DIRICHLET AND NEUMANN BOUNDARY VALUES OF
SOLUTIONS TO HIGHER ORDER ELLIPTIC EQUATIONS

ARIEL BARTON, STEVE HOFMANN, AND SVITLANA MAYBORODA

ABSTRACT. We show that if u is a solution to a linear elliptic differential
equation of order 2m > 2 in the half-space with ¢t-independent coefficients, and
if u satisfies certain area integral estimates, then the Dirichlet and Neumann
boundary values of u exist and lie in a Lebesgue space LP(R™) or Sobolev space
Wil(]R"). Even in the case where u is a solution to a second order equation,
our results are new for certain values of p.
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1. INTRODUCTION

This paper is part of an ongoing study of elliptic differential operators of the
form

(1.1) Lu=(-1)" Y 0%(Aapd’u)
la|=]Bl=m
for m > 1, with general bounded measurable coefficients.
Specifically, we consider boundary value problems for such operators. One such
problem is the Dirichlet problem

(1.2) Lu=01in §, V™ ly = f on 00

for a specified domain €2 and array f of boundary functions.
We are also interested in the corresponding higher order Neumann problem,
defined as follows. We say that Lu = 0 in  in the weak sense if

> /a%Aaﬁ OPu=0
Q

lee|=|Bl=m
for all smooth functions ¢ whose support is compactly contained in Q. If ¢ is
smooth and compactly supported in R**! D €, then the above integral is no longer
zero; however, it depends only on uw and the behavior of ¢ near the boundary, not
the values of ¢ in the interior of 2. The Neumann problem with boundary data ¢
is then the problem of finding a function u such that

13 > /QawAC,Baﬁu: > /(998"@9de for all ¢ € Cg°(R™H1).
1

lo=[B]=m [v[=m—

In the second-order case (m = 1), if A and Vu are continuous up to the boundary,
then integrating by parts reveals that ¢ = v - AVu, where v is the unit outward
normal vector, and so this notion of Neumann problem coincides with the more
familiar Neumann problem in the second order case.

In the higher order case, the Neumann boundary values g of w are a linear
operator on {Vm_lgo‘ém 1 € C°(R™ 1)}, Given a bound on the above integral in
terms of, for example, ||V7”_1<p‘39||Lp/(89), we may extend ¢ by density to a linear
operator on a closed subspace of Lp/(aﬂ); however, gradients of smooth functions
are not dense in L¥ (9Q), and so ¢ lies not in the dual space LP(S2) but in a
quotient space of LP(0€). We refer the interested reader to [2I] [I7] for further
discussion of the nature of higher order Neumann boundary values.

In this paper we will focus on trace results. That is, for a specific class of
coeflicients A, given a solution uw to Lu = 0 in the upper half-space, and given that
a certain norm of u is finite, we will show that the Dirichlet and Neumann boundary
values exist, and will produce estimates on the Dirichlet and Neumann boundary
values f and ¢ in formulas or ; specifically, we will find norms of u that
force f and ¢ to lie in Lebesgue spaces LP(OR") or Sobolev spaces W, (9R").

These results may be viewed as a converse to the well posedness results central
to the theory; that is, well posedness results begin with the boundary values f or
g and attempt to construct functions u that satisfy the problems or .

We now turn to the specifics of our results.

We will consider solutions v to Lu = 0 in the upper half-space Rff_“, where L is
an operator of the form , with coefficients that are t-independent in the sense
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that
(1.4) A(z,t) = A(z,s) = A(x) for all z € R™ and all s, ¢t € R.

At least in the case of well posedness results, it has long been known (see [27
60]) that some regularity of the coefficients A in formula is needed. Many
important results in the second order theory have been proven in the case of t-
independent coefficients in the half-space; see, for example, [48] (52} [5] 8, @ [13] 10,
A1), 1401, [43], 22], TT]. The t-independent case may also be used as a starting point for
certain t-dependent perturbations; see, for example, [49] [7, [42]. In the higher order
case, well posedness of the Dirichlet problem for certain fourth-order differential
operators (of a strange form, that is, not of the form (L.I))) with ¢-independent
coefficients was established in [20]. The theory of boundary value problems for
t-independent operators of the form is still in its infancy; the authors of the
present paper have begun its study in the papers [I7, 9] and intend to continue
its study in the present paper, in [18, [16], and in future work.

We will be interested in solutions that satisfy bounds in terms of the Lusin area
integral A3 given by

> dy dt\**
(1.5) AfH(z) = \H(y,t)]> for z € R™.
0 lz—y|<t U

Our main results may be stated as follows.

Theorem 1.1. Suppose that L is an operator of the form of order 2m, asso-
ciated with coefficients A that are t-independent in the sense of formula and
satisfy the ellipticity conditions and .

If Lu = 0 in RZL_H, n > 1, let the Dirichlet and Neumann boundary values
'I.‘r,th1 u and Mjgu of u be given by formulas and .

There exist some constants €1 > 0 and 5 > 0, depending only on the dimension
n+1 and the constants A and A in the bounds (2.1) and , such that the
following statements are valid. (If n+1=2 orn+1=3 then e, = 0.)

Let v and w be functions defined in Rﬁ“ such that Lv = Lw = 0 in Riﬂ,
Suppose that AJ (tV™v) € LP(R™) and A (tV™0;w) € LP(R™) for some 1 < p <
co. If p > 2, assume in addition that V™v € L*(R™ x (0,00)) and V™0, 1w €
L?(R" x (0,00)) for all o > 0. (It is acceptable if the L?> norm approaches infinity
as o —07.)

If p lies in the ranges indicated below, then there exists a constant array ¢ and
a function w, with Lw = 0 and V™00 = V" Op 11w in ]RT'I, such that the
Dirichlet and Neumann boundary values of v and w exist in the sense of formulas

(2.6) and (2.10) and satisfy the bounds

(1.6) [ Trh_1v—€llo@n) < CpllAF (EV™0) | Lo (any, l<p<2+e,
(L.7) V% vllyirr gy < CpllAF (EV™0) [ Lo (rny, 1 <p<oo,

(18) 1Tt 2 Bllyip ey < CpllA3 (19" 00)l|Lrny, 1 <p<2+ea
(1.9) M5 @] 1o rny < Cpll A3 (V™ 0w) || ony, 1 <p <2+ e

Define

p/q 1/p
(1.10) W, (r) = ( / (][ |vmw|q> dx) .
n B((z,r),7/2)
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If for some ¢ > 0 and some T > 0 we have that W), 4(7) < 00, then the bounds

(1.8) and (1.9) are valid with w = w.

If Wy q(7) is bounded uniformly in T > 0 for some fized ¢ > 0, then
(1.11) IMA wll 2oy < Cpll A (tV™0pw) || Lo(gn) + Cpog sup Wp.q(7)

for all p with 1 < p < 0.

Here the LP and W”, norms of the Neumann boundary values are meant in the
sense of operators on (not necessarily dense) subspaces of L*" and Wlp /, that is, in
the sense that

v ‘<Vm_1<p('a0)7MAU>R"|
IV 0llyipr ey = sup -
Woa (R peC (R*+1) ||Vm 1@( 'a O)HWl:D’ (R™)
* ~ Vm_l Sy 0 3 M /LD n
IV ]| oy = sup K m_%l?( ), Mg @) | .
pecge @ty V™ 1o(+,0)[| o (gey

9

These results are new in the higher order case. In the second order case, the
bounds 7 are known in some cases (in particular, the case p = 2), but are
new for certain other values of p.

Specifically, if n + 1 > 3, then the bounds and are new even for second
order operators in the case 1 < p < 2 — e. Here ¢ is a positive number depending
on L. The bounds and for 2—e <p<2n/(n—2)+e¢, and the bounds
and for 2n/(n+2)—e < p < 2+¢, are known. If n + 1 > 4, then the case
2n/(n—2)+¢e < p < oo of the bound (L.7)), and the case 1 < p < 2n/(n+2) — ¢ of
the bounds and 7 are known if L is a second order ¢-independent operator
that satisfies a De Giorgi-Nash-Moser type condition (see [I1] for the details), but
are new for general second order t-independent operators.

Remark 1.2. Let NH(z) = Sup{(fB((yt) t/2)|H|2)1/2 : lx—y| < t} be the

modified nontangential maximal function introduced in [49]. Estimates of the
form \|]\~7(Vm_1u)||Lp(Rn) ~ |AF (tV™u)| 1), for a solution u to Lu = 0,
have played an important role in the theory of boundary value problems. See
[34, B5, ?, 33, 48, [51], 36l [4T], [37] for some proofs of this equivalence and related
equivalences under various assumptions on L.

This equivalence can be used to solve boundary value problems. In [51] [41] (and
[48]), this equivalence was used, together with the method of e-approximability of
[48], to establish well posedness of the Dirichlet problem with L? boundary data
for certain second order operators and for p large enough. The operators of [51]
were further studied in [36, [37], again using equivalences between nontangential
and square function estimates. In the higher order case, this equivalence was used
by Shen in [63] to prove well posedness of the LP-Dirichlet problem for constant
coefficient systems and for appropriate p, by Kilty and Shen in [53] to prove well
posedness of the qu—Dirichlet problems for A? and for appropriate ¢, and by Ver-
chota in [65] to prove a maximum principle in three-dimensional Lipschitz domains
for constant coefficient elliptic systems.

The results of the present paper constitute a major first step towards prov-
ing the estimate ||j\7(vm_1u)||LP(Rn) < C||\ A3 (tV™u)|| Lo (rny for higher order op-
erators with ¢-independent coefficients. Specifically, if Lu = 0 in RT’l and
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V™u € LR’ ), then we will see (formula (2.17) below) that

V™ = —V’”DA(’I"I':;_l u) + VmgS'L(l\'/I:f1 u)
where DA and S* denote the double and single layer potentials. This Green’s
formula will be extended to solutions u that satisfy AJ (tV™u) € L?(R™) in [I8].
In [16], we will show that the double and single layer potentials satisfy nontan-
gential estimates, and in a forthcoming paper, we intend to extend the Green’s
formula to solutions u with AJ (tV™u) € LP(R") for a broader range of p; com-
bined with Theorem H this implies the desired estimate [N (V™ u)||pp@n) <
C|l A3 (V™ )| Lo rn)-

We mention some refinements to Theorem [l

The definition below of Neumann boundary values is somewhat delicate; a
more robust formulation of M w is stated in Theorem [6.2] (The delicate formula-
tion is necessary to contend with v in the full generality of Theorem [I.T} however, if
v satisfies some additional regularity assumptions, such as V™v € L2(]Rff_+1), then
the formulation of Neumann boundary values of formula coincides with more
robust formulations. See Section [2.3.2])

There is some polynomial P of degree m — 1 such that V" '!P = ¢é. Then
0 =wv — P is also a solution to Lv = 0 in Rf_"’l, V™o = V™y and so 0 satisfies the
same estimates as v, and furthermore M4 0 = M4 v.

Some additional bounds on @ and v are stated in Theorems 51l and 52l In
particular, we have the bounds

Sup|[ V() = Ello(an) < Cyll A5 (19 0) oo,
Supl[ 97 (- ) ey < CllAF (19704 e

and the limits

li mLy(,T) = él| Loy + i m=ly(-,t) — Tr}, () =
Jim [V* 0 (, T) = éllpony + Hm IV 0 (e, 8) = Ty vl zegn) =0,

i T . n i D . - A + U v n = .
TlgnOO||V (-, Tl Lew )+t1§(§1+||v w(-,t) — Try, @ Lorny =0

Notice that an LP bound on V™w(-,t) is stronger than a Wf bound on
V™m=Li( -, t), as the former involves estimates on all derivatives of order m while
the latter involves only derivatives at least one component of which is tangential to
the boundary.

It is clear that W), ,(17) < Csup;~||V"w(-,t)|/Lr®n). In addition, we remark
that W o(7) < ||]\7(Vmw)\|’£p(w), where N is the modified nontangential maximal
function introduced in [49] and mentioned in Remark

We now review the history of such results. The theory of boundary values of
harmonic functions may be said to begin with Fatou’s celebrated result [39)] that, if a
function w is bounded and harmonic in the unit disk in the plane, then the Dirichlet
boundary values of u exist almost everywhere in the sense of nontangential limits.
We remark that if u € L°(£2), then its boundary values necessarily lie in L>°(9€2).

In [62], Privaloff considered general domains  C R? bounded by rectifiable
curves and relaxed the requirement that v be bounded uniformly in Q. That is, let
Nu be given by

Nu(X) = sup [u(Y)| for X € 0Q
r(X)
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where I'(X) is a triangle (or, in higher dimensions, a truncated cone) contained
in 2 and with a vertex at X. Privaloff showed that if Nu is bounded in some set
E C 09, then u has a nontangential limit at almost every point in F. This result
was extended to the half space R for n > 1 by Calderén in [28] (see also [30]),
and to Lipschitz domains by Hunt and Wheeden in [44] [45].

Observe that in particular, if Nu € LP(9f), then Nu(X) < oo for almost every
X € 99, and so u has a nontangential limit almost everywhere in 9€2; necessarily
|u(X)| < Nu(X) and so the boundary values are also in LP(052).

In [34], Dahlberg showed that if u is harmonic in a bounded Lipschitz domain
Q C R™*!, then if u is normalized appropriately we have that

(1.12) IAZ (V)| Lo a0) = | Nl Lo 00 0<p<oo

where A§} is a variant on the Lusin area integral of formula appropriate to
the domain €. Thus, Dahlberg’s results imply the analogue to the bound (for
0 < p < o0) in Lipschitz domains for harmonic functions v. Because the gradient
of a harmonic function is harmonic, Dahlberg’s results also imply the Lipschitz
analogue to the bounds and (with Neumann boundary values v - Vw)
for harmonic functions.

Turning to more general second order operators, in [26] the results described
above, for nontangentially bounded harmonic functions in Lipschitz domains, were
generalized to the case of nontangentially bounded solutions u to div AVu = 0,
where A is a real-valued matrix for which the L-harmonic measure associated to
L = div AV is mutually absolutely continuous with respect to surface measure. The
equivalence was established in [35] for such u, provided that the Dirichlet
problem with boundary data in LP(9R) is well posed for at least one p with 1 < p <
oo. (Well posedness implies mutual absolute continuity of L-harmonic and surface
measure.) Thus, for such coefficients the analogue to the bound , in Lipschitz
domains, and for 1 < p < oo, is valid.

In [49] Section 3] it was shown that if div AVw = 0 in the unit ball, where A is
real, and if N(Vw) € LP(99) for 1 < p < oo, where N is the modified nontangen-
tial maximal function introduced therein and mentioned above, then the Dirichlet
boundary values w’ 0, lie in the boundary Sobolev space Wf (09) and the Neumann
boundary values M$w = v - AVw lie in LP(9€). With some modifications, the
requirement that A be real-valued may be dropped (and indeed the same argu-
ment, at least for Dirichlet boundary values, is valid for higher order operators).
These results are the analogues to the bounds and with nontangential
estimates in place of area integral estimates.

Turning to the case of complex coefficients, or the case where well posedness of
the Dirichlet problem is not assumed, in [7, Theorem 2.3], the equivalence

(1.13) A (17 00w0) | gy ~ [N (V) z2an)

for solutions w to elliptic equations with ¢-independent coefficients was established;
combined with the arguments of [49], this yields the bounds and forp=2
and m = 1. (Under some further assumptions, this equivalence was established in
[5].) Furthermore, in [7, Theorem 2.4] the bound was established for general
t-independent coefficients, again for p = 2 and m = 1. These results extend to
t-dependent operators that satisfy a small (or finite) Carleson norm condition.
The result , and indeed the Neumann problem with boundary data in neg-
ative smoothness spaces, has received little attention to date; most of the known
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results involve the Neumann problem for inhomogeneous differential equations and
the related theory of Neumann boundary value problems with data in fractional
smoothness spaces [38, [67, [3, 4, 58, (9, 22]. However, the Neumann problem with
boundary data in the negative Sobolev space W* 1(8Rﬁ+1) was investigated in [6G6
Sections 4 and 22] in the case of harmonic and biharmonic functions, and in [10]
Section 11] in the case of second order operators with t-independent coefficients.
Furthermore, as a consequence of [IT, Theorems 1.1-1.2], we have the bound
withm=1land2—-e<p<2n/(n—2)+ec(or2—ec<p<oo,ifnt+l=2or
n+1=3), where € > 0 depends on L.

[I1, Theorems 1.1-1.2] also yield improved ranges of p for the bounds ,
and with m = 1. Specifically, the bound was also established for
2—e<p<2n/(n—2)+eor2—e<p< oo, and the bounds (1.8) and were
established for 2n/(n +2) —e < p < 2 +¢. If L satisfies a De Giorgi-Nash-Moser
type condition, the bounds and were established for 2 —e < p < 00, and
the bounds and were established for 1 — e < p < 2 4+ ¢ under a suitable
modification in the case p < 1.

We remark that Fatou’s theorem, our Theorem|[I.1] and many of the other results
discussed above, are valid only for solutions to elliptic equations. An arbitrary
function that satisfies square function estimates or nontangential bounds need not
have a limit at the boundary in any sense. Many of the trace results applied in
the higher order theory have been proven in much higher generality. It is well
known that if u is any function in the Sobolev space W2 (£2), where € is a bounded
Lipschitz domain, 1 < p < oo and m > 1 is an integer, then the Dirichlet boundary
values Trfl_; u lie in the Besov space B, /p(0€2). Similar results are true if u
lies in a Besov or Triebel-Lizorkin space (see [46] [47]) or a weighted Sobolev space
(see [55, [54, 56, 25, [15]). These results all yield that the boundary values ’I"rffl_l U
lie in a boundary Besov space BE’P (09)), with smoothness parameter s satisfying
0<s<l

Such results, and their converses (i.e., extension results), have been used to pass
between the Dirichlet problem for a homogeneous differential equation and the
Dirichlet problem with homogeneous boundary data, that is, between the problems

(1.14) Lu=H in Q, V™l =0 on 99, llul|x < ClH||y,
(1.15) Lu=0in Q, V™ lu = f on 09, |ullx < C||f]

BE'P(09)
for some appropriate spaces X and 9). See, for example, [I}, 3, 56l 57, 58, (Il 24]
99, 12].

We are interested in the case where the boundary data lies in a Lebesgue space
or Sobolev space, that is, where the smoothness parameter is an integer. In this
case the natural associated inhomogeneous problem is ill-posed, even in very nice
cases (for example, for harmonic functions in the half-space) and so the arguments
involving the inhomogeneous problem are not available. Furthermore, in this
case it generally is necessary to exploit the fact that u is a solution to an elliptic
equation, and so the method of proof of Theorem is completely different.

The outline of this paper is as follows. In Section [2| we will define the terminol-
ogy we will use throughout the paper. In Section [3| we will summarize some known
results of the theory of higher order elliptic equations. In Section [4] we will prove
a few results that will be of use in both Sections [f] and [6] In particular, we will
prove Lemma the technical core of our paper. Finally, we will prove our results
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concerning Dirichlet boundary values in Section 5] and our results concerning Neu-
mann boundary values in Section [6} these results will be stated as Theorems [5.1
and[6.2] We mention that many of the ideas in the present paper come from
the proof of the main estimate (3.9) of [40]. The results of the present paper allow
for a slightly different approach to proving the results of [40]; see [I8, Remark 7.6].

Acknowledgements. We would like to thank the American Institute of Math-
ematics for hosting the SQuaRE workshop on “Singular integral operators and
solvability of boundary problems for elliptic equations with rough coefficients,” and
the Mathematical Sciences Research Institute for hosting a Program on Harmonic
Analysis, at which many of the results and techniques of this paper were discussed.

2. DEFINITIONS

In this section, we will provide precise definitions of the notation and concepts
used throughout this paper.

We mention that throughout this paper, we will work with elliptic operators L of
order 2m in the divergence form acting on functions defined on R"**!, n > 1.
As usual, we let B(X,r) denote the ball in R™ of radius r and center X. We let Riﬂ
and R™"! denote the upper and lower half-spaces R” x (0, 00) and R™ x (—o00,0);
we will identify R with R’

If @ C R™ is a cube, we let £(Q) be its side-length, and we let ¢@ be the con-
centric cube of side-length ¢/(Q). If E is a measurable set, we let 15 denote the
characteristic function of E; we will use 1, and 1_ as shorthand for the charac-
teristic functions of the upper and lower half-spaces, respectively. If F is a set of
finite measure, we let f. f(x)dx = ﬁ I f(x)da.

2.1. Multiindices and arrays of functions. We will reserve the letters «, £,
7v, ¢ and £ to denote multiindices in (No)"*!. (Here Ny denotes the nonnegative
integers.) If ¢ = (C1,...,Cne1) is a multiindex, then we define [¢|, ¢ and (! in
the usual ways, as [(| = (1 + G+ -+ + Cog1, 08 = 051022 -~-8§’,§ﬂ, and ¢! =
GGl Gugrl. )

We will routinely deal with arrays F = (FC) of numbers or functions indexed by
multiindices ¢ with || = k for some k > 0. In particular, if ¢ is a function with
weak derivatives of order up to k, then we view V¥ as such an array.

The inner product of two such arrays of numbers F and G is given by

<F7G> = Z EGC
I¢|=k

If F and G are two arrays of functions defined in a set 2 in Euclidean space, then
the inner product of F' and G is given by

(F,G),= > /QFC(X) Ge(X)dX.

I<I=Fk
We let € be the unit vector in R"*! in the jth direction; notice that €; is
a multiindex with |€j] = 1. We let é; be the unit array corresponding to the

multiindex ¢; thus, (é¢, F') = F¢.
We will let V| denote either the gradient in R", or the n horizontal components
of the full gradient V in R"*!. (Because we identify R” with R ¢ R™+1) the
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two uses are equivalent.) If ¢ is a multiindex with (,+1 = 0, we will occasionally
use the terminology aﬁ to emphasize that the derivatives are taken purely in the
horizontal directions.

2.2. Elliptic differential operators. Let A = (Aag) be a matrix of measurable
coefficients defined on R"*!, indexed by multtiindices a, 8 with |a| = |3| = m. If
F is an array, then AF is the array given by

(AF), = Y AusFy.
|B]l=m
We will consider coefficients that satisfy the Garding inequality
(21)  Re(V™p, AV™0)p .ty > AV 0| 2(nry forall o € W (R™)
and the bound
(2.2) HA||Loo(Rn+1) <A

for some A > X\ > 0. In this paper we will focus exclusively on coefficients that are
t-independent, that is, that satisfy formula .

We let L be the 2mth-order divergence form operator associated with A. That
is, we say that Lu = 0 in ) in the weak sense if, for every ¢ smooth and compactly
supported in €2, we have that

(2.3) (V™p, AV u), = > %P App 0Pu = 0.

lal=|8]=m "¢

Throughout the paper we will let C' denote a constant whose value may change
from line to line, but which depends only on the dimension n + 1, the ellipticity
constants A and A in the bounds and , and the order 2m of our elliptic
operators. Any other dependencies will be indicated explicitly.

We let A* be the adjoint matrix; that is, we let Alp = Aga. We let L* be the
associated elliptic operator.

2.3. Function spaces and boundary data. Let Q@ C R" or O C R**! be a
measurable set in Euclidean space. We will let LP(Q) denote the usual Lebesgue
space with respect to Lebesgue measure with norm given by

1/p
I fllzr ) = (/Qlf(a:)” dx) .

If © is a connected open set, then we let the homogeneous Sobolev space Wﬁl Q)
be the space of equivalence classes of functions u that are locally integrable in Q2 and
have weak derivatives in 2 of order up to m in the distributional sense, and whose
mth gradient V™u lies in LP(2). Two functions are equivalent if their difference is
a polynomial of order at most m — 1. We impose the norm

lalli @y = IVl e)-

Then u is equal to a polynomial of order at most m — 1 (and thus equivalent to
zero) if and only if its WP (Q2)-norm is zero. We let Lj,.(Q2) and W7, .(Q) denote

loc
functions that lie in LP(U) (or whose gradients lie in LP(U)) for any bounded open
set U with U C Q.

We will need a number of more specialized function spaces.
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We will consider functions u defined in R} that lie in tent spaces. If z € R”
and a € R with a # 0, then let T'y(z) = {(y,t) : y € R", t € R, | —y| < at}.
Notice that T'y(z) C R if @ > 0 and I'y(z) € R if a < 0. Let

dydt \*?
2.4 ASH _(/ H(y,t)]? ) .
(2.4) 3H () ra@:)‘ (y,1)] TR

We will employ the shorthand A; = A, ! and A = AL. If the letter ¢ appears in
the argument of Ag, then it denotes the coordinate function in the ¢-direction.
The case p = 2 will be of great importance to us; we remark that if p = 2, then

o0 dy dt \ V/?
(25) 145 H ey = (w0 [ [ 0P

where w,, is the volume of the unit disk in R".

2.3.1. Dirichlet boundary data and spaces. If u is defined in Rﬁ“, we let its

Dirichelt boundary values be, loosely, the boundary values of the gradient V"~ 1u.
More precisely, we let the Dirichlet boundary values be the array of functions
Tr,, 1 u=Tr} | u, indexed by multiindices v with |y| = m — 1, and given by

(2.) (Trfyu), = F i Jim [9u(- 1) = fllage =0

for all compact sets K C R”. If u is defined in R™™!, we define Tr,, ;u simi-
larly. We remark that if V™u € L'(K x (0,0)) for any such K and some o > 0,
then Tr, _, u exists, and furthermore (Tr;f1 )7 = Tr 0”u where Tr denotes the

traditional trace in the sense of Sobolev spaces.

We will be concerned with boundary values in Lebesgue or Sobolev spaces. How-
ever, observe that the different components of ’I.‘rm_l u arise as derivatives of a
common function, and thus must satisfy certain compatibility conditions. We will
define the Whitney spaces of arrays of functions that satisfy these compatibility
conditions and have certain smoothness properties as follows.

Definition 2.1. Let
D = {Tr,,_1 ¢ : ¢ smooth and compactly supported in R"*1}.

We let WAfn_LO(R”) be the completion of the set © under the LP norm.
We let WAfn_l,l(R") be the completion of © under the W”(R™) norm, that is,
under the norm || f||}j4» PR = IV FllLr@ny-

Finally, we let WAm 1172 (R™) be the completion of © under the norm

1/2
27) 1, . e = ) / Fer il de)

lvl=
where fdenotes the Fourier transform of f.

The goal of Section [5]is to show that if u is a solution to the differential equation
in R7 and if A3 (tV™u) € LP(R™) or A+(tvmatu) € LP(R™) for some 1 <
p < 2—|—€ then up to a certain additive normalization, Tr,, ; u lies in WA 10(R™)
or WAm71,1(Rn)~
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The space WA2, || /2(R™) is of interest in connection with the theory of solu-

tions to boundary value problems in W2 (R’7*!), as will be seen in the following
lemma. Such boundary value problems may be investigated using the Lax-Milgram
lemma, and many useful results may be obtained therefrom. In particular, we will
define layer potentials (Section 7 establish duality results for layer potentials
(Lemma , and prove the Green’s formula , in terms of such solutions.

Lemma 2.2. Ifu € W2(R}™) then Tr),, ,ue WA _ 1/2(R"™), and furthermore
- .
[ Try, U||WA$71,71,1/2(R”) <C|V U||L2(R1+1).

Conversely, if f € WA%@AJ/Q(R”), then there is some F € W2 (R such that
Tr | F = f and such that
||VmFHL2(R1+1) < C”fHWAfn_Ll/Q(]R“)'

If W2 (RE™) and WAZ, |
terparts, then this lemma is a special case of the main result of [55]. For the
homogeneous spaces that we consider, the m = 1 case of this lemma is a special
case of the results in [46, Section 5]. The trace result for m > 2 follows from the
trace result for m = 1; extensions may easily be constructed using the Fourier
transform.

(R™) are replaced by their inhomogeneous coun-

Remark 2.3. This notion of Dirichlet boundary values may require some expla-
nation. Most known results (see, for example, [64] [6T, 59]) establish well posedness
of the Dirichlet problem for an elliptic differential operator of order 2m in the case
where the Dirichlet boundary values of u are taken to include lower order deriva-
tives, that is, to be {07u|on}jy|<m—1 or {0Fulan}=', or some combination thereof,
where 9, denotes derivatives taken in the direction normal to the boundary. (Indeed
the analogue to our Lemma [2.2|in [55] is stated in this fashion.)

If 99 is connected, then up to adding polynomials, it is equivalent to specify
V™ 1y on the boundary. We prefer to specify only the highest derivatives for
reasons of homogeneousness. That is, we often expect all components of V™ 1y
to exhibit the same degree of smoothness. In this case, all components of Try,_1u
lie in the same smoothness space, but the lower-order derivatives {97u|aq }y|<m—2
or {a’;um};ﬁj lie in higher smoothness spaces. This is notationally awkward in
]R:L_H; furthermore, we hope in future to generalize to Lipschitz domains, in which
case higher order smoothness spaces on the boundary are extremely problematic.

2.3.2. Neumann boundary data. It is by now standard to define Neumann boundary
values in a variational sense.

That is, suppose that u € W%(R?fl) and that Lu = 0 in ]RIH. By the defini-
tion of Lu, if ¢ is smooth and supported in Rf{_“, then (V™p, AV u)pnt1 = 0.
By density of smooth functions and boundedness of the trace map, we hgve that
<Vm<p,AVmu>Ri+1 = 0 for any ¢ € W%(Rﬁf_“) with Tr @ = 0. Thus, if

T eWw? (R*1), then the quantity (V™U, AVWLU>R1+1 depends only on Tr} | ¥

m—1 * -
Thus, for solutions u to Lu = 0 with u € W2 (R'M), we may define the Neumann
boundary values MX u by the formula

(2.8) (Tr} U, ME w)gn = (V™ AV u)gns for all U € W2 (R,
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See [211,[17] for a much more extensive discussion of higher order Neumann boundary
values.

We are interested in the Neumann boundary values of a solution u to Lu = 0
that satisfies A3 (tV™u) € LP(R™) or A (tV™0,u) € LP(R™). For such functions
the inner product on the right hand side of formula does not converge for
arbitrary ¥ € W2 (R} ).

If A (tV™u) € L2(R™), then V™u is not even locally integrable near the bound-
ary (see formula ), and so the inner product will not in general converge
even for smooth functions ¥ that are compactly supported in R**!. However, we
will see (Section @) that for any 9 in the dense subspace © of Deﬁnition there
is some extension ¥ of 1/1 such that the inner product converges (albeit pos-
sibly not absolutely). We will thus define Neumann boundary values in terms of a
distinguished extension.

Define the operator Q7" by

o L
Notice that if f € C§°(R™), then 9F Q1" f(x
that Qi f(x) = f(x).

Suppose that ¢ is smooth and compactly supported in R"*1. Let o (z) =

Ok 1 o(x,0). If t €R, let

‘t 0 = 0 whenever 1 < k <2m—1, and

3
L

(2.9) Ep(w,t) = E(Trm_1 ¢)(z,t) = i or ().

b
I
=~
~
>

0

Rn-‘rl

Observe that £y is also smooth on up to the boundary, albeit is not compactly

supported, and that Tr 1Ep = Tr; 1€p=Trp_1 .

We define the Neumann boundary values M 4 u = Mjg u of u by

T
(2.10) (Trp 19, M} u)gn = lim (VTmE(-,t), AV™u( -, t))rn dt.

s;>00+O €
We define M "4 u similarly, as an appropriate integral from —oo to zero. Notice that
My u is an operator on the subspace © appearing in Definition given certain
bounds on u, we will prove boundedness results (see Section @ that allow us to
extend M 4 u to an operator on WAfn_LO(R") or WAﬁl_Ll(R") for various values
of p.

As mentioned in the introduction, if AJ (tV™u) € LP(R™) then the right-hand
side of formula ) does not represent an absolutely convergent integral even for
U=¢ Tr+ 47, and so the order of integration in formula is important.

The two formulas 8) and (|2.10] - ) for the Neumann boundary values of a solution

in W2 (R comcrde as seen in the next lemma.

Lemma 2.4. Let L be an operator of the form (L.1) of order 2m associated to
bounded coefficients A. Suppose that V"u € LQ(RTr ) and that Lu = 0 in ]Rﬁ“,
Let ¢ be smooth and compactly supported in R"T1. Then

(V7"0, AV )i = (V" Ep, AV )0

and so formulas [2.8) and (2.10) agree on the value of (Tr,,_1 @, M} u)gn.
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The operator M; u as given by formula (2.8) is a bounded operator on the space
WA?nle/z(Rn); and Mj‘u as giwen by formula (2.10) extends by density to the

same operator on I/VA%F1 1/2(R").

Proof. By an elementary argument involving the Fourier transform,

(2.11) 197 E(Trm1 @l ety < ClTrmot 0l 22 oy

Thus, £p is an extension of Tr,, ;1 ¢ in W%(Ri“), and so
(V"u, Avmu)RTl = (V"Eyp, Avm“hﬂ“

for any other extension ¥ of Tr,, ;¢ in W%(R:‘_H), in particular, for ¥ = ¢.
Boundedness of M; U on WAfn_l 1 /Q(R”) follows from Lemma [2.2) and the lemma

follows from density of the subspace ® of Definition in V'VAfn_L1 /2(R™). O

2.4. Potential operators. Two very important tools in the theory of second order
elliptic boundary value problems are the double and single layer potentials. These
potential operators are also very useful in the higher order theory. In this section
we define our formulations of higher order layer potentials; this is the formulation
used in [17, [19] and is related to that used in [2, 3], B2} [66] 58] [59).

For any H € L?(R"*!), by the Lax-Milgram lemma there is a unique function
u € W2 (R"1) that satisfies
(2.12) (V™p, AV ™ W) gns1 = (V™0, H)gni1
for all ¢ € W2(R"). Let II*H = u. We refer to IT* as the Newton potential
operator for L. See [14] for a further discussion of the operator IT%.

We will need the following duality relation (see [14, Lemma 42]): if F' € L?(R"*!)
and G € L?(R"™1), then
(2.13) (F, V™I G = (VPIIE F, Qg

We may define the double and single layer potentials in terms of the Newton
potential. Suppose that f € WA2m71 1/2(R”). By Lemma H there is some F' €

W2 (R that satisfies f =Tr) | F. We define the double layer potential of f
as

(2.14) DAf =1, F +11*(1,AV™F)

where 1, is the characteristic function of the upper half-space Rﬁ“. DAF is well-
defined, that is, does not depend on the choice of F'; see [I7, Section 2.4]. We
remark that by [I7, formula (2.27)], if 1_ is the characteristic function of the lower
half space, then

(2.15) DAf=1_F-T*(1_AV™F) if Tr, | F = f.

Similarly, let g be a bounded operator on WAi%m /2(R”). There is some G €
L2(R’) such that (G, vm@Rfl = (g, T} _, 50>8R1“ for all p € W2 (R); see
[17, Section 2.4]. Let 1, G denote the extension of G by zero to R"*1. We define
(2.16) Stg=1*1,G).

Again, as shown in [I7, Section 2.4], ST'¢ does not depend on the choice of exten-
sion G.
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It was shown in [I7, 19] that the operators D4 and S%, originally defined on
WAfn_lvl /Q(R") and. its dual space, extend by density to operators defined on
WAZ | o(R™) and WAZ,_, ;(R™) or their respective dual spaces.

A benefit of these formulations of layer potentials is the easy proof of the Green’s
formula. By taking F' = v and G = AV™u, we immediately have that

(2.17) 1, V™ = —V™DA(Ty) | u) + V"SE(M} u)

for all u € W2 (R%™) that satisfy Lu = 0 in R

In the second-order case, a variant S*V of the single layer potential is often
used; see, for example, [5, 42, [43]. We will define an analogous operator in the
higher order case. Let a be a multiindex with |a| = m. If ap41 > 0, let

(2.18) S&(héy)(z,t) = —0,S*(hé,)(x,t) where a =y + &py1.

If ayq1 < |a| = m, then there is some j with 1 < j < n such that €; < a. If h is
smooth and compactly supported, let

(2.19) S&(héy)(z,t) = =S¥ (0, hé, ) (z,t) where a = + €.

If 1 < ape1 < m—1, then the two formulas (2.18]) and (2.19)) coincide; furthermore,
if @41 < m—1 then the choice of distinguished direction z; in formula (2.19)) does
not matter. See [19, Section 2.5].

3. KNOWN RESULTS

To prove our main results, we will need to use a number of known results from
the theory of higher order differential equations. We gather these results in this
section.

3.1. Regularity of solutions to elliptic equations. The first such result we
list is the higher order analogue to the Caccioppoli inequality; it was proven in
full generality in [I4] and some important preliminary versions were established in
[29, [6].

Lemma 3.1 (The Caccioppoli inequality). Suppose that L is an operator of the
form of order 2m associated to coefficients A satisfying the ellipticity condi-
tions and (2.2). Let u € W2 (B(X,2r)) with Lu = 0 in B(X,2r).

Then we have the bound

][ |Viu(z, s)|? de ds < %][ VI~ u(x, s)|? da ds
B(X,r) " JB(X,2r)

or any 7 with 1 < j <m.
[ yJ J

Next, we state the higher order generalization of Meyers’s reverse Holder inequal-
ity for gradients. The following theorem follows from the Caccioppoli inequality of
[29, [6, [14], and was stated in some form in all three works. (The version given
below comes most directly from [14].)

Theorem 3.2. Suppose that L is an operator of the form (1.1)) of order 2m asso-
ciated to coefficients A satisfying the ellipticity conditions and , Then
there is some number pT = pg' = pz' > 2 depending only on the standard constants
such that the following statement is true.
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Let Xo € R and let r > 0. Let u € Wi’loc(B(Xo,Qr)) and suppose that
Lu=0 or L*u=0 in B(Xo,2r). Suppose that 0 < p < q < p*. Then

1/q 1/p
(3.1) (f |vmuq) < C(p,q) (f |vmu|p)
B(XO,T) B(X0,2’I")

for some constant C(p,q) depending only on p, q and the standard parameters.

We may also bound the lower-order derivatives. Let 1 < k < m. There is some
extended real number p;, with pf > pf (n+1)/(n+1—kp}) if n+1>kp} and
withp;r =00 ifn+1< kpz, such that if 0 < p < q < pg, and if Lu = 0 or
L*u =0 in B(Xy,2r), then

1/q 1/p
62 (f ) sctaa(fenhee)
B(X[],T) B(X(),QT)

for some constant C(k,p,q) depending only on k, p, q and the standard parameters.

We remark that if n + 1 = 2 then pj = oo. If n + 1 = 3 and A is t-independent,
then again p = oco; the argument presented in [5, Appendix B] in the case m = 1
is valid in the higher order case.

Finally, if A is t-independent, then we have additional regularity. The following
lemma was proven in the case m = 1 in [5, Proposition 2.1] and generalized to the
case m > 2, p = 2 in [I7, Lemma 3.2] and the case m > 2, p arbitrary in [19]
Lemma 3.20].

Lemma 3.3. Suppose that L is an operator of the form of order 2m, asso-
ciated with coefficients A that satisfy the ellipticity conditions and and
are t-independent in the sense of formula .

Let t be a constant, and let Q C R™ be a cube. If Lu = 0 in the (n + 1)-dimen-
sional cube 2Q x (t — £(Q),t + £(Q)), then

. i ++0(Q) ,
/ |V IO, t) [P dr < U ) / / V"I 0 u(x, ) |P ds dx
Q UQ) Jaq Ji—uq)
forany 0 < j <m, any 0 < p < pj+, and any integer k > 0, where pj s as in
Theorem [3.2.

3.2. Estimates on layer potentials. We will make use of the following esti-
mates on layer potentials from [19], in particular the technical estimates (3.4)),

(3.5) and (3.6)). (Indeed their applicability to this paper is the main reason the
bounds (3.5)) and (3.6 were proven in [19].)

Theorem 3.4. ([I9, Theorems 5.1 and 1.13]) Suppose that L is an operator of the
form (1.1)) of order 2m, associated with coefficients A that are t-independent in the

sense of formula (1.4) and satisfy the ellipticity conditions (2.1) and (2.2)).

Then the operator S@ extends by density to an operator that satisfies
(3.3) / /_m\vmséh(x,m? ] dt dz < Cll| 22z,
for all h € L2(R™).

If k is large enough (depending on m and n), then the following statements are
true.
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First, there is some € > 0 such that the area integral estimates
(3.4) A (1t[* V™ 0F S §) || ony < C(k,p) |G Lo (rn),
(3.5) JAE (1541 VO SER) | ey < C ks )] o ey
are valid whenever 2 —e < p < oco. If n+1 =2 orn+1 = 3 then the estimate

(13.4) is valid for 1 < p < oc.
Second, let n be a Schwartz function defined on R™ with [n=1. Let Q; denote

convolution with 1y = t="n(- /t). Let b be any array of bounded functions. Then
for any p with 1 < p < 0o, we have that

(3.6) |AZ ([t 0T SE (b Quy k)l Lorrny < C (K, p)IIB]| oo ey |2l Lo ey
where the constants C(k,p) depends only on p, k, the Schwartz constants of ), and

on the standard parameters n, m, A\, and A.

4. PRELIMINARIES

In this section we will prove some preliminary results that will be of use both in
Section [f] (that is, in bounding the Dirichlet traces of solutions) and in Section [f]
(that is, in bounding the Neumann traces of solutions).

4.1. Duality results. We will need the following duality results for layer poten-
tials.

Lemma 4.1. Suppose that L is an operator of the form (1.1) of order 2m, asso-
ciated with coefficients A that are t-independent in the sense of formula (1.4) and

satisfy the ellipticity conditions (2.1]) and (2.2)).
Let f € WAfn_Ll/Q(R”), let g lie in the dual space (WA2, | 12(R™))*, and let

P e L?(R™). Let 7 > 0 and let j > 0 be an integer. Then

(4.1) (W, VUDAF (-, 7))re = (1) TH MG (0,11 (SE %)), Frn,
(42) (9, VLS G (- m))wn = (1) (V71011 ST (-, =7), G
where (Sgd}),T(% s) = Sé*z/;(x, s—T).

The proof will be based on the adjoint relation (2.13]) for the Newton potential;
we remark that the result may also be proven by writing layer potentials in terms of
the fundamental solution (see [I7, [19]) and using the symmetry properties thereof.

Proof of Lemmal[{.1l We begin with formula (4.1.

Let g be smooth, compactly supported and integrate to zero. By Lemma |3.3
(g, V" IDAS (- 7))me = OU(G. VI DAS (- 7))en
Let F € W2/(R"™) with Tr,, | F = f; by Lemma such an F' must exist. By
formula for the double layer potential,
(g, V" rODAL (- T))re = —0U(¢, V" TIF (L AV )+, 7))z

For the remainder of this proof, let subscripts denote translation in the vertical
direction. That is, if ¢ is a function (or array of functions) and s € R, let ;s (z,t) =
<p(a:, t+ S) Notice that <<p, ¢S>Rn+1 = <<p_s, ¢>Rn+1. Then

(4, V" ODAL( m)re = —01(q, Ty, (ITF(L_AV"F)); )
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Recall the definition (2.16)) of the single layer potential and let Q be an array of
functions supported in Rﬁ“ such that S¥"¢ = II1X" Q. Then

(@ V" AUDAF(- )en = —02(1,Q, V(T (1_ AV F));)grss
and by the adjoint relation (2.13)),
(@, VLA (- 7)) = 0L (ATVTIE (1,Q) ), V™ Fgo.
Recall that if A € L?(R™*') then u = IT” H is the unique function in W32 (R™t1)
that satisfies formula (2.12). If ¢ € W2 (R"*1), then
(V™0 A"V (ITH (1,.Q)) 7 )psr = (Vpr, ALV (1,.Q)) i
But if A is t-independent, then A* = A, and so
(V7o AV (T (1,Q))—)znser = (Vr, AVITF (1,Q))pnns
= (V0,1 Q)pnt1 = (V7, (14Q) )Rt

Thus, v = (IIF"(1,.Q))_, satisfies formula ([2.12) with H = (1,Q)_,, and so we
must have

VI (14.Q) ;) = VMITY (14.Q) = V(S d)

as L?(R"*1)-functions.
Thus,

(G, V" oIDA (- T))re = (—1)TTHATY™(D) ST G) e, VT F )i

By formulas (2.18) and ([2.19)), if 1/J is smooth, compactly supported and integrates
to zero, then

(@, V"ADAL(-, 7))mn = (=1) ATV (0)415E ), VI F) g

By the bound (3.3]) and the Caccioppoli inequality, we may extend this relation to
all ¢ € L%(R™). Recalling formula (2.8) for Neumann boundary values, we have
that

(@, VADAF (- 7))z = (1M (8] 11 S€ ) v, fen

as desired.
We now turn to formula (4.2)). With ¢ and Q as above, and with Stg = -G,

(@, V"S- 7))Rn = 04(q, VT ITF(LLG) (- ) me
=01((14Q)—r, V"II* (1, G))gnir
and by formula as before,
(@, V"L oLSTG (- e = OL(VTIE (14Q) 1), Ghgns
= UV (S" §) -, G>R1+1~
By definition of G, we have that
(@, VIS (- 7)) e = OU(Tr), (8P G) r G)mn

= o(VTTIS G(-, 7). g)un
= (_1)j<vmflai+1SL*‘i( ©=T), g)rn-
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Applying formulas (2.18]) and (2.19)), we see that

(@, V"L G(- e = (1) (V101 SE (-, —T), )
as desired. ]
4.2. Estimates in terms of area integral norms of solutions. The main goal
of this paper is to show that, if Lu = 0 in R:L_H and u satisfies certain area integral
estimates, then the Dirichlet and Neumann boundary values Tr | u and Mjg U

exist and are bounded. .
Recall from formula (2.10) that M} u is given by

(th, M u)pn = /OOO<A*vm5¢( - 8), V(- 8))gn ds.
If u decays fast enough, then we have the following formula for Tr;" | u:
(t, Tr_ w)en = — /0 T, V10, ) ds = /0 T (O, V(- 5)en ds
for some constant matrix OF. Thus, we wish to bound terms of the form
|t e ds

for some arrays ‘/’5
We will prove the following technical lemma; passing from Lemma [£.2] to our
main results is the main work of Sections [l and [6l

Lemma 4.2. Suppose that L is an operator of the form (L.1) of order 2m, asso-
ciated with coefficients A that are t-independent in the sense of formula (1.4]) and

satisfy the ellipticity conditions (2.1]) and (2.2)).

Suppose that Lu = 0 in R:L_H, Suppose further that V™u € L?(R™ x (o,00)) for
any o > 0, albeit with L? norm that may approach oo as o — 07 .

Let j > m be an integer. Let w be a nonnegative real-valued function, and for
each s > 0, let ¢, € L*(R™). Then

| Sl T )] ds
0

4 y * e
<q [ o A T S by ) 0) A (010 £V ) o)

where (t) = sup{w(s) : 4t/3 < s < 4t}, provided the right-hand side is finite.

Proof. Let u,(z,t) = u(x,t + 7); by assumption, if 7 > 0 then V™u, € L2(RH).
By the Caccioppoli inequality, if 7 > 0 and 7 > 0 is an integer, then (’“)fL L1Ur €
W2 (R%), and because A is t-independent we have that L(8£+1u7) =0in R}

Let s = 27, so u(x,s) = u-(z,7). We will apply the Green’s formula
to 8% L1ur. Notice that by Lemma and the Caccioppoli inequality, the map
o+ V™9 ur(-,0) is continuous (0, 00) — L*(R™). The Green’s formula is thus
valid on horizontal slices R™ x {7}, and not only in RT‘l. Thus,

(4.3) <"7b277 VmﬁiiluT( S T))Rn = *<"L2ﬂ Vmaf;HDA(’I"r;fl 3i+1u7)( S T))Rn
+ <11Z’27—a Vmaf;HSL (MX 8£+1U7—)( T))Rn-
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By Lemma [£.1] we have that

(4.4)
(or, V0L e (-, 7R = (= 1) (Mg (841 (SE tha,) ), T,y 05y )pe
+ (_1)j <Vm 18;+1SV ¢2’r( ) _7—)7 MZ aZL+1uT>Rn'

Recall formula for the Neumann boundary values of W2 (R’-"!)-functions. Let
0 < & < 1 be a small fixed absolute constant, to be chosen later. Let n,(z,7) =
n-(r) = n(r/et), where n: R — R is a smooth function with |n(r)] = 1 if || < 1/2
and |n(r)] = 0 if |r] > 1. Thus,

(4.5)  (thyr, V7O yur (-, 7))ze

— (1) / L AT (S ) 9 0 O
X ET.

D[ (00,0 (SE ) ), AV )
R™ % (0,e7)

Remark 4.3. The preceding arguments, that is, the application of the Green’s
formula to derive formula , the use of Lemma to derive formula , and
the use of formula ) to derive formula , are the only times in the proof
of this lemma that we use the fact that u, € W2 R”H . We will also assume

v, € W2 2R and w, € W2 2(R*') in Theorems ﬂ . H and , again,
that assumption is necessary only in order to apply the present Lemma |4.2] and so
only necessary to ensure validity of formulas (4.3H4.5)).

Observe that |V, | < Cy.77%, and so if j > m, then

‘<"[’2T’ Vm@iﬂ-ﬂf( : 7T)>R"|

Cje Z / Vm@iﬂ(sgiﬁw) T|Tk j|vm +1“T|
k=j—m R"™ X (—eT,0)
e Z/ PINGL(SE o) | VD .
t=j—m " x(0,e7)

Thus, recalling the definitions of (S& 4,,)_, and u,,

/Oo S2jw(5)|<¢s7 Vmazju( ) S)>R” ds
0

SCj,a/ w(QT)Z/ / TR VO SE o, (2, — (T — 7))
0 ke —eT n

x |V™Ok  ju(z,r + )| dz dr dr.
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Making the change of variables r = 67, we have that

ds

/ 2e(s) (4, V0P u( -, 5)) g
0
< G / wizr) Y / / PRGOSy (2, —(1 - 0)7)|
ke Y~ R

x |V™Ok ju(z, (1+0)r)|dzdf dr

and changing the order of integration we see that
/ 7w ($)|(4h, VO u( -, 5))gn| ds
0

<. % / / / PO YO SE gy (2 —(1— 6)7)|

x w(27)|V™Ok  ju(z, (1+0)7)|dz dr df.

Now, observe that if F' is a nonnegative function and a > 0, then for some C,
depending only on the dimension,

o C e 1
(4.6) / / F(z,7)drdz = = / / / F(z,7)— dzdr dz.
nJOo a R™ JO |z—z|<aT T

Thus,

ds

/ () (4, V™0 u( -, 5)) g
0
<o [ [ et b0
ke /e /R JO |z—z|<eT

7_€+k:+1 n ( )|Vmak+1u( 2, (1 + 0)7—)‘ dz dT dz df.

By Holder’s inequality,

/°° s70w(s) (e, V0P u( -, 8))en | ds
0

€ 00 . 1/2
<o [ (] vreast b -a- o)
ke Y —c/R" 0 |z—z|<eT

1/2
X (/ IV™OF . u(z, (1 + 6)7)|? dz) RN (97) dr da df.
|z—z|<eT

By Lemma and recalling that |f| < e, we have that

/| | V7Ok =, (14 6)7)|2 dz < 7/
z—x|<eT

By the Caccioppoli inequality,

(142¢e)7
/ |V Ok u(z, r)|* dz dr.
|z—z|<2eT

—2e)T

(143e)7
/| . IV™OF u(z, (1 + 60)7)*dz < 71+2’“ . V™ u(z,r)|? dz dr.

3e)t J|z—z|<3eT
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By Theorem [3:2 we have that

1/2
(/ | IV™Ok, ju(z, (1 +9)7’)|2dz>
z—x|<eT

Ck R /(1+46)T/ | ( )|
< —0 V™u(z,r)|dzdr.
Thin/2+1 (1—4e)r J|z—z|<der

Letting » = u7, we have that

1/2
</ | |Vm8,’§+1u(z,(1 —|—9)T)|2dz>
z—x|<eT

Ck . 1+4e
- 9z, )| dz dpe
Thtn/2 /1745 /|za:|<45-r

By an identical argument,

1/2
(/ K - <1o>r>|2dz)
z—x|<eT

—1+4e
< / / 07T SE 4y (2, k7)| dz dks.
TQer[ J+n/2 1—4e J|z—z|<deT nr T

Thus,

ds

/OO Szjw(5)|<¢sa vmagju( T 8)>R"
0

1+4e 1+4e [e’e)
<, 6/ / / / / V™ u(z, pr)|w(27) dz
1 1—4e nJ0 |z—z|<4eT

% 7_1+j—2n—2m/ ‘anﬂ SL 4y (2, k7)| dz dr dz dk dp.
|z—z|<4eT

Applying Holder’s inequality, we see that

/ 2jw( )|<¢87vma§ju('75)>R”|dS

1+4¢e 1+4e
<CJE/ / / (/ / w(27)2r T V™ (2, /n)|2dzd7)
1 1—4e n |z—x|<4eT

(/ / » 01 SE o, (2, k) [PrPa—dmontl dzd7'> dx drk dp.
z—x|<deT

Apply the change of variables t = 7 in the first integral and ¢t = k7 in the second
integral. We then have that

/2

/OO 82jw( )|<1/}s7vm852]u(75)>]1§"|d$

1+4e 1+4e [e'e]
< Cje / / / (/ / w(2t/p)* V™ u(z, )2 dz dt)
1 1—4e n 0 |z—z|<4et/p

) .. . 1/2
x ( / / 0157 SE Wby (2, 1) P24+ dt) da drc d.
|z—z|<4et/k

1/2
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Let ¢ = 1/8. Because u > 1 — 4e = 1/2, we have that 4e/pu < 1. Similarly,
4e/|k| < 1. Recall Q(t) = sup{w(s) : 4¢/3 < s < 4t}; then w(2t/p) < Q(¢). So

/Oo S2jw(s)|<"/}s7 vmagju( " 5)>R" | ds
0

1/2 1/2
gc/ / (/ / )" |V, t)|2dzdt)
3/2 n |z— m|<t

1/2
</ / \anH SE 1/)2t/,i(z )2 |t|2Am = gy dt) dzx dk.
|z—z| <[]

Recalling the definition (2.4)) of AQ , we see that

/OQ s2(s)| (3, VO u( -, 8))men | ds
0

-1/2 ‘ .
<¢ [ (6) 9™ ) () A5 (e~ 10} SE ) @) e
3/2 ]R"
Making the change of variables » = —2/k completes the proof. (I

5. THE DIRICHLET BOUNDARY VALUES OF A SOLUTION

In this section we will prove results pertaining to Dirichlet boundary values.
Specifically, we will prove the following two theorems.

Theorem 5.1. Suppose that L is an operator of the form of order 2m, asso-
ciated with coefficients A that are t-independent in the sense of formula and
satisfy the ellipticity conditions and . Letwv € WiJOC(RﬁH) and suppose
that Lv =0 in RT‘l.

Suppose that ||.A3 (t V™0)||pgn) < 00 for some p with 1 < p < p, where p{ is
as in Theorem and where for some k > 1 and c(k,p’) > 0 the bound

(5.1) I (% 07 S ) 1 ey < ek DG o oy

is valid for all § € LP' (R™). Here 1/p+ 1/p’ = 1. Suppose in addition that, for
all o > 0, we have that V™v € L*(R™ x (0,00)), albeit possibly with a norm that
approaches oo as o — 0.

Then there is some function P defined in ]RT'l with V™ P = 0 (that is, a poly-
nomial of degree at most m — 1) such that

sup||melv( ) — vm71P||Lp(]Rn) < C||A3'(t V") || L rny,

lim [V 1o (-, t) = V™ P ny = O

t—o0

where C depends only on p, k, c(k; p') and the standard constants. Furthermore,
there is some array of functions f € L, (R™) such that

||vm_1v('7t) _.f”LP(R”) —0 U/St_>0+7

and such that
If = V" Pllpo@ny < CIlAS (EV™0)| Lo @n)-
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Theorem 5.2. Suppose that L is an operator of the form (1.1) of order 2m, as-
sociated with coefficients A that are t-independent in the sense of formula (1.4)

and satisfy the ellipticity conditions [2.1) and 22). Let w € W2 (R and
R7HL

,loc

suppose that Lw = 0 in
Suppose that ||AF (¢ V™ouw)| pemny < 0o for some p with 1 < p < pe, where

pa = p}l is as in Theorem and where for some k > 1 and c(k,p') > 0 the

bound

(5.2) A5 (¢% 07 * 1 SE R | o ey < (ks D) [P 1o ey

is valid for all b € L (R™). Suppose in addition that V™9, w € L*(R" X (0, 00))
for all o > 0.
Then there is some array p of functions defined on R™ such that

sup [V (- ,0) = Blluss < LA (1V"000) s x
tlggollv w(-,t) = Pllrr@n) =0

for some C' depending only on p, k, c(k p') and the standard constants. Further-
more, there is some array of functions f € L}, .(R™) such that

IV™w(-,t) = fllegny) =0 ast— 0",
and such that
If = BllLe@n) < CIAT (t V" 0hw)|| Lo )
If V™w(-,t) € LP(R™) for some t > 0, then p = 0. Otherwise, the array p
satisfies p(x) = V™ P(x,t), for some function P € W2, (R") such that

Jloc

b P(l‘,t) = Pl(xvt) + PQ(m);

o Pz, t) is a polynomial of degree at most m (and so V™ Py is constant),

o P e Wy 1. (RY),

e LP=0 and so
(5.3) > aﬁ*(Aaﬁ(x)aﬁPQ(x)) == ) 0 (Aap(2)0°Py).

la|=[B]=m la|=|8|=m
An1=Pn+1=0 ant1=0

Remark 5.3. We comment on the passage from Theorems [5.1] and [5.2] to Theo-
rem [ 11

If 1 < p < 2+ e, then by Theorem the bounds (5.1)) and (5.2) are valid
whenever k is large enough.

If W, 4 is as in formula (1.10]), then by Theorem and Lemma we have
that

IV w( -, )| e rn) < CpgWpq(t)
and so as in Theorem finiteness of W, ,(t) implies that V™ P = 0.

Finally, we claim that if A} (t V™) € LP(R") or AJ (t V"Ouw) € LP(R") for
some p < 2, then V"™ € L?(R" x (0,00)) or V"0, 11w € L?(R" x (0, 00)) for all
o> 0.

To verify this, let © = v or u = Opp1w. Let ¢ > 1 and let K be a large integer
such that 2% < . Then

200(Q)
/ / (V™ u(x,t)|? dt do < Z Z// |V™u(z, t)|? dt do

—K Q€g; £(Q)
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where G; is a grid of pairwise-disjoint cubes in R™ of side-length 27. But if ¢ is large
enough, then for any y € Q,

2cl(Q
t
// \vm w(z, )2 dt de < CUQ)" 1/ / V(e 1) 2 (,if
cl lz—yl<s ¢

and so by the definition (2.4) of A7,

// (V™ u(z, t)|? dt doe < Z > Q) (][vam ) "

=—K Q€g;

2/p
+ m
<Y ey X ([ Arerar)
j=—K Qeg; @

/p 2/p
(/ AT (tV™u) ) < ( A;(tvmu)p>
R'IL

and also n — 1 — 2n/p < —1, and so we may choose K such that

(o)
C

If p <2 then

Qeg;

Thus, u € W2 (R™ x (0,0)), albeit with norm that increases to infinity as o — 0.

In a forthcoming paper we hope to establish the bounds and ( . ) for at
least some values of p’ < 2.

The remainder of this section will be devoted to a proof of Theorems [5.1]and [5.2}

Fix 0 > 0 and let G, be a grid of pairwise-disjoint cubes in R” of side-length o/c
for some large constant c¢. By Lemma if p < p then

\vm Ypv(z, o) P dw = /|vm L9pv(z, 0)|P da
QEG,

o+o/4c
< Co™! Z / / IV (2, t)|P dx dt.

Qeg, o/4c
By Holder’s inequality or Theorem [3.2}

V" Lo, u(z, )P dv

Rn
o+40o/2¢c L ) 1 p/2
n— m—
< Co™? Z </ /0 V™ 05v(x, t)] e dxdt)

Qeg, o/2c

and by the definition (2.4) of AJ, if c is large enough then
\Vm Loguv(z, 0)|P de < Co™ P Z ][ AF (t1 (52,30 /2)(t) V0( -, 1))P
QEGs

= CO’ip e A;(t 1(0/2’30/2) (t) va)p.



BOUNDARY VALUES OF SOLUTIONS 25

Later in this proof we will use the fact that if p < par , then by the same argument,
(54) . |va(m7 0)|p dx < Co™P /R A; (t 1(0/2730/2) (t) va)p.

So by the dominated convergence theorem, cV™ 19,v(-,0) — 0 as ¢ — o0
strongly in LP(R™). By the Caccioppoli inequality and Theorem ifk>1is
an integer then o V™~ 19%y(. o) — 0 (and in particular is bounded) in LP(R") as
o — oo. Similarly, if p < p and k is large enough then o*V™3%w(-,0) — 0 in
LP(R™) as 0 — oo.

Let g € L¥ (R™) and he L¥ (R™) be bounded and compactly supported. Choose
some 7' > 7 > 0. We wish to bound the quantities

(g, V" (-, T) = V™ (-, 7))gs and (h, V7w (-,T) =V w(-,7))re

in terms of 7, 7" and [|g]| ., gn) OF ||i'l||Lp/(Rn). Doing so will allow us to control
vmly(-, T)=V™ (-, 1) or V™w(-,T)—V™w(-,7); in particular, we will show
that these quantities go to zero as 7 — oo or T — 07, and so we will see that V"~ 1v
or V™w approaches a limit at oo and at zero.

Let f(s) = (g, V™ 'u(-,s))gn; observe that the jth derivative fU)(s) of f(s)
satisfies fU)(s) = (g, V™ 10lv(-,s))rn. Let wo(s) = 1if 7 < s < T and let
wo(s)=0if0<s<7ors>T. Thus,

@9 T) =T e = [ o) (s)ds.
0

Integrating from 0 to oo will be somewhat simpler than integrating from 0 to 7.
We wish to integrate by parts so that the right-hand side involves higher derivatives
of f(s). Let wj(s) = [j wj—1. Using induction, it is straightforward to establish
that if j > 1, then

0, O0<s<r,
w;j(s) < S (s —7), T<s<T,
7(jf1)! (s—7) YT —71), T<s.
By our bound on w; and by definition of f(s),
WD ()] < CG) 8 119l o oy V™ 00( -, 8) | oo ()

and if j > 1, then by our above bounds on [V™ *9¥v( -, s)| (&), the right-hand
side converges to zero as s — oco. Thus, we may integrate by parts and see that,
for any j > 0,

(9, V" (- T) = V(- 7))ee = /Ooo wz;j(s) [TV (s) ds

= / wa; (5)(g, VLo (- 8) ke ds.
0
Similarly,
<il7 Vmw( . 7T> - vmw( . 7T)>Rn = / W (S)<i'l,’ vma§J+1w( . 5)>Rn ds.
0

Let OF be such that
<ga melat@ = <O+gv Vm@)
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for any array g of functions indexed by multiindices v with |y| = m — 1. Then OF
is a constant matrix and

(9, V™" (-, T) = V"™ (-, 7))re :/ wa; (s)(OF G, V"0 u( -, 8))rn ds.
0

By formula (2.18]),
0:5"g(x,1) = —SG (0T g)(x,1).

By Lemma {4.2| with ¢, = OTg for all s and with w(s) = wa;(s)/s*, we have that
(g, V™" (-, T) = V™ lo(-,7))pe |
<C [ A (S ) ) AF (490 V) ) da
where (s) satisfies the bounds

0, s < T,
Qs) <C(1—1/8)%, T<s<T,
(1—171/8)%~YT/s—17/s), T <s.

Let j=2m+k—1,s0j>2and k=j+1—2m. Then by the bound ,
1A (#7200 S ) o oy < ClG N o (-
By assumption, AJ (t V™v) € LP(R"). Because (s) is bounded, we have that
AF (tQ(t) V™) (z) < CAF (V™) ().
Furthermore, if Aj (t V™v)(x) < oo (true for almost every z € R™), then
AT (tQt) V™) (z) 0 asT—ooor T — 0%,
By the dominated convergence theorem, this means that

||.A§(tQ(t)Vm -0 asT—ooorT —0T.

U)HLP(]R{")

Thus, for any sequence of positive numbers ¢; that converge to either zero or infinity,
the sequence {V"~'u(-,t;)}52, is a Cauchy sequence in L?(R"), and so the limits

RN T m—1, ': : m—1, o,
p=Jim V"o t) and f= lim V() - p

exist. Furthermore, V™' (-,t) — p||L»&n) is bounded, uniformly in ¢.
Similarly, the limits
o/ . m s/ . m o/
P = Jim V'w(-) and = lm V7w(-,0) - p
exist. Furthermore, |[V™w(-,t) — p'||Lrgn) is bounded, uniformly in ¢.

It remains only to produce statements about the limits p, p’ at oo.

If p < pg, then by formula , V™y(-,t) = 0 in LP(R™) as t — oo, and so
Vp =0 and so p is a constant array. But p is constant if and only if p = vm-lp
for some polynomial P of degree at most m — 1, as desired.

If pS’ <p< pf, we will need a more complicated argument. Fix some z € R"
and some R > 0. By Lemma[3.3

T+R

[ vrwnPase £ it o dsy.
lz—y|<R |lz—y|<2R JT—R
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By the Caccioppoli inequality and Theoremm if ¢ < pf, and if P is a polynomial
of degree at most m — 1, then

/ V™ o(y, )2 dy
|lz—y|<R
T4+2R

2/q
< C’R"Q"/q2< ][ V™ tu(y,s) — V"L P|9ds dy> .
lt—y|<4R JT—2R

If 7 > 64R, then by Lemma |3.3

/ V™0 (y, 7)|? dy
|z—y|<R

57/4 2/q
< CR" /a2 (/ | /8]£ p V™ lu(y,s) — V"I P|ds dy> .
r—y|<T T

Again by Theorem [3.2

/ V™0 (y, 7)) dy
|z—y|<R

< CRn72n/q727_2n/q7n /

37/2
][ V™ u(y, s) — V™ LP|? ds dy.
lz—y|<T/4 JT

/2
Choosing P appropriately, by the Poincaré inequality

/ V™ (y, 7)|? dy
lz—y|<R

< CRn—2n/q—27_2n/q—n+2 /

lz—y|<T/4

37/2
][ |V™0(y, s)|* ds dy.
T/2

By the definition ([2.4) of A7, if |z — 2| < 7/4, then
/| TPy < ORI A () )
r—y|<
Averaging over such z, we see that

/| ‘ R\va(y,T)IQdy < CRYA2 a2 P A (V™ 0) [T ey
r—y|<

If p < p", we may choose ¢ with p < ¢ < p{". Then for any » € R® and any R > 0,

ILm IV V"™ (y, 7)|* dy = 0.

T J|z—yl<R
From this we see that p = lim, ,o, V" 1v(-,7) has a weak gradient that is equal
to zero almost everywhere in R, and thus p is constant.

We now turn to w and p’. By a similar argument, V™0;w(-,t) — 0 and so
V™10, 1w approaches a constant p|. There is some polynomial P; of order at
most m with p] = V™19, P;. We are left with py = lim;_, o Vitw(-,t). Since
w(-,t) is in Wi’loc(R”), we have that py = V" P, for some function P, defined on
R™. Thus, p(z) = V™ P(x,t) where P(z,t) = Pi(x,t) + Px(z), as desired.
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We next check the claim LP = 0. Let ¢ be smooth and compactly supported.
Then

(V0, AV™ Pa s = / (V7o ( 1), AV™ P)gn dt

o0
— lim (V™o ,t), AV w(-,8+t))gn dt
N

_ s m m _
= slgl;(V p_s, AV w}Riﬂ =0

because Lw = 0 in R (Here ¢_s(2,t) = ¢(x,t — s); if ¢ is supported in
R™ x (=T, T) then ¢_ is supported in R" x (s =T, s+ T').) Thus, LP = 0 as well.
Finally, suppose that V™w(-,t) € LP(R™) for some ¢ > 0. This implies that
IV™w(-,s)||Lern) is bounded, uniformly in s > 0, and so V" P € LP(R") as well.
By assumption, p < pg = pz. Let ¢ satisfy p < ¢ < pJLr. Recalling that LP = 0,
we have that by Lemma [3.3] and Theorem [3.2] if » > 0 then

1/q
(/ VmP(x,t)|qu>
|z|<r

t+r 1/p
< Crn/a—n/p <][ / V" P(x,s)P dx ds) .
t—r Jlz|<2r

Recalling that V™ P is constant in t, and taking the limit as r — oo, we see that
V™ Pl Lagny = 0; thus V" P = 0 almost everywhere, as desired.

6. THE NEUMANN BOUNDARY VALUES OF A SOLUTION

In this section we will prove results pertaining to the Neumann boundary val-
ues as defined by formula (2.10)), that is, defined in terms of a specific extension
operator £. Specifically, we will prove the following two theorems.

Theorem 6.1. Suppose that L is an operator of the form of order 2m, asso-
ciated with coefficients A that are t-independent in the sense of formula and
satisfy the ellipticity conditions and . Letwv € ng’loc(RiH) and suppose
that Lv =0 in Riﬂ.

Suppose that A (tV™v) € LP(R™) for some 1 < p < oco. Further assume that
for any o > 0 we have that V™v € L*(R" x (0,0)).

Then for all ¢ smooth and compactly supported, we have that

<Avmv( ’ at)a Vmggp( : 7t)>R”
represents an absolutely convergent integral for any fired t > 0 and is continuous
m t.
Furthermore,

sup
0<e<T <00

/ AT 1) T E (- e di

< vy Trqu el Lo (R™) ||A;(tvmv)||LP(R")

and the limit .
lim (AV™u(-,1),VTEP(-,1))rn dt
e—0T" e
T—o0
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exists, and so (Mjg U,T“I‘m_l @)Riﬂ ezists and satisfies the bound
(M} v, Try, Plrnet| < OV Tryh 1 @l @y A5 (EV"0)]| Lo &)

Theorem 6.2. Suppose that L is an operator of the form of order 2m, as-
sociated with coefficients A that are t-independent in the sense of formula
and satisfy the ellipticity conditions and 2.2). Let w € V.V%JOC(RT'I) and
suppose that Lw = 0 in R1+1.

Suppose that Ay (tV™0yw) € LP(R™) for some 1 < p < oo. Further assume that
for any o > 0 we have that V"0, 1w € L*(R"™ x (0,00)). Finally, assume that

p/2\ 1/p
sup(/ <][ |Vmw|2) ) = Cj < o0.
>0 n B((z,7),7/2)

Then for all ¢ smooth and compactly supported in R"T' we have that the bound
(M} w, Trp 1 p)rn| < C|ITr, ol L @) (A5 ¢V 0w) || v &y + Co)

is valid. Furthermore, we have that

(6.1) / (A @)V w(, ), V" Ep(z, 1)) do dt < 00
o Jre

and that

(6.2) (M w, Trp, 1 )rn = (AV™ 0, V" o)gni.

That is, the Neumann boundary values may be defined in terms of arbitrary C§°
extensions as well as the distinguished extension Ep.

Before proving these theorems, we make two remarks; these remarks may assist
in applying Theorems [6.1] and [6.2}

Remark 6.3. We comment on the appearance in Theorem [6.2] of the term

p/2\ 1/p
sup(/ (][ |Vmw|2) > .
7>0 n B((z,7),7/2)

Ifp< pz', where pz is as in Theorem then

p/2
sup/ (][ |Vmw|2> dzx < Csup||V™w( - ,T)||’L’p(R,L)
7>0 n B(z,7),7/2 7>0

and so if p’ is such that the condition (5.2)) is valid, then by Theorem we have
that
p/2
sup/ <][ |Vmw|2> < CIAF (V0|1 o
" \J B((z,7),7/2)

7>0
provided [|[V™w( -, 7)| 1»@n) < oo for at least one value of 7 > 0.
As mentioned in the introduction, this term appears in other ways in the theory;

for example, if N is the modified nontangential maximal function introduced in
[49], then

p/2 -
sup/ <][ |vmw|2) < CIN T W)L, -
>0 n B((:E,T),T/Q)
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Remark 6.4. As in Section [5| if p < 2, then finiteness of ||AF (tV™0)|| o) OF
| A3 (tV™0yw) || Lo (rn) implies the inclusions Vv € L?(R" x (0,00)) or V"9 1w €
L?(R™ x (0,00)), respectively, for any o > 0.

Thus, if 1 < p < 2, then v satisfies the conditions of Theorem provided only
that AJ (tV™v) € LP(R™) and Lv = 0 in R?*.

Similarly, by Remark if 1 < p <2 then w = w — P satisfies the conditions
of Theorem provided AJ (tV™d,w) € LP(R™) and Lw = 0 in R, where P is
as in Theorem [5.2)

We will devote the remainder of this section to a proof of these two theorems.
We begin with the following estimates on Q}".

Lemma 6.5. Let 0 < j < m and let £ > j be an integer. Let v be a multiindex
with Yp+1 = 0 and |y] < L.
If1<r<p <o, then

i {— m n/p —n/r j
(6.3) 1677070, QP | o eny S Cor o™ [Vl

foranyt >0 and ¢ € W]T(R").
If1 <p < oo, and if £ > || or £ = |y| > j, then then

(6.4) 1AF (79070, ™71 Q1) | o gy < CIVA | ot oy
for any ¢ € Wf, (R™).

Proof. For any Schwartz function n, let n:(y) = t~"n(y/t). Recall that Q" =
e_(_tzAH)m; a straightforward argument using the Fourier transform establishes
that Q) f(x) = 0; * f(x) for some Schwartz function 6.

Observe that 9, Q)" = —2m t*" 1 (—=A)™Q"*. Thus, there are some constants

Ct¢,m,y,c such that
tf*j@ﬁ@f—h\gyld}(ip) = Z tKHI’YPJ‘CE,m,%(aﬁJ’_VQ:gnd)(il?) if > |’Y‘7

2m<[¢]<2m(L—|v])
Cn+1:0

t99] 0, Qp () = (M9 Q) if £ = |-

Notice that the purely horizontal derivatives may be chosen to fall on either ) or
the convolution kernel of Q7*, and, furthermore, if either £ > |y| or £ = |y| > j then
there are at least j such derivatives. Thus, we have that

6.5 oo e = Y 0« 9fu(a) =, + Vo (a)
[6]=3, 6€(No)™

for some array of Schwartz functions 7 depending on ~y, £, m and j.
Observe that if 1 < s < co then |1¢[|s@rn) = Ct"/*=™ for some constant Cl
depending only on s and 7. It is well known that, if 1 < r < p’ < oo, then

19, Vbl o gy < el o) V]l o gy,

where 1/p’ +1 = 1/s + 1/r. Applying this estimate to formula (6.5) yields the
bound (6.3]).

Let p be a Schwartz function that satisfies [, p(z) dz = 0. Then by [23, Appli-
cation (3)],

A3 (ps * f)HLP/(R") < C(p/)”fHLP’(R")
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for any 1 < p’ < co. Thus, to establish the bound (6.4)), it suffices to show that
7] integrates to zero. To show that 7) integrates to zero, it suffices to show that, if
ps(z) = 20 for some § € (Ng)"™ with 6] = j, so that Vﬂp& = 0! &5, then
t=10] 0, Q" ps () = 0.
But

Q' ps(a) = b ps(x) = | 2 = )"0(0) dy
_ o0 cyo-a [(_ o< _ € 41¢]
> g Jur<oway IR

where we say that ¢ < §if {; < 4; forall 1 <j <n. Let C¢s = 01if |(] < j but
¢ £ 4, so that we may sum over ¢ with || < j. We thus may write

J
Ql'ps(x) = Ztk Z Ce51°.
k=0 [¢|=j—k
Recall that if 1 < k < 2m — 1, then 8,{“Q{”|t:0 = 0. Thus,
0= 85Q1"p5(x)|t:0 = k! Z Ces x¢
ICl=i—k
for any 1 < k < j, and so Q"ps(x) = Cs52°. We compute
0, "o ps(a) = 0, Cga.
This is zero whenever £ > |y|. If £ = ||, then
0]0,”71Q7 ps(w) = Cs5 0]
which is zero if |y| > [0] = j. O
Next, we prove the following lemma.

Lemma 6.6. Let L be as in Theorems and . Suppose that Lu = 0 in R:L_H.
If ¢ is smooth and compactly supported, if 0 < 7 < m, £ > j and k > 0 are integers,
and if v, p are real numbers with 1 <p <oc and 1 <r <p', 1/p+1/p' =1, then

‘Té—j—i-k-i-lvéQT,l/}(x)‘ |A(.’E) vma{‘fu(x7 T)‘ dx
Rn
< CT"/’"/_"/T||VW||LT(R“)||A§r(t Lr/2.87/2) (1) V)| o @n).

This lemma has obvious applications if u = v or u = Jyw. We remark that it
may also be applied with © = w, because

1 p/2
;”A;(t 1(7/2’37/2) (t) vmw)sz,p(]Rn) S C’sup/ (][ V7er|2> .
7>0JR™ \J B((z,7),7/2)

Proof of Lemma[6.6, By Lemma [3.3] and the Caccioppoli inequality,

]I[ ‘ /Q\Vmafu(% TP dy < CT72 2P AT (t 11 j2,37 /2y (1) V) (2)2.
r—y|<T
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Thus,
|t QM ()| | A(2) VT OFu(, 7)| dae
RTL

= [ Q) A V. 7 dy e
nJ|lr—y|<T/2

‘ 1/2
<C ( sup |T‘Jvfgw(y)2> AF (t1(5 /2,37 /2)(t) V™) (2) da.

lz—y|<T/2

By formula ,
sup [ IVEQTU(y)| < CM(Vi)(x)

lz—yl<T
where M denotes the Hardy-Littlewood maximal function. Because Q7" is a semi-
group, we have that Q" = QT/Q(Q’T”/Qz/J), and so

sup | IVIQIU(y)| < CM(V|QTt) ().

lz—y|<T/2

Thus, by boundedness of M,

iR QM (2] |A(x) VT OFu(, 7)| da
Rn

< CHV T/QwHLP (R™) ”AQ (t 12, 37_/2)( )Vmu)”Lp(Rn).
Now, by the bound (6.3), we have that if 1 < r < p’ then
IV QT 1ot ey < Clpr 7™/ 7

This completes the proof. ([l

R?L

We now prove Theorems and We begin with the terms that require
different arguments in the two cases; we will conclude this section by bounding a
term that arises in both cases.

Lemma 6.7. Let v be as in Theorem[6.1 Then
(AV™ (1), V"Ep( -, 1))

represents an absolutely convergent integral over R™ for allt > 0 and is continuous
m t. 4
Furthermore, let 1;(x) = @m—;(z) = 9, ¢(x,0), so

*”VH Trm 1@l e (R™) ZHVHwJHLP ®r) < C”VH m 10l (R7)"

Suppose that || A3 (t V™0)||Le@n) < 0o for some 1 < p < co. Then
<Avm1}( ' 7t)a Vm&p( ! at)>R"

m

CESSD MDY I E AR Lo

J=L1Bl=m |y|=j
’Yn+1 =0
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where Ayg = Az for ¥ = v+ (m — |])€n+1, and where OK(t) = OK(t, ¢,v)
satisfies the bound

/0 (OK (t,¢,v)| dt < C||V) Try,_; ¢l 1o oy A5 (£ V"™ 0) | o -

Proof. Observe that by the definition (2.9) of &,

AV ).V e =Y Y Y

£ m — j)!
i=118l=m |y|<m 7)

< [ oo Q) A ) 07 B o
By Leibniz’s rule,

(AV™T0 (-, 1), V™ EP(-,t))rn

S (m = 1)
"L 2 X %l (€= TDkm — 0= J)!

[v|<m €=max(j,|v|)
Yn4+1=0

< [ 00 Q) ) P 1) dn

By Lemma (with r = p’), the integral is absolutely convergent and has absolute
value at most

Ct V5l o ey 1 AZ (V™) | o -

Furthermore,

and so the integral over R™ is continuous (and in fact differentiable) in ¢.
By formula (4.6]), Holder’s inequality and the definition (2.4)) of A4, if a > 0 and
if F" and G are nonnegative functions then

(el o er o T e

dx

< Ct_2HV Vil Lo mn)

A7 (tV™u) || e e

(6.6) /n/OOOF(x,t) (2,1) dt dz < Q AS(F) () AS(t G) () da

RTL
Thus,
/ / |t 8‘]’8f7|7|QT1/)j(x) Ap(x) 0Pv(x, t)| dt do
nJo

<C | AL o100 Q) () AL (£ 070) (y) dy.

R

By the bound (6.4)), if £ > |y| or £ = |y| > j, then

AT (#7907 0,1 Q) 1o ny < 19005 107 -
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Thus, we need only consider the |y| = j = £ term; in other words,

(AV™0(-,t),V"Ep(-,t))rn

e SN [ e A G i
Bl=

J=1] lvl=4
’Yn+1—

where the term OK (t) satisfies

/O (0K ()] dt < C||V) Try,_y @ll 1o oy |45 (8 V™ 0) | £ (rny -
This completes the proof. O

Lemma 6.8. Under the hypotheses of Theorem the bound (6.1) and for-
mula (6.2]) are valid.
Furthermore, let 1;(x) = @pm_;_1(x) = 017 'o(x,0), so

n+1
1, . .
5||T1”:1—1 (PHLP/(R" Z ||V wj”LP (R™) C||TI':1—1 ‘PHLP/(Rny

Then for any 0 < e < T we have that

/ A (1), V() d

m—1 T
=0K->" > Z. / /Rna QM (x) Ay p(x) DPOw(x, t) da dt
0

J=0 |B|=m |v|=j
TYn+1=—

for some term OK = OK. r(w, @) that satisfies the bound

p/2\ 1/p
0K, r(w. )] < CITx_ ¢l e sup( / (f vmw) )
T>0 n B((z,7),7/2)
+ CHTI";A ol Lo (Rn)HA;(t V™ 0w) || e rn).-

Proof. We begin with the bound (6.1)). Observe that if |a| = m, then
m—1 1
« o @ m—j—1ym,, .

m

-1
ST N Con gt I 07 Qi (2),

G=0 £=j+1 ||=t

By Lemma and the following remarks, if 1 <7 < p’ then

/n AV w(z,t), V" Ep(,1))| da

m—1

< C’Z min |Vj+1z/1j||Lp/(Rn /v =n/r= 1HVH¢3||LT R™ )

=0 p/2\ 1/p
X sup(/ (7[ |Vmw|2) > .
7>0 n B((z,7),7/2)
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By assumption the term on the last line is ﬁnite and so if ¢ and thus ; is
smooth and compactly supported, the bound (| is valid. Thus, we may write
(Tr o, M} w)gn = (V™Ep, AV™ w>Riﬂ for all ¢ € C§°(R™1), without taking
explicit limits.

We now turn to formula (6.2). We seek to show that if ¢ € C§°(R"*1), then

<Vm<p,AVmw>Ri+1 = (Tr} | o, M} w)gn = <Vm5<p,AVmw>Ri+1.

Let nr(z,t) = n(z/R,t/R), where n is smooth, supported in B(0,2) and equal to
1in B(0,1). An argument using the bound (6.1)) shows that as R — oo,

<Vm (nR&p), Avmw)mﬂ — <Vmg<p, Avmw>Ri+1 = <’I-‘I‘;;_1 ©, M:z ’LU>]R71
But by Lemma V™w is locally integrable up to the boundary in Rﬁlfl, and

so if ¢ is compactly supported, then by the weak formulation of Lw =0 we
have that (V™¢p, AV™ w>Rn+1 depends only on ’I‘I‘Jr 1 Thus 1f ¢ is compactly

supported then
(V™" AVTw)gnis = (V" (NrEQ), AV W)gnsa

for all R large enough, and so formula (6.2)) is valid.
Finally, we come to the formula involving ;. Observe that

/T<AVmw( 1), VT™EP(+,t))gn dt

:jz:;) / / aa( tf - SO )) A () DP(a, ) da .

TbD

We wish to bound the terms on the right-hand side.
We begin with terms for which a1 > 0. Let o = v + (m — |y])€,41 for some
v with 4,41 =0 and m — || > 1. Then

T
/ /n O™ (™I (2)) Anp(z) 0Pw(x,t) du dt

/ / oy M (eI Qs (w)) Ay OPw(w, 1) da dt.

Integrating by parts in ¢, we see that

T
/ / O™ (™71 (2)) Aap(z) 0Pw(z,t) da dt
3 R
T B —
T / Wazw_m_l (t" IO () Ayg 0P Opw(x, t) da dt
€ Rn
+ / o NI Oy (2)) Ay P, T) da

- / ooy T eI QI () Ay DPw(w, ) dar
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By Lemma [6.6] and the following remarks, the second and third terms have norm

at most
) p/2
IVl nsue [ (f vl
n \J B((z,7),7/2)

and thus satisfy our desired bounds.
We turn to the first term. Applying Leibniz’s rule, we have that

T
/ oy I Qg () A () 0P, ) s

1
= gL / / t=10;” 07 Qpap; () A () 0P Bpw(, 1) dac .

l= maX(WI,J)

We remark that if £ = j = ||, then Cy, j |y¢ = (m —j — 1)!. Recall that these
terms are the terms that appear explicitly in the statement of this lemma, and so
we need not bound them in this proof.

If ¢ > j or £ > =, then by the bounds and ,

/ / [t790f 10y Oy (2) Ay () 0P By (w, 1) da it
O n

<C | Af@I0 oy Q) AS (t0°0w) da

Rn
< OV 95l o oy A3 (8 V" Opw) || o geny

as desired.
We now consider the terms with a,,+1 = 0; we may write these terms as

Z Z / / ﬁyQT%‘(I)Aag(x)5ﬁw(a:,t)dmdt

[Bl=m |a|=

QAn41— 0

T tmfjfl _
- / T oD VI Qs (@), AV D) di.

We again integrate by parts in ¢t and see that

T m—j-1 n -
/E(m—j—1)< QY (x), AV™w(-,t))rn dt

:_/ ot Vi vi(@), AVTw(, e dt
T .
T = (VI Qs (@), AV (- Tz
em=

- VO (@), AV e,
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We may bound the last two terms using Lemma [6.6] as before. We compute

/T t’m*j 0 VmQ ) W gt
c ﬁat< Il ¢J(‘T)7 w(', )>]R7L

T tm—] -
. / o= VI P o), AT D)

T gm—i -
[ G VT O ), ATl e

m—j)!

As before, we bound the second term using the bounds and (6.4]). To control
the first term, we integrate by parts in & and use the fact that Lw = 0. Then

<VTF@tQm<x) AVl D)
= 2 Z 00,97, (), Aus0Pw( -, ))zn

le|=m |5|=

Otn+1:0

= 33 (0,00 (x), AP0 (- ).

[y[<Sm—1|B8|=m
Yn4+1=0

Thus, by formula ,

T ym—j -
/ WW]{’&Q?%(@’ AV™w( - 1))gn di

<C Z ||Aé/2(t|7|_j+18W6tQ;"¢j)||Lp’(R")

[v|<m—1 1/2,m— m aT—
nt1=0 X [|AY 2 (I 0 ) | L
By the bound (6.4)), the first term is at most C’||Vﬂwj||Lp/ (rny- By the Caccioppoli

inequality, the second term is at most C||AJ (t V™Ow)|| (rn)» as desired.
Assembling our estimates, we see that

T
:OKfZ > Z} /R/ 0] Q7 by (x) Ay () 9P Dyw(w, 1) dt d

as desired. O

To complete the proof of Theorems and we must bound terms of the

form
/5 22 | gy @) @) Pt ) da

|Bl=m |v|=j
'Yn+1*

for 0 < j < m, where u = v or u = Jyw.
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Choose some j with 0 < j < m. As usual, we integrate by parts in ¢. If £ > 0 is
an integer, then

/ / ) Q" ;i (x) Ayp(w) 9P Ofu(w, t) t* dw dt

= _é +1 / / a Qt ’(/}] (l’) 5585+1u(x7t) t(+1 dx dt

£+1/ / 9]0, Q"1 () Ay () 95 0fu(w, t) ¢+ da dt

+ o €+ - | 0] Q7 () Ayp(w) 070 ulx, T) T dar
- L 97 QM (x) Ayp(x) BOfu(w,e) e da.
041 Jou N

The second integral may be controlled by the bounds and (6.4) as usual. By
Lemma [6.6] (with r = p'), the last integral has norm at most
C”Vﬂ% | o (mm) IAS (t 1 (e /2,32 /2) () V"0 || Lo ()

and so is uniformly bounded and approaches zero as € — 0. Similarly, the third
integral is uniformly bounded and approaches zero as T — oco.
Thus, by induction,

/ / 9/ | Q" j(x) Ayp () ABu(z,t) dt dz
Rﬂ.

@) / / 0 Q"j(x) Ayp(x) 007 u(a,t) t** dt dr + OK (¢, T)
R’VL

for any integer k > 0, where the term OK (t) is uniformly bounded and approaches
a limit as € — 0% and T'— oco. We have that

Z Z / / 6Qt V() A, 5(x) 080 u(x, t) t** dt dx

[Bl=m |v|=j
’Yn+1—0

T

_ / (VSR u(- 1), ALy V] Q7 et dt
€

where A7 . is the matrix that satisfies

Z Aj Dy for any |5 =m

By Lemma if k£ > m then
| AL T Qb G o

4
<O | [ AT SE (AT Q) )

x AF (t V™u)(x) dx dr.
Define
Riwp(2) = 2O SE (A7, Qi) (2, —1).
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Observe that P, = QF is also an approximate identity with a Schwartz kernel. By

the bound

(3.6, for any fixed r with 4/3 < r < 4 and any p’ with 1 < p’ < co we

have L?" boundedness of ¢ — AF (Ri4). Thus,

0

as desired.
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