of variables r = —2/k completes the proof. O

5. THE DIRICHLET BOUNDARY VALUES OF A SOLUTION

In this section we will prove results pertaining to Dirichlet boundary values.
Specifically, we will prove the following two theorems.

Theorem 5.1. Suppose that L is an operator of the form of order 2m, asso-
ciated with coefficients A that are t-independent in the sense of formula and
satisfy the ellipticity conditions and . Letv € W%ZOC(R:L_H) and suppose
that Lv =0 in RT‘l.
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Suppose that || A3 (t V™0)|| Le@ny < 00 for some p with 1 < p < py, where pi is
as in Theorem (3.4, and where for some k > 1 and c¢(k,p") > 0 the bound

(5:2) 1A (#5078 @) Lot ey < el PG Lot ey

is valid for all g € LP (R™). Here 1/p+ 1/p/ = 1. Suppose in addition that, for
all o > 0, we have that V™v € L*(R™ x (0,00)), albeit possibly with a norm that
approaches oo as o — 0.

Then there is some function P defined in RT‘l with V™ P = 0 (that is, a poly-
nomial of degree at most m — 1) such that

Supl[V7 10 1) = P oy < OIS (9"0) 1)

lim |[V™ (-, t) = V" Pl pogny = 0

t—o0

where C depends only on p, k, c(k,p') and the standard constants. Furthermore,
there is some array of functions f € L (R™) such that

loc
V™ o(,t) = fllie@ny =0 ast— 0T,
and such that
1 = 97 Pllnen) < CILAS (£ 970)] e,

Theorem 5.3. Suppose that L is an operator of the form of order 2m, as-
sociated with coefficients A that are t-independent in the sense of formula
and satisfy the ellipticity conditions and , Let w € ng,loc(RiJrl) and
suppose that Lw = 0 in Riﬂ.

Suppose that ||AF (¢ V™ouw)| pemny < 00 for some p with 1 < p < pa, where
pa = p}l is as in Theorem and where for some k > 1 and c(k,p’) > 0 the
bound

(5-4) 145 (#* 07 S R o ey < el D)1l o oy

is valid for all b € LP (R™). Suppose in addition that V™0, 1w € L2(R" x (0, 00))
for all o > 0.
Then there is some array p of functions defined on R™ such that

Supl| V(- 1) = Bllzs e < CIAT (V7 0w) o,
Jim [V (-, 1) = Bl oan) = 0

for some C depending only on p, k, c(k,p’) and the standard constants. Further-

more, there is some array of functions f € L, (R™) such that

IV w(-,t) = flle@n) =0 ast— 0%,
and such that
If = Pllrn) < C|lAF (EV™0w)|| Lo @n)-
If V™w(-,t) € LP(R™) for some t > 0, then p = 0. Otherwise, the array p
satisfies p(x) = V™ P(x,t), for some function P € Wﬁ%loc(RT'l) such that
o P(x,t) = Py(z,t) + Pa(x),
e Pyi(z,t) is a polynomial of degree at most m (and so V™ Py is constant),
e P c Wgz (Rn),

Jloc
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o LP =0 and so
(5.5) > M(Aas(@)0] Pa(2)) == D 0 (Aap(2)0°P).

|a|=[B|=m la|=[B]=m
Qpt1=Pr+1=0 Qnp1=0

Remark 5.6. We comment on the passage from Theorems [5.1] and [5.3] to Theo-
rem

If 1 < p < 2+ ¢, then by Theorem the bounds and are valid
whenever k is large enough.

If W, 4 is as in formula , then by Theorem and Lemma we have
that

V™ w(, 8l Le@e) < Cp.gWh.q(t)

and so as in Theorem finiteness of W, ,(t) implies that V™™ P = 0.

Finally, we claim that if A (t V™) € LP(R") or AJ (t V"Omw) € LP(R™) for
some p < 2, then V"™v € L?*(R" x (0,00)) or V"0, 11w € L*(R™ x (0, 00)) for all
o> 0.

To verify this, let © = v or u = Opp1w. Let ¢ > 1 and let K be a large integer
such that c2=% < ¢. Then

200(Q)
/ / (V™ u(x, t)|? dt de < Z Z// |V™u(z, t)|? dt do

=—K Q€eg;

where G; is a grid of pairwise-disjoint cubes in R™ of side-length 27. But if ¢ is large
enough, then for any y € Q,

2c6(Q) o dtd
/ / V™ u(a, )2 dt da < CHQ)™ ! / / V", )P
Q Jel(Q) 0 lz—y|<s 3

and so by the definition ([2.4) of A7,

2/p
// (V™ u(z, t)? dt de < Z pRel(e] ”1(][,42 (tV™u) )

—K Qeg;

2/p
+ m
<Y ey X ([ Arewrar)
j=—K Qeg; V'@

( / AT (tV™u) ) " < ( . AJ(tV%)P)Q/p

and also n — 1 —2n/p < —1, and so we may choose K such that

* m C m

If p < 2 then

Qeg;

Thus, u € W2 (R x (g, 00)), albeit with norm that increases to infinity as o — 0.

In a forthcoming paper we hope to establish the bounds and (| . ) for at
least some values of p’ < 2.
The remainder of this section will be devoted to a proof of Theorems [5.I]and [5.3}



BOUNDARY VALUES OF SOLUTIONS 25

Fix o > 0 and let G, be a grid of pairwise-disjoint cubes in R™ of side-length /¢
for some large constant c¢. By Lemma if p < p then

\Vm Lo, v(x, 0)|P do = Z /|Vm Lo, v(x,0)|P dz
QEG,

o+o0/4c
<Co? Z/ / V™ 0,0 (x, )P dz dt.

Qeg, —o/4c
By Holder’s inequality or Theorem

/ V"L o,u(z, 0)|P dv

o+0o/2¢c p/2
<Co™ Py (/ / |V Lo,u(x, t)| d:cdt)

Qeg, o/2c

and by the definition (2.4) of AJ, if ¢ is large enough then

/ V0,0, o) dz < Co™ P 3 ][ A (100 280 y2) () V0 (- )P
* QEG,

=Co™? . AT (15 /2,30/2)() V™0)P.

Later in this proof we will use the fact that if p < p{f , then by the same argument,

(5.7) [V™(z,0)|Pde < Co™? AF (t 152,30 /2) () V0)P.
R R

So by the dominated convergence theorem, oV™ 19,v(-,0) — O as o — 00
strongly in LP(R™). By the Caccioppoli inequality and Theorem (3.2} if & > 1 is
an integer then o*V™~19%v(. o) — 0 (and in particular is bounded) in LP(R™) as
o — oo. Similarly, if p < p and k is large enough then o*V™0%w(-,0) — 0 in
LP(R™) as ¢ — o0.

Let g € )i (R™) and helLr (R™) be bounded and compactly supported. Choose
some T > 7 > 0. We wish to bound the quantities

(g, V" (-, T) = V™ (-, 7))gn and (h, V™w(-,T) = V™w(-,7))gn

in terms of 7, 7" and gl (gn) OF 1A]] Lo /(gny- Doing so will allow us to control
vV ly( T =V (- 1) or V™w( -, T)—V™w(-,7); in particular, we will show
that these quantities go to zeroas 7 — ccor T' — O*, and so we will see that V™~ 1y
or V™w approaches a limit at co and at zero.

Let f(s) = (g, V™ 'o(-,s))gn; observe that the jth derivative f()(s) of f(s)
satisfies fU)(s) = (g, V™ '0Jv(-,s))gn. Let wo(s) = 1if 7 < s < T and let
wo(s) =0if 0 <s < 7ors>T. Thus,

@9 T) =T e = [ ) (s)ds.
0

Integrating from 0 to oo will be somewhat simpler than integrating from 0 to 7.
We wish to integrate by parts so that the right-hand side involves higher derivatives
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of f(s). Let w;(s) = [j wj—1. Using induction, it is straightforward to establish
that if j > 1, then

0, 0<s<r,
w;(s) < %(377)3', T<s<T,

ﬁ(s —TY YT —1), T<s.

By our bound on w; and by definition of f(s),
wi ()| 9 (s)] < CG) 57 191l L oy IV 0( -, 8) || Lo )

and if j > 1, then by our above bounds on [V™ *0Fv( -, s)| s (rn), the right-hand
side converges to zero as s — oco. Thus, we may integrate by parts and see that,
for any j > 0,

B9 T) = Ve = [ ()£ () ds
0

= [ (619 T e s,
Similarly,
(b T ) = e = [ 51 TR 5 s,
Let O be such that
(9, V" o) = (04, V™).

for any array g of functions indexed by multiindices v with |y| = m — 1. Then OT
is a constant matrix and

<g? vm—lv( . 7T) - vm—lv( . 7T)>R" = / w2 (S) <O+ga Vmagjv( i) S)>R" ds.
0

By formula (2.22]),
St g(x,t) = =8GO g)(x,1).
By Lemma [{4.4| with ¢s = OT¢ for all s and with w(s) = wa;(s)/s%/, we have that
|<g, vm—lv( : 7T) - vm—lv( ’ 77—)>R"|
<C [ A §)(a) AL (00 V) o) de
R’n
where (s) satisfies the bounds

0, s < T,
Qs) <C(1—1/8)4, T<s<T,
(1—7/8)2"YT/)s—71/s), T<s.

Let j=2m+k—1,s0j>2and k= 7+ 1— 2m. Then by the bound ,
1A (8P 280 S ) | o (ny < CHG N Lo (-
By assumption, A (t V™v) € LP(R™). Because €(s) is bounded, we have that
AT (tQ(t) V™) (z) < CAF (V™) ().
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Furthermore, if A3 (t V™v)(x) < oo (true for almost every x € R™), then
A (tQt) V™) (z) 0 asT—ooor T — 0%,
By the dominated convergence theorem, this means that

HA;(tQ(t)va) —0 asT—ooorT —0".

o ey

Thus, for any sequence of positive numbers t; that converge to either zero or infinity,
the sequence {V"'v(-,t;)}52, is a Cauchy sequence in LP(R"), and so the limits
CO T m—1, f 15 m—1, . o,
p=Jim V"l 0) and f= lm Vlu(-,0) - p
exist. Furthermore, V™ v (-,t) — p||Ls(rn) is bounded, uniformly in ¢.

Similarly, the limits

./ . o/ . ./
=1 Mo - =1 Mop( - ) —
P = lim V7uw(-,¢) and f = lim V™w(-,t)-p
exist. Furthermore, |[V™w(-,t) — p'|| Lr(gn) is bounded, uniformly in ¢.

It remains only to produce statements about the limits p, p’ at oo.

If p < pg, then by formula , V™y(-,t) = 0 in LP(R™) as t — oo, and so
Vp =0 and so p is a constant array. But p is constant if and only if p = vm-lp
for some polynomial P of degree at most m — 1, as desired.

If pg <p< pf, we will need a more complicated argument. Fix some x € R"
and some R > 0. By Lemma 3.5

T+R

[ vrewnRasc £t o sy
le—y|<R |z—y|<2R JT—R

By the Caccioppoli inequality and Theoremm7 ifg < pf, and if P is a polynomial
of degree at most m — 1, then

/ V™0 (y, 7)|? dy
|[z—y|<R

T+2R 2/q
< CRM 242 ( ][ V™ lu(y,s) — V"1 P|ds dy> .
T—2R

|z—y|<4R

If 7 > 64R, then by Lemma [3.5]

/ V™ (g, )P dy
|lz—y|<R

57 /4 2/q
< CR" /a2 (/ | /8]£ p V" tu(y,s) — V™ LP|2ds dy) .
r—y|<T T

Again by Theorem

/ V™ o(y, )2 dy
|lz—y|<R

< CRn72n/q72,7_2n/q7n /

37/2
][ V™ u(y, s) — V™ LP12 ds dy.
lz—y|<T/4 JT

/2
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Choosing P appropriately, by the Poincaré inequality
[ e nRdy
[z—y|<R

< CRn72n/q72T2n/q7n+2 /

37/2
][ |va(y,s)\2ds dy.
lz—y|<T/4JT

/2
By the definition ([2.4) of AJ, if |z — 2| < 7/4, then

/| T dy S ORI g ) )
z—y|<
Averaging over such z, we see that

/ ‘ R‘va(y,7)|2 dy < C«Rn—Qn/q—QT2n/Q—2n/p”A3-(tvmv)H%p(Rn).
z—y|<
If p < p}, we may choose ¢ with p < ¢ < pf". Then for any » € R® and any R > 0,

lim IV V" (y, 7)|* dy = 0.

T—00 |x—y\ <R
From this we see that p = lim, .o, V™ !v(-,7) has a weak gradient that is equal
to zero almost everywhere in R”, and thus p is constant.

We now turn to w and p’. By a similar argument, V™0,w(-,t) — 0 and so
V™19, 1w approaches a constant p}. There is some polynomial P; of order at
most m with pj = V™19, .1 P;. We are left with py = limy_, Vﬂ”w( -,t). Since
w(-,t) is in Wivloc(R”), we have that py = V' P, for some function P, defined on
R™. Thus, p(x) = V™P(z,t) where P(z,t) = Pi(z,t) + P2(x), as desired.

We next check the claim LP = 0. Let ¢ be smooth and compactly supported.
Then

<Vm<,07 Ava>Rn+l

/ (V™o(-,t), AV P)gn dt

- 1Lm (V™o( - 1), AV™w( -, s+ t))gn dt

= Sli}nolcj(Vm@_s, AVmw>R1+1 =0

because Lw = 0 in R} (Here p_4(z,t) = @(z,t — s); if ¢ is supported in
R™ x (=T, T) then ¢_g is supported in R" x (s =T, s+ T).) Thus, LP = 0 as well.
Finally, suppose that V™w(-,t) € LP(R™) for some ¢ > 0. This implies that
[V™w(-, )| Lr@®n) is bounded, uniformly in s > 0, and so V" P € LP(R") as well.
By assumption, p < pS’ = pz. Let ¢ satisfy p < ¢ < pz. Recalling that LP = 0,
we have that by Lemma |[3.5| and Theorem if 7 > 0 then

1/q
</ VmP(:c,t)|qdw>
|z|<r

t+r 1/p
< ynlamnip (][ [ VP ds) -
t—r Jlz|<2r

Recalling that VP is constant in ¢, and taking the limit as r — oo, we see that
V™ P| La@ny = 0; thus V™ P = 0 almost everywhere, as desired.
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6. THE NEUMANN BOUNDARY VALUES OF A SOLUTION

In this section we will prove results pertaining to the Neumann boundary val-
ues as defined by formula (2.13), that is, defined in terms of a specific extension
operator £. Specifically, we will prove the following two theorems.

Theorem 6.1. Suppose that L is an operator of the form of order 2m, asso-
ciated with coefficients A that are t-independent in the sense of formula and
satisfy the ellipticity conditions and (2.2). Letv € anyloc(RT'l) and suppose
that Lv = 0 in R:’_‘H.

Suppose that Af (tV™v) € LP(R™) for some 1 < p < co. Further assume that
for any o > 0 we have that V™v € L*(R" x (0,00)).

Then for all ¢ smooth and compactly supported, we have that

(AV™0(- 1), V" EQ( -, t))rn
represents an absolutely convergent integral for any fired t > 0 and is continuous
m t.
Furthermore,

sup
0<e<T <00

/T<Ava('7t),V’”5<P(wt)>Rn dt

< OV Trh s @l o @y A3 (EV™0) | Lo ey

and the limit
T

lim (AV™ (-, t), VTEQ( -, t))rn dt
e’i—)O+ 15
T—o0

exists, and so (M v, Tr,, 1 SD>]R1+1 exists and satisfies the bound

(M 0, Trm—1 @)gnir| < ClIV) Trg, g @ll o oy A3 (EV™0) [ 2o )

Theorem 6.2. Suppose that L is an operator of the form of order 2m, as-
sociated with coefficients A that are t-independent in the sense of formula
and satisfy the ellipticity conditions and . Let w € W%ZOC(RTFI) and
suppose that Lw = 0 in RiH,

Suppose that Af (tV™Ow) € LP(R™) for some 1 < p < co. Further assume that
for any o > 0 we have that V™9, 1w € L*(R™ x (0,00)). Finally, assume that

p/2\ 1/p
sup(/ <][ |Vmw|2) > = Cj < o0.
>0 n B((z,7),7/2)

Then for all ¢ smooth and compactly supported in R"+1 we have that the bound
|<M; w, Tr—1 P)re| < CHTT;tL—l el e (R™) (”‘A;(tvmatw)HLP(]Rn) + Co)

is valid. Furthermore, we have that

(6.3) / / (A @)V w(, ), V" Ep(z, )| do dt < 0o
0 n

and that

(6.4) (M w, Trp, 1 Q)rn = (AV™ 0, V") pn1.

That is, the Neumann boundary values may be defined in terms of arbitrary C§°
extensions as well as the distinguished extension Ep.
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Before proving these theorems, we make two remarks; these remarks may assist
in applying Theorems and

Remark 6.5. We comment on the appearance in Theorem [6.2] of the term

p/2\ 1/p
sup(/ (][ |Vmw|2) ) .
7>0 n B((z,7),7/2)

If p < p}, where p} is as in Theorem then

p/2
sup/ (][ |Vmw|2> dz < C'sup||[V™w (-, 7)II75 gy
7>0 n B(z,7),7/2 7>0

and so if p’ is such that the condition (5.4) is valid, then by Theorem we have

that
p/2
sup / (7[ |Vmw|2> < CIAF (V0|1 -
7>0 Jre \J B((2,7),7/2)

provided [[V™w( -, T)| zr@n) < 0o for at least one value of 7 > 0.
As mentioned in the introduction, this term appears in other ways in the theory;

for example, if N is the modified nontangential maximal function introduced in
[KP93], then

p/2 -
sup / (][ |vmw|2) < CIN T W)L, -
>0 JR" B((z,7),7/2)

Remark 6.6. As in Section [5| if p < 2, then finiteness of ||AF (tV™v)| s ®n) or
| A3 (tV™0yw) || 1o (n) implies the inclusions Vv € L*(R" x (5,00)) or V"4 1w €
L?(R™ x (0,0)), respectively, for any o > 0.

Thus, if 1 < p < 2, then v satisfies the conditions of Theorem [6.1] provided only
that AJ (tV™v) € LP(R™) and Lv = 0 in R},

Similarly, by Remark if 1 < p <2 then w = w — P satisfies the conditions
of Theorem [6.2| provided A3 (tV™9w) € LP(R"™) and Lw = 0 in R}, where P is
as in Theorem [5.3

We will devote the remainder of this section to a proof of these two theorems.
We begin with the following estimates on Q}".

Lemma 6.7. Let 0 < j7 < m and let £ > j be an integer. Let v be a multiindex
with yp+1 =0 and |y] < L.
If1 <r<p <oo, then

—4 l— m n/p —n/r j
(6.8) 1477070, Q| o eny < Cor ™ =Vl iy

for anyt >0 and ¢ € W;(R")
If1 <p < oo, and if £ > || or £ = |y| > j, then then

(6.9) 1AF (#7707 0,71 Q1 ) | v gy < CIVA | o
for any ¢ € Wf/(R”).

Proof. For any Schwartz function 7, let n:(y) = t~"n(y/t). Recall that Q" =

e*(*tQAH)m; a straightforward argument using the Fourier transform establishes

that Q" f(x) = 6, x f(z) for some Schwartz function 6.
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Observe that 9, Q)" = —2m t*" 1 (—=A)™Q". Thus, there are some constants
Ct¢,m,y,c such that
—q 0— .
n Jal"Yat MQ V(w Z tISI+IvI= ng ’YCaH-FYQ W(x) if £ > |9,
2m<|¢|<2m(L—[vl)
Cn4+1=0
t790)0, 11 Qb (a) = 10 Q) if £ = .

Notice that the purely horizontal derivatives may be chosen to fall on either ) or
the convolution kernel of Q7*, and, furthermore, if either £ > |y| or £ = |y| > j then
there are at least j such derivatives. Thus, we have that

(6.10) tIojor orga) = D ml xu(e) =y Viv(a)
|6]=3, 6€(No)™
for some array of Schwartz functions 7 depending on -y, £, m and j.
Observe that if 1 < s < oo then |1¢[|zs@rn) = C,t"/*=" for some constant Cl
depending only on s and 7. It is well known that, if 1 < r < p’ < oo, then
e * VIl o ey < Nell o ey [V 00 ),
where 1/p’ +1 = 1/s+ 1/r. Applying this estimate to formula (6.10) yields the

bound (| .

Let p be a Schwartz function that satisfies fRn x)dx = 0. Then by [BCP62,
Application (3)],

143 (pe % )l Lot @y < CENS N Lo ey
for any 1 < p’ < oco. Thus, to establish the bound , it suffices to show that
7] integrates to zero. To show that 7} integrates to zero, it suffices to show that, if
ps(z) = 20 for some § € (Ny)™ with 5] = j, so that Vljp(; = 0! &5, then
—iayal—
t=19] 07 ' Q ps () = 0.
But

Q' ps () = 6, * pa(a) = / (x — ty)°6(y) dy
ZC' 4l c\/ Y=o dy =3 Cgat 11
= <5

where we say that ( < §if {; < 4; forall 1 <j <n. Let C¢s = 01if |(] < j but
¢ £ 4, so that we may sum over ¢ with || < j. We thus may write

Qtpg Z Z CC(sJL‘

k=0 [¢|=j—Fk

Recall that if 1 < k < 2m — 1, then anmt:O = 0. Thus,
0=0fQ'ps(x)|,_, =k > Cesat
[Kl=5—k

for any 1 < k < j, and so Q"ps(z) = Cs52°. We compute
o— o—
o "oy ps(a) = 8" g2,
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This is zero whenever ¢ > |v|. If £ = ||, then
0107 "' Q" ps(w) = Cs5 0] 2°
which is zero if |y| > [0] = j. O
Next, we prove the following lemma.

Lemma 6.11. Let L be as in Theorems and. Suppose that Lu = 0 in RTFI.
If ¥ is smooth and compactly supported, if 0 < j <m, £ > j and k > 0 are integers,
and if r, p are real numbers with 1 <p <ooc and 1 <r <p', 1/p+1/p' =1, then

[T VI QT ()| | A(z) VT Opu(w, 7)) da
R?’L

AT (61 (72,37 72) () V™) || Lo (r)-

This lemma has obvious applications if u = v or v = dyw. We remark that it
may also be applied with © = w, because

1 p/2
;”A;(t 1(7-/2’37-/2) (t) vmw)HIZ,P(R”) S Csup/ <f Vmw|2> .
™ \J B((,7),7/2)

< Cr P | gy

>0

Proof of Lemma|6.11 By Lemma [3.5| and the Caccioppoli inequality,
][ \V™ORu(y, 7)1 dy < Ot 272k AS (¢ L(r /2,37 /2)(t) V™u)(2)?.
lz—y|<T/2
Thus,

[TV QT ()] | ) V" OF (e, )| de

RTL
— [ F )| Ale) Y okuly. 1) dy de
nJz—y|<T/2
_ 1/2
<cf ( sup |T“v‘Q:w<y>2> A (22,5072 (£) V™) () de
R \|z—y[<7/2
By formula (6.10]),

sup |[TIVIQTY(y)| < CM(V] ) ()

lz—yl<r
where M denotes the Hardy-Littlewood maximal function. Because Qf" is a semi-
group, we have that Q"¢ = QT/Q(QT/Qw), and so

sup | IVIQIU(y)| < CM(V|QTYt) ().

lz—y|<T/2

Thus, by boundedness of M,

| IR QM ()| |Az) VT OFu(x, )| da
RTL

< CIIV] Q70| Lo ey 145 (8 172,37 /2) (8) V™) | Lo (R -
Now, by the bound , we have that if 1 <7 < p’ then
||Vﬁ QT/2¢||LP’(1RH < Cp’,rTn/plin/T||vﬂ¢||LT(Rn)-
This completes the proof. O
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We now prove Theorems [6.1] and [6.2] We begin with the terms that require
different arguments in the two cases; we will conclude this section by bounding a
term that arises in both cases.

Lemma 6.12. Let v be as in Theorem 6.1l Then
(AV™0(-, 1), V" EQ(-,1))rn
represents an absolutely convergent integral over R™ for allt > 0 and is continuous
m t.
Furthermore, let 1;(x) = om—j(z) = 9, { ¢(x,0), so

m

*HVH ’n"m 1@l e (R™) <Z||V Vil L (R™) <C||VH m 1@l L (R")*
Jj=1

Suppose that || A3 (t V™0)||Le@n) < 00 for some 1 < p < co. Then

=O0K(t +Z Z Z / 5 1 Q7" (x) Ayp () 0Bv(z,t) dx

J=11Bl=m |y|=j
’Yn+1 =0

where Ayg = Az for ¥ = v+ (m — |v])€nt1, and where OK(t) = OK(t, ¢,v)
satisfies the bound

/0 |OK (t, p,v)| dt < C|IV) Tr,_y @l 1o gy A5 (6 V"0) [ o ey -

Proof. Observe that by the definition (2.12)) of &,

(AV™0( - 1), V™ Ep( - Rn—z > Z

J=118|= |7|<m
“/n+170

x [ ayar eI Qs (a)) Ay p(w) Pu(w, ) da.

Rn
By Leibniz’s rule,

<Avmv( ’ 7t)7 Vmgsﬁ( : t)>]R"

Y (m — !
*;Z X = D) — O —j)!

|vI<m €=max(j,|v])
Yn41=0

[ 10 P @ o) T e

By Lemma (with r = p’), the integral is absolutely convergent and has absolute
value at most

OtV 5l o oy A4S BV 0) | -

Furthermore,
d s -
/’ it (tf—ﬂaf |7|a"r aniﬁ] (x) A’Yﬂ () 6I3U(x7 t)) dr

< Ct_2HV Vil Lo (mn)

A (tV™u) || e e
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and so the integral over R™ is continuous (and in fact differentiable) in ¢.
By formula (4.9)), Holder’s inequality and the definition (2.4)) of A%, if a > 0 and
if ' and G are nonnegative functions then

(6.13) /n /OOO F(z,t) G(z,t)dt de = % AS(F)(x) A3 (t G)(x) dx

Rn,
Thus,

/ / #9001 Qg (2) A () P, )] it da

<C | AL o]0 Q) () AS (070) (y) dy.

]Rn
By the bound (6.9), if £ > |y| or £ = |y| > j, then

o— m j
1AS (#2070, Q)| oy < 19l ot oy
Thus, we need only consider the |y| = j = £ term; in other words,

(AV™0(-,t),V"Ep(-,t))rn

D X [ ) A G e
Bl=

J=1| [vl=3
’Yn+1 =0

where the term OK (t) satisfies

/0 (0K (t)|dt < C|[V Try,_y @ll o oy A5 (¢ V™ 0)]| 1o (-

This completes the proof. (I

Lemma 6.14. Under the hypotheses of Theorem the bound (6.3) and for-

maula (6.4]) are valid.
Furthermore, let ¢¥j(x) = om—j—1(x) = 32:_1] Yo(2,0), so

m—1

||Tf'm 1@l e ®) < Z”V Vil Lo ®r) < C||TI‘ 190HLP/(R")‘
7=0

Then for any 0 < e < T we have that
T
/ (AV™w(-,t),VT™E(-,t))rn dt
€

OK — Z Z Z / / 8Qmw] ~p(x) 0P Oyw(x, t) dx dt

J=0|B]=m |y|=j
Yn+1=0

for some term OK = OK. r(w, @) that satisfies the bound

. p/2\ 1/p
|0K5,T<w,so>|<C||m_1so|mf(w)sup(/ (f vmwF) )
7>0 n B((z,7),7/2)

+ O,y @l o o 13 (8 V™ 00) | o -
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Proof. We begin with the bound (6.3]). Observe that if |o| = m, then

m—1

b

SN S et e o).

J=0 e=j+1||=¢

By Lemma and the following remarks, if 1 < r < p’ then

/n |<Avmw(x,t),vm8go(m,t)>| dx

<CZ min |V” ¢J||Lp R,L)7t”/19 —-n/r— 1Hv "l}jHLF R"))

7=0 p/2\ 1/p
X sup(/ <][ |Vmw|2) > .
>0 n B((z,7),7/2)

By assumption the term on the last line is ﬁnite and so if ¢ and thus ©; is

smooth and compactly supported, the bound (| is valid. Thus, we may write

(Tx, 1 o, MB w)gn = (V"Ep, AV w)gni1 for all ¢ € C§°(R™ 1), without taking
+

explicit limits.
We now turn to formula ([6.4). We seek to show that if ¢ € C$°(R" 1), then

(V70, AV w)gnis = (Try,_y 0, M} whn = (V" Ep, AV ™ w)gn-.

Let nr(z,t) = n(z/R,t/R), where n is smooth, supported in B(0,2) and equal to
1in B(0,1). An argument using the bound (6.3]) shows that as R — oo,

(V" (1rE@), AV w)gns1 — (V" Ep, AV w)gnir = (T} _y o, M} w)on.
But by Lemma V™w is locally integrable up to the boundary in Riﬂ, and

so if ¢ is compactly supported, then by the weak formulation (2.3)) of Lw = 0 we
have that (V™¢, AVmw>RK+1 depends only on Tr;’ ; ¢. Thus, if ¢ is compactly

supported then
(V™op, AVmw>RK+1 = (V" (nrEv), AVmw>RK+1

for all R large enough, and so formula (6.4)) is valid.
Finally, we come to the formula involving ;. Observe that

/T<AVmw( 1), V"EQ(-,t))rn dt

:T; / / aa( tf - 5@ )) A () Pl ) da .

TbD

We wish to bound the terms on the right-hand side.
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We begin with terms for which 41 > 0. Let a =y + (m — |y|)€,41 for some
~v with 7,41 =0 and m — |y| > 1. Then

T
/ / 9 ("1 (w)) Aap(x) 0P w(x, t) du dt
T
:/ g TP =71 Qi () Ay 0Pw(w, t) da .

Integrating by parts in ¢, we see that

/ T / O (IO () Aap(w) 0w (a, t) da dt
/ /ﬂma L (=i Qi (2)) Ay 5 090, 1) da dt
+ [ ooy a0 ) Ay 9Pl T) da
= L Ao e (@) Ay P w(a, €) dav

By Lemma and the following remarks, the second and third terms have norm

at most
) p/2
IVl ensue [ (f vl
n \J B((z,7),7/2)

and thus satisfy our desired bounds.
We turn to the first term. Applying Leibniz’s rule, we have that

T
/ Ao T (2) A (@) 9P (a, ) da

m

1
= ol / / ol ‘W‘a*gwj(z) A5 (x) 0P 0w (x, 1) da dt.

1= de(WI,J)

We remark that if £ = j = |y|, then C,, j 40 = (m —j — 1)!. Recall that these
terms are the terms that appear explicitly in the statement of this lemma, and so
we need not bound them in this proof.

If £ > j or £ > ~, then by the bounds (6.13]) and (6.9 .,

/ / |t=90; o) Qi (x) Ayp(w) DPDywa, )| dac it
<C | AL oMoy oryy) Af (07 0pw) da
R‘n

< OVl 1ot oy I3 (8 V7 0pw) | o (e

as desired.



BOUNDARY VALUES OF SOLUTIONS 37

We now consider the terms with a,,+1 = 0; we may write these terms as

> Z / /n 1OV j(x) Anp () DPw(z, t) da dt

|Bl=m |a|=

An41= 0

Z / Ll)< P QP (2), AV D)o .

We again integrate by parts in ¢t and see that
T m—i—1
——— (V'O (x), AV™w( - t))gn dt
| o e )

T m-i g -
N 7/ Wa<vﬂng;ﬂwﬂ(w)a AV w( -, t))ga dt

T

T o ViR (@), AV (- T)ee
N %< QM (x), AV w (-, £))gn.

We may bound the last two terms using Lemma as before. We compute
e AV () d
— - m m . pove - t . t
/s (m*j)!3t< 1'Q" b (x), AV™w(-, 1))k
N 7/5 WWH 0 Q" i (x), AV™w(-,t))rn dt

T tm_j -
[ o (Ve o). AT G D)

m—j)!

As before, we bound the second term using the bounds (6.13]) and . To control
the first term, we integrate by parts in x and use the fact that Lw = 0. Then

(V0,97 (), AV™w( -, 1)) en
= > Z (O OOy (), AapdPw( - 1)) en

lal=m |B|=
Oln+1=0
> Z 1)L 01 0,0 (), Ay 080" (- 1))

[y|<m—118]=
Yn4+1=0

Thus, by formula (6.13)),

T tm_j -
/ WWW@Q?%(@, AV™w(- t))gn dt

<C Z ||A§/2(t|7|7j+13‘75't9tm1/’j)||Lp’(Rn)

[y[<m—1 - -
=0 % ||A§/2(tm |’Y|Vmazn lvlw)HLP/(R”)‘

By the bound (6.9), the first term is at most C||Vﬂ1/)j||Lp/ (rn)- By the Caccioppoli
inequality, the second term is at most C||.Ag (t V™ O,w)|| (rn), as desired.
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Assembling our estimates, we see that

/T<Avmw( 1), V" Ep( -, 1)) mn di

m—1 T
=OK — Z / / 8 1 Q7" (x) Ayp () OPOyw(z,t) dtdx
7=0 |Bl=m |y|=j "E" 7€
Yn41=0
as desired. O

To complete the proof of Theorems [6.1] and [6.2] we must bound terms of the
form

/5 Z 2 / O Qs (x) Ays (@) O%ulz, 1) du dt

[B|=m |v|=j
'Yn«l»l*

for 0 < j < m, where u = v or u = Jyw.
Choose some j with 0 < 7 < m. As usual, we integrate by parts in ¢. If £ > 0 is
an integer, then

T
/ | 019 s(w) Ayp (@) 0°0fu(z, 1) du dt

= _€_|_ 1/ / a Qt '(/)] (.’L') 8585+1u(x,t) t£+1 dx dt

- m / /R 0700975 () Ay () P Oful, 1) 1 v
1
.
1
0+ 1 Jpa

8W Qap; () Ay () DPOLu(z, T) T da

0] QU (x) Ayp(w) POLu(w,e) e da.,

The second integral may be controlled by the bounds (6.13]) and as usual. By
Lemma (with r = p'), the last integral has norm at most

ClIVA s 1 gy 1S (£ 1 (e 2,36 /2 (8) V") | o ey

and so is uniformly bounded and approaches zero as € — 0. Similarly, the third
integral is uniformly bounded and approaches zero as T" — oc.
Thus, by induction,

/ / 8 | Q" j(x) Ayp () ABu(z,t) dt dz
Rﬂ.

/ / 8 Q;nd)] () 0B u(x, t) t*F dt dv + OK (¢, T)
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for any integer k > 0, where the term OK (¢) is uniformly bounded and approaches
a limit as ¢ — 0% and 7" — co. We have that

> X // ) Qi () Ay () DP O u(x, t) 12 dt da

[Bl=m |v|=3
'Yn+l—

T

_ / (VSR u( - 1), Al V] Q7 et dt
€

where A7 . is the matrix that satisfies

(A )= > Asab,  forany || =

lvI=
Tn+1=0

By Lemma [£.4] if £ > m then

/ 24| (A7, VI QYO u( -, )z di

0
4
<G [ [ Aok sE (47, V]9 0@
4/3 JRn

x AF (t V™u)(x) dz dr.

Define

Riwp(2) = 2o 1SS (A, Qi) (2, —1).
Observe that P, = QF} is also an approximate identity with a Schwartz kernel. By

the bound ([3.10]), for any fixed r with 4/3 < r < 4 and any p’ with 1 < p’ < co we
have L”" boundedness of ¢ — AJ (RI). Thus,

dt

/ t2F|(Ay V1 Q%],vmaﬂlu( 1)) e
0

< C”Vﬂ%HLN(Rn)

|AZ (£ V)| Lo

as desired.
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