SQUARE FUNCTION ESTIMATES ON LAYER POTENTIALS
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ABSTRACT. In this paper we establish square-function estimates on the double
and single layer potentials for divergence form elliptic operators, of arbitrary
even order 2m, with variable t-independent coefficients in the upper half-space.
This generalizes known results for variable-coefficient second-order operators,
and also for constant-coefficient higher-order operators.
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1. INTRODUCTION

In this paper we continue towards the goal of resolving the Dirichlet and Neu-
mann problems for general divergence form higher order elliptic operators with L?
data. The investigation of the second-order case has spanned the past three decades
in the subject, drawing from the field of harmonic analysis and giving back to it
many tools, and by now the real coeflicient case is relatively well understood. How-
ever, there are still open problems in the theory of even the simplest higher order
operators, such as the bilaplacian; for instance, the sharp range of p for which the
Dirichlet problem for the bilaplacian is well-posed in L? is still not known in high
dimensions. Even less is known in the case of more complicated operators; indeed,
we are not aware of any LP well-posedness results that are currently available in
the general variable coefficient case.

In this work we aim to develop the method of layer potentials for general diver-
gence form higher order elliptic operators. The main results of the present paper
are square function estimates for single and double layer potentials in L? and the
corresponding Sobolev spaces. We remark that one of the key difficulties in this
context lies in the definition of suitable layer potentials and, more generally, of
Dirichlet and Neumann boundary data, as in the higher order case there is con-
siderable ambiguity, some choices leading to ill-posed problems. Our approach is
new even in the constant coefficient context, but is carefully crafted to handle the
general case.

Let us discuss the background and the results in more detail.

In this project we study elliptic differential operators of the form

(1.1) Lu=(-1)" Y 0%(Aapd’u),

lee|=|B|=m

for m > 2, with general bounded measurable coefficients. As mentioned above,
contrary to the second order case, most of the known well-posedness results for
higher order boundary value problems have been established only in the case of
constant coefficients (see, for example, [Ver90L[PV95a,Ver96lShe06a),She06blKS11)
, or the survey paper )7 or concern boundary-value problems with

data in fractional smoothness spaces, such as the Dirichlet problem

(12)  Lu=(-1D)" >  0%(Aed’u)=0inQ, V" 'u=f onoQ

le=|B|=m
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where Q is a Lipschitz domain and where f lies in a boundary Besov space with
smoothness parameter between zero and one. See [Agr07,MMS10,Bar16b]. We are
interested in the Dirichlet problem , with variable coefficients, in the classical
case where the boundary data f lies in L2(9€).

1.1. The method of layer potentials, general framework. Classic tools for
solving second-order boundary-value problems are the double and single layer po-
tentials, given by

(1.3) DAIX) = [ VAN BT VX)) do(Y),
(1.4) Sho(X) = [ BHXY) oY) do(V)

for all X € R™™\ 9Q, where O C R™"! is a Lipschitz domain with boundary
surface measure do, v is the unit outward normal to €2, and where E*(X,Y) is the
fundamental solution for the operator L = —div AV. Making sense of formulas
and in the context of higher-order operators is one of the key tasks in
its own right. In the case where () is the half-space Riﬂ, we will return to it in
Section below; in more general Lipschitz domains we refer the interested reader
to [BM16al/Barl6b.

It may be shown that, for any nice functions f and g defined on 952, the functions
u = D&f or u = Skg satisfy Lu = 0 away from 9Q. The classic method of
layer potentials for solving (for example) the Dirichlet problem with data in the
boundary Sobolev space W2(99) is to show that, for all g € L?(9Q), the boundary
value S£g|aﬂ exists in some sense and lies in W2(9Q), and moreover g Sngg|aQ
is invertible from L?(99) to W (09). Then the function u = 8§ ((S§|,,) " f) is a
solution to the Dirichlet problem

(1.5) Lu=0in 2, u= f on 0.

Furthermore, if S§ satisfies some estimate, then solutions to the Dirichlet problem
may be shown to satisfy a corresponding estimate; for example, if

| 1V018Eg () dist (X, 094X < Clgl oy
then the solution u to the Dirichlet problem (1.5 satisfies

/Q|V8n+1u(X)\2dist(X, oN)dX < C||fH3V12(m).

This method has been used in |[FJR78L|[Ver84,|[DK87,[FMM98|Zan00] in the case
of harmonic functions (that is, the case A = I and L = —A). This method
has also been used to study more general second order problems in [AAAT11]
Bar13,|Ros13,[HKMP15a, HMM15a,[HMM15b, BM16b| under various assumptions
on the coefficients A. Layer potentials have been used in other ways in [KR09,
Rul07, Mit08}|Agr09,[MM11,|AM14]. In particular, the second-order double and
single layer potentials have been used to study higher-order differential equations
in [PV92,BM13].
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1.2. Outline of the main results. In this paper we begin to generalize this
method to the case of higher-order equations by defining the double and single layer
potentials D4 and S for higher-order equations in the half-space (see Section ,
and then by establishing some bounds on these potentials under certain conditions
on the coefficients A. We hope in future work to establish invertibility of layer
potentials for some variable coefficients A, thus establishing existence of solutions
to the corresponding boundary value problems.

Even in the case of second-order equations, some regularity assumption must
be imposed on the coefficients A in order to ensure well-posedness of boundary-
value problems. See the classic example of Caffarelli, Fabes, and Kenig [CFK81], in
which real, symmetric, bounded, continuous, elliptic coefficients A are constructed
for which the Dirichlet problem with L? boundary data is not well-posed in the unit
disk for any 1 < p < co. A common starting regularity condition is ¢-independence,
that is,

(1.6) A(z,t) = A(z,s) = A(zx) for all z € R™ and all s, ¢t € R.

Boundary value problems for such coefficients have been investigated extensively in
domains 2 where the distinguished t-direction is always transverse to the bound-
ary, that is, Q = {(z,t) : t > @(x)} for some Lipschitz function . See, for exam-
ple, [JK81FJK84KPI3|AAAT11JAAHOSJAAMI0JAAT1[AR12JAM14/HKMP15b)
HKMP15a, BM16b]. (In two dimensions some well-posedness results are avail-
able even if the distinguished direction is not transverse to the boundary; see
[KKPTOOLRul07,Barl3].)
The main result of this paper is the following theorem.

Theorem 1.1. Suppose that L is an elliptic operator associated with coefficients
A that are t-independent in the sense of formula (L.6) and satisfy the ellipticity
conditions (2.4)) and (2.5).

Then the double and single layer potentials D and S* in the half-space, as
defined by formulas (2.25) and (2.32), satisfy the bounds

wn) [ [ nanAfw o dtds < CI Ry e, = CIVIFEen:

a8) [ [ 9asta P Hdtds < ClglEage,

for all g € LA(R") and all f = Vm_1g0|8Rn+1 for some ¢ € C§°(R"1), where C
+

depends only on the dimension n+ 1 and the ellipticity constants A\ and A in the
bounds (2.4]) and (2.5).

We conjecture that this theorem may be generalized from the half-space to Lip-
schitz graph domains, but the method of proof at the moment requires the extra
structure of R’frl. In the case of second-order operators (the case m = 1), bounds
in the upper half-space may be immediately extended to bounds in domains above
Lipschitz graphs via a change of variables, and so extra arguments are not neces-
sary. In the higher-order case, this is not true, as the divergence form is not
preserved under changes of variables. (A different form of higher-order operator is
preserved under changes of variables; such operators were investigated in [BM13].)

1.3. Boundedness of layer potentials for second order elliptic operators.
We now turn to the history of this problem. A reader familiar with the second
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order case may skip this subsection. As discussed above, layer potentials have been
used extensively in the theory of second-order and constant coefficient boundary
value problems. Thus, boundedness results for layer potentials have long been
of interest. The celebrated result of Coifmann, McIntosh and Meyer [CMMS&2]
established boundedness of the Cauchy integral on a Lipschitz curve; this implies
that the operators f D{Zf’ag and g — v - VSgAg}(,m are bounded L%(9Q)
L?(09), where Q is a Lipschitz domain and where A = I is the identity matrix
(that is, where L = —A is the Laplace operator). From there many other bounds on
harmonic layer potentials may be derived. For example, boundedness LP(92) —
LP(09Q), for 1 < p < oo, follows from classical Calderén-Zygmund theory. Also,
bounds on D f and Sq in Q (rather than on 9) were established in [FJR78] in
the case where ) is C'; as observed in [Ver84|, these results may be extended to
the case of Lipschitz domains using boundedness of the Cauchy integral.

In the case of second-order equations with variable t-independent coefficients,
a number of boundedness results have been established. In [KR09], Kenig and
Rule established that in dimension n + 1 = 2, layer potentials for operators with
real-valued coefficients are bounded on L?(99) for 2 the domain above a Lipschitz
graph, and in |[Rul07] this result was extended to bounded Lipschitz domains and
Lipschitz graph domains with arbitrary orientation. In JAAAT11], boundedness of
layer potentials on L?(92) was established in arbitrary dimensions, in the domain
above a Lipschitz graph, for coefficients that are real-valued and symmetric. A
stability result was also established; that is, if layer potentials for some operator Lg
have certain boundedness and invertibility properties on L?(99), and if correspond-
ing boundary value problems are well-posed, then the same is true for any operator
Ly whose coefficients A; are t-independent and near (in L) to those of Ly. (This
result required a local Holder continuity estimate for solutions to Lou = 0; this
estimate is always valid if Ay is real-valued but may not be valid for complex Ay.)

More generally, in [Ros13] Rosén showed that layer potentials are always bounded
on L2(0), for 2 the domain above a Lipschitz graph, provided that the coefficients
of the associated operator are t-independent, and also that solutions to Lu = 0 are
continuous and satisfy the local bound

1/2
wxi<c(f, )
B(X,r)

whenever Lu = 0 in B(X,r). (The local Holder continuity requirement, used
in [AAAT11] and in many other papers, is a stronger requirement than this local
bound. The local boundedness estimate is necessary for Rosén’s construction of
the fundamental solution EL(X,Y), and thus for the formulas and to
be meaningful; he also showed that, even without local boundedness, the double
and single layer potentials may be continued analytically to bounded operators
for t-independent coefficients A.) Rosén’s results built on an alternative approach
to boundary-value problems involving semigroups [AAHO8,/AAM10|; essentially he
established that layer potentials are equal to certain operators studied in [AAM10],
and thus the boundedness results therein apply. The results of [AAM10,[Ros13]
extend to the case of elliptic systems.

In the case of two dimensions, or of smooth coefficients, standard Calderén-
Zygmund theory allows for straightforward generalization of L? bounds to LP
bounds, 1 < p < oo. In the case of rough coefficients in higher dimensions,
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new arguments are necessary to bound the layer potentials and on
LP(9€). Some such arguments are presented in various papers, in particular in
[HKMP15bl,[HMM15b, HMM15a].

In the case of scalar equations, Rosén’s L? boundedness result was later es-
tablished another way, without semigroups, by Grau de la Herran and Hofmann
in |GdIHH16|. As in [AAAT11], they required that solutions to Lu = 0 be locally
Hoélder continuous, and in particular locally bounded. In this paper we will closely
follow their approach. We will need to confront a number of additional difficulties
that arise in the case of higher-order equations. However, one significant advantage
of the higher-order setting is that local Holder continuity is automatic in the case
of operators of very high order, and there are established techniques to generalize
to operators of low or moderate order (see [AHMTO1,Barl6a] or Section; thus,
our Theorem is valid without any assumptions on local boundedness or Hoélder
continuity of solutions.

1.4. Layer potentials for higher order operators: known approaches and
new ideas. Turning to the history of higher order problems, we recall that an
interesting first step lies in even defining layer potentials in the higher order case.
In particular, the prototypical higher order operator, the bilaplacian A2, can be
viewed in two ways: either as an operator in the divergence form , A? =
Z?Iil 0;k(0jk), or as a composition of two second order operators (two copies of
—A). Many papers have used potentials based on a formulation of fourth order
operators as compositions; see [DKV86L[Ver90,[PV92,BM13]. A somewhat different
approach is necessary for the operators studied in this paper; we instead view A2
as a divergence form operator, and seek to generalize to other such operators.

We begin by defining Neumann boundary values. This is a necessary precursor
to defining layer potentials; notice that the Neumann boundary values v- A*VEL"
of the fundamental solution appear in the definition of the second order dou-
ble layer potential. In fact, layer potentials are deeply connected to Dirichlet and
Neumann boundary values of solutions in other ways; for example, if u is a reason-
ably nice solution to Lu = 0 in §2 for some second-order operator L and Lipschitz
domain 2, then u satisfies the Green’s formula

(1.9) w(X) = =DE(ul,,)(X) + S5 (v- AVu)(X)  forall X € Q.

That is, we have a formula for u in € involving only the Dirichlet and Neumann
boundary values of u on 952, mediated by the layer potentials.

The formulation of Neumann boundary data for higher-order equations is an
interesting question in its own right. It has often been based on an integration by
parts: for sufficiently nice domains 2, operators L given by , and test functions
w and v, there exist functions va defined on 9f2 such that

m—1
(1.10) /wLUZ > /3awAa/3 v+ [ dwBitvde
Q Q =0 JoQ

|| =[B]=m

where 07 is the jth derivative in the direction normal to the boundary. (If desired,
exact formulas for the functions va in terms of the higher derivatives of v may
be computed; if L = A? then formulas for B]Av may be found in [CG85|[Ver05] or
in Section [2:2.1] below, and in the case of general constant-coefficient operators an
explicit formula may be found in [MM13b, Proposition 4.3].)



SQUARE FUNCTION ESTIMATES ON HIGHER-ORDER LAYER POTENTIALS 7

It is very natural to regard the array {07 w m_l as the Dirichlet boundary values
of w. Then the array of functions {BA’U} ot may be regarded as the Neumann
boundary values of v. The Neumann problem for the biharmonic function A2, with
this formulation of boundary data, was studied in [CG85}Ver05,/She07,[MM13a].
The Neumann problem for more general constant-coefficient operators was studied
in [Ver1l0,MM13b], and for some classes of variable coefficient operators in |[Agr07].
We remark that a given operator L may be associated to more than one coefficient
matrix A, and that each choice of A will give rise to different boundary operators
Bf. We will provide more details and a specific example of these different boundary
operators (for L = A?) in Section several of them are physically relevant (in
different contexts) and some even lead to ill-posed problems.

Going further, if Lu = 0 in a Lipschitz domain Q and E*"(X,Y) is the funda-
mental solution to L* (so that L3 EL" (Y, X) = dx(Y)), then for any X € Q,

u(X) = / uL*EL (- X)
Q
m—1 . _
=Y [ QuBFEE( X)do - /m BAGLES (- X) do.
This naturally suggests the two multiple layer potentials
DA F(X Z / BAEL (- X) fjdo, Sha(X Z aﬂ EL"(-,X)g; do.

Notice that in the higher-order case, layer potentials take as input an array of
several functions. Also, this formulation of layer potentials generalizes the Green’s
formula . Layer potentials constructed in this way, from an integration by parts
against the fundamental solution, have been used in |[CG83}/CG85|Ver05, MM13b),
MM13a] to study the biharmonic operator A? (and in particular the associated Neu-
mann problem), and in [Agm57,MM13b| to study more general constant-coefficient
operators; therein certain boundedness and invertibility results were established for
such potentials.

Our formulation of the Neumann boundary values of a solution, and thus layer
potentials, is different. Specifically, observe that the different terms d7u exhibit
different degrees of smoothness; if V™"~ 1u € L?(9Q), for example, and 99 is suf-
ficiently smooth, then we expect dJu to lie in the Sobolev space Wi_l_j (09) of
functions with gradients of order m — 1 — j. Furthermore, if V™u € L%(95), then
we generally expect the Neumann boundary terms BAu to lie in negative smooth-

ness spaces (specifically, we expect Bf‘u € VV]_F1 m(@Q), and so only BA ,u lies
in L?(09)). See Section for an example.

This is somewhat problematic in the case of Lipschitz domains and other non-
smooth domains, as higher smoothness spaces and negative smoothness spaces are
difficult to formulate. Furthermore, dealing with mixed orders of smoothness is
difficult even in smooth domains. To avoid these difficulties, we will prefer to
regard V™~ 1y, rather than {9u}”" = 0 , as the Dirichlet boundary values of u; this
will allow us to formulate a similarly homogeneous notion of Neumann boundary
data. The latter has the advantage of working with elements of the same degree
of smoothness and being naturally adaptable to the general context of Lipschitz
domains (see |[Barl6b]). However, explicit formulas for Neumann boundary data
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can only rarely be obtained; we treat the entire package of Neumann data as a
linear functional on a suitable Sobolev space. See a detailed discussion and an
example in Section We have also formulated layer potentials based on this
notion of boundary data; see Section Our potentials thus take as input arrays
of functions in homogeneous spaces; notice the L? norms on the right-hand sides of
the bounds and (L.8).

A Green’s formula involving homogeneous boundary data has been used in
[PVI5b,Ver96]. However, this Green’s formula was formulated in terms of deriva-
tives of order 2m — 1, and as such does not lend itself to formulation of Neumann
boundary data or the natural division into double and single layer potentials. Fur-
thermore, their construction used some delicate integrations by parts not available
in the variable coefficient case, and so our formulation of layer potentials is of
necessity somewhat different and more abstract.

1.5. Our method and outline of the paper. The remainder of this paper will
be devoted to a proof of Theorem|[I.1} Specifically, we will define our terminology in
Section[2 We will provide a few preliminary arguments, mainly involving the theory
of solutions to higher-order equations, in Section [3] We will show that the bounds
and follow from more convenient bounds (specifically, bounds involving
derivatives in the t-direction only) in Section {4} we will also define new operators
OF and ©f that are somewhat easier to work with. The proof of Theorem [1.1
will make extensive use of T'1 and Tb theorems; we will state the theorems we
will need (taken from |CJ87] and |[GAIHH16]) in Section |5} The remaining sections
of the paper will be devoted to showing that ©F and ©F satisfy the conditions
of Theorems [5.2] and and thus satisfy appropriate estimates; a more detailed
outline of Sections is provided in Section

2. DEFINITIONS

Throughout we work with an elliptic operator L in the divergence form , of
order 2m, acting on functions defined in R"*!.

We will reserve the letters o, 83, 7, ¢ and £ to denote multiindices in N7*+!,
(Here N denotes the nonnegative integers.) If ¢ = (¢1, (2, ..., (n+1) is a multiindex,
then we define |¢|, ¢ and ¢! in the usual ways, as || = (1 + G + -+ + (o1,
98 = 9595 - ngl, and ¢! = (!¢ Cue1!. If ¢ and € are two multiindices,
then we say that £ < (if & < (; forall 1 <¢ <n+1, and we say that £ < ( if in
addition the strict inequality &; < (; holds for at least one such 1.

We will routinely deal with arrays F= (FC) of numbers or functions indexed by
multiindices ¢ with || = k for some k. In particular, if ¢ is a function with weak
derivatives of order up to k, then we view V¥ as such an array.

The inner product of two such arrays of numbers F and G is given by

(F,.G)= > F.Gc
=

If F and G are two arrays of functions defined in an open set ) or on its boundary,
then the inner product of F' and G is given by

(F.G)y= 3 [T o (8=

/ EGC dO’
ICl=k I¢|=k 7 0%
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where o denotes surface measure.
If G is an array of functions defined in €2 and indexed by multiindices a with
|a| = m, then div,, G is the distribution given by

(2.1) (¢, dive, G>Q = (—1)m<vm9"’é>sz

for all smooth test functions ¢ supported in €. In particular, if the right-hand side
is zero for all such ¢ then we say that div,, G = 0.
We let €; be the unit vector in R"*! in the jth direction; notice that €; is a

multiindex with |€;| = 1. We let é; be the “unit array” corresponding to the
multiindex (; thus, (é, F) = F¢. We will often distinguish the n + 1th direction;
we let v, = (m —1)é,41 = (0,...,0,m — 1) and oy = mé,+1, and let the array

é, denote either é,, or é,,. Which is meant should be clear from context.

We let LP(U) and L*°(U) denote the standard Lebesgue spaces with respect to
either Lebesgue measure (if U is a domain) or surface measure (if U is a subset of the
boundary of a domain). We say that u € L] (U) if uw € LP(V) for every bounded
set V with V C U. In particular, if U is a set and U is its closure, then functions
in L? (U) are required to be locally integrable even near the boundary dU; if U is
open this is not true of LY (U).

We let the homogeneous Sobolev space W,f (U) be the set of all equivalence
classes of functions u € L}, (U), modulo adding polynomials of degree k — 1, that
have weak derivatives of order up to k in U, and for which the Sobolev norm

”“”W,S(U) = |V*ul| sy is finite. (Notice that if p is a polynomial of degree
k — 1 then V¥p = 0 and so ”pHW,f(U) = 0.) We define W,f,lOC(U) analogously to
LfOC
VFu € LP(V) for all V bounded with V C U.

If i is a measure and E is a p-measurable set, with pu(F) < oo, we let fE fdu=
ﬁ fE fdu. If E C R™! is a set, we let 15 denote the characteristic function
of E; in particular, we will let 11 denote the characteristic function of the half-space
R;‘H. If f is a function defined on E, we will often let 15 f denote the extension
of f to R"*! by zero.

If @ C R™ is a cube, we let £(Q) be its side-length. We let @ be the concentric
cube of side-length r¢(Q). We will make frequent use of “dyadic annuli” defined as
follows. We let

(U), as the set of all (equivalence classes of) functions u € L}, .(U) such that

loc

(2.2) A0(Q) = 20, A;(Q)=211Q\27Q for all j > 1.
If i >0, let
J+i
(2.3) A;i(Q) = U A(Q) where A,(Q) = () whenever ¢ < 0.
t=j—i

Throughout the paper we will work mainly in the domain R:L_'H ={(x,t): z €
R”,¢t > 0}. We will also need to consider R™™* = {(x,t) : z € R, t < 0}. We will
often identify R" with OR’ .

If ¢ is a function defined on an open subset of R"*! we will let Ve =
(01, 020, ..., Ony) denote the gradient only in the first n variables; we will also
use V| f to denote the gradient of a function f defined on R" = 8R1+1. We will
view Vﬁg@ as an array of functions indexed by multiindices ¢ € N**! with || = k
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and (,+1 = 0; equivalently we may view Vﬁgp as an array of functions indexed by
multiindices ¢ € N™ with [(| = k.

2.1. Elliptic operators. Let A = (Aag) be measurable coefficients defined on
R"™*! indexed by multtiindices a, 8 with |a| = || = m. If F is an array, then AF
is the array given by
(AF)o = Y AasFp.
|8]=m
Throughout we consider coefficients that satisfy the Garding inequality

(2.4) Re(V™p, AV Q)00 > /\||Vmga||2L2(Rn+1) for all ¢ € W2 (R™1)
and the bound
(2.5) HA||L00(R71+1) S A

for some A > X\ > 0.

We let L be the 2mth-order divergence form operator associated with A. That
is, we say that Lu = div,, F in Q in the weak sense if, for every ¢ smooth and
compactly supported in 2, we have that

(2.6) (V™p, AV = (—1)™ (V"7 ),
that is, we have that

> / 0°¢ Aap 0Pu=(-1)" Y / 0@ F,.
jal=[8]=m " jal=m ¢
In particular, if the left-hand side is zero for all such ¢ then we say that Lu = 0.

We remark that the coefficients A are not uniquely determined by the elliptic
operator L; for example, if M is constant and M,z = —Mp,, then the coefficients
A and A + M are associated to the same elliptic operator.

We let A* be the adjoint matrix, that is, A7 ; = Apa. Welet L* be the associated
elliptic operator.

In this paper we will focus exclusively on operators L that are ¢-independent,
that is, whose coefficients satisfy formula .

Throughout the paper we will let C' denote a constant whose value may change
from line to line, but which depends only on the dimension n + 1, the ellipticity
constants A and A in the bounds and , and the order 2m of our elliptic
operators. Any other dependencies will be indicated explicitly.

2.2. Dirichlet and Neumann boundary data. Our goal in the present paper is
to bound the double and single layer potentials; in future work we hope to use the
results of this paper to solve the Dirichlet and Neumann boundary value problems.
Thus, in this section, we will define higher-order Dirichlet and Neumann boundary
data.

We define higher-order Dirichlet boundary data as follows. Suppose that V™u €

Ll (R or V™u € L, (R™). Then 87u € W, (RY™) for any v with |y| =

loc

m — 1. We define ’I.‘rf;_1 u as the array given by
(27) (’I-‘r'rjr:l—l u)7 =Trd"u forall |y|=m—1

where Tr denotes the standard trace operator on the Sobolev space Wllyloc(]RlH).
Notice that if V™u is locally integrable in all of R™*!, then 'I"rﬁ%_1 uw=Tr,

m—1U-
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We will sometimes omit the & superscript, either because u € Wf,zoc(RnH) or
because the space under consideration is clear from context.

With some care we may define boundary values of certain higher-order deriva-
tives. If u € WT}”OC(RQH) is such that TrE | w e W1 ,0(R™), then for each 8 with
Bn+1 < |B] = m, we define

(2.8) (TrE w)p = O, Tr 9P~%u for all j with 1 < j <n and §; > 0.

m,|

Note the requirement that j # n 4 1. This is well-defined; that is, if 8; > 0 and
Br > 0 for some 7 < n+1 and &k < n+ 1, then it does not matter whether we
choose z; or xj, as our distinguished representative.

We define higher-order Neumann boundary data as follows. Let W,%L)O(R’frl) be

the closure in W2 (R of the set of all smooth functions supported in R, Tt
is well known (see, for example, the proof of [Eva98, Theorem 5.5.2]) that we may
alternatively characterize W%,O(Riﬂ) by

Wi o(RE) = {v e Wi (RE™) : Try, v =0}

Observe that if v € an,o(Riﬂ)» we W2 (R and Lu = 0 in R%™, then by the

definition (2.6)) of Lu,
(V™, AVmu>R1+1 =0.

Thus, if ¢ and 7 are two functions in W2 (R%), and if Tr> o = TrE |7,
then <Vm<p,AVmU>]RT1 = (an,AvmWRTl- Hence, if ¢ € W2/(R%™), then
the inner product <Vm<p,AVmu>R1+1 depends only on 'I"rf,i_1 . We define the

Neumann boundary values Mﬁ u by

(2.9) <’I"ri_1 o, M3 u>aRT1 = (V™p, AV™u) for all ¢ € W2 (R%H).

R}
M u is then a linear operator on the space of traces of W2 (RLH)-functions.

Recall that the elliptic operator L may be associated with more than one set
of coefficients A; the Neumann boundary operator Mﬁ depends on our particular
choice of associated coefficients A, not only on the associated operator L. This
phenomenon also occurs in the (smooth) second-order case, when the Neumann
boundary data for solutions to Lu = —div AVu = 0 is given by v - AVwu and thus
depends on the particular choice of A.

2.2.1. Historical remarks and context. We now provide some further discussion and
history of Dirichlet and Neumann boundary data.

We remark that we have three ways to refer to derivatives of order m at R" =
ORTT | namely Vﬁ”u(x,()), ’I.‘rm,| u(x), and V™u(x,0). All three are arrays in-
dexed by multiindices 8 with |3] = m. To give the reader some intuition, let
us discuss the simplest case, where m = 2 and u is defined in R2 = {(x,t) :
xz € R, t > 0} and smooth up to the boundary. In this case, Vitu(z,0) =

Vﬁu(aj, 0) = 02, u(x,0), 'I.‘rm’| u(z) = 'I.‘r2)| u(x) is the array (02,u, 0%,u) containing

02,u = 0, Tr yu and 02,u = 0, Tr Gyu on OR?, while V™u(z,0) = V2u(z,0) is the

array (02,u,92,u, 03u) of all second derivatives.

. The reader should compare our choice of representation of the Dirichlet data
Triu = (Oyu(z,0),0u(x,0)) to the traditional choice (u(z,0), dyu(z,0)). This

is, of course, a question of representation; (u(x,0),d;u(x,0)) determines Try u(z),
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and the reverse is true up to adding a constant (or, for m — 1 > 2, a polyno-
mial). What matters is the function spaces for the data. Working with Tr; in
place of (u(z,0),0u(x,0)) brings considerable advantage and clarity mainly be-
cause both components of Tr; u belong to a function space of the same level of
smoothness. For example, Tr, is a vector with both components in L?(IR) precisely
when (u(x,0),du(z,0)) lies in W2(R) x L*(R). This makes things much clearer
when dealing with divergence form operators of arbitrary higher order. This also
allows us to properly define Neumann data.

Neumann data is somewhat intricate even for the simple case of the bilaplacian
and some seemingly natural formulations can make the Neumann problem ill-posed.
Let us discuss this in some detail, starting with the bilaplacian on a Lipschitz
domain 2 C R™*!. We will translate to the half-space below.

The Neumann boundary values of a solution are traditionally given by an integra-
tion by parts (formula ) or less explicitly as an inner product (formula )
In the case of the biharmonic equation, Neumann boundary values also have ap-
plications in the theory of elasticity. The principal physical motivation for the
inhomogeneous biharmonic equation A?u = h is that it describes the equilibrium
position of a thin elastic plate subject to a vertical force h. The Dirichlet problem
u!aﬂ = f, Vuf(,m = ¢ describes an elastic plate whose edges are clamped, that is,
held at a fixed position in a fixed orientation. The Neumann problem, on the other
hand, corresponds to the case of a free boundary. Guido Sweers has written an
excellent short paper [Swe09] discussing the boundary conditions that correspond
to these and other physical situations.

More precisely, if a thin two-dimensional plate is subject to a force h and the
edges are free to move, then its displacement u satisfies the boundary value problem

A?u=h inQCR?
pAu+ (1 —p)d?u=0 on 09,
O Au+ (1 —p)0; (Oyru) =0 on ON.

Here p is a physical constant, called the Poisson ratio, and v and 7 are the unit
outward normal and unit tangent vectors to the boundary. This formulation goes
back to Kirchoff and is well known in the theory of elasticity; see, for example,
Section 3.1 and Chapter 8 of the classic engineering text [Nad63].

This suggests the following homogeneous boundary value problem in a Lipschitz
domain Q C R"™*! of arbitrary dimension. We say that the LP-Neumann problem
is well-posed if there exists a constant C' > 0 such that, for every f, € LP(9Q) and
Ao € WP ,(09), there exists a function u such that

A%y =0 in Q,
Myu = pAu+ (1 — p)02u = fo on 09,
2.10 1
( ) Kyu:=0,Au+ (1— p)§ Z Or,1 (8,,Tjku) =Ay on 99,
k=1
IN(V?u)l Lo o) < Cll follwroa) + Clidollwe, (o0 on 9.

Here 7j1, = vj€ — vi€; is a vector orthogonal to the outward normal v and lying in
the z;zx-plane, and N(V?u) denotes the nontangential maximal function common
in the theory of elliptic boundary value problems.
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The boundary operators M, and K, derived from the theory of elasticity, are
the same as the Neumann boundary operators discussed in Section Specifically,
for any p € R, the equation

(2.11)

n+1
/wAQU/(pAwAU+(1p) Z 8jkw6jkv> +/ wKyv — 0w Myvdo
Q Q Pyt o9

is valid for arbitrary smooth functions. Comparing to formula , we see that
B = K, and Bfr = —M,, where A = A, is an appropriate choice of coefficients
such that L = A% = div, APVQ; observe that the coeflicients A, are different for
each value of p.

Thus, there is a family of coefficients and relevant Neumann data for the bihar-
monic equation. Moreover, different values (or, rather, ranges) of p correspond to
different natural physical situations. We refer the reader to [Ver05| for a detailed
discussion.

Recall that our formulation of Neumann data is somewhat different; we use the
array Mi u of formula rather than the functions Bfu of formula . As
an example, in the case L = A? and Q) = Rﬁ“, we will provide an explicit formula
for one representative of M; u. On the boundary of the half-space,

Kpu=—0pp18u—(1=p) Y 9;(05s1y0);  Myu=pAu+(1—p)d2 u.
j=1
If Au is harmonic in R}, then 0,11 Au = Z?:l 0;R;(Au), where R; denotes the
jth Riesz transform. Thus, if ¢ : R™ — C” is any divergence-free vector field, then
(2.12)

n+1
2, _ , .
/RnﬂwA u= /R"“ (pAwAu—i— (1-p) Z 8ka8]ku)
+ +

J.k=1

n

+ /aw“ Op1w Myu + Zajw(Rj(Au) +(1- p)ﬁf(m_l)u + <pj) do
¥ j=1

and so

(2.13) .

(M} u)e, = Rj(Au) + (1 — p)@?(nﬂ)u +p;for 1 <j<n, (M}u) = M,u.

We comment on several aspects of this formula. First, observe that we still have
a family of Neumann boundary data indexed by the parameter p. Next, observe
that we did use the fact that A%y = 0; formula , unlike formula , is
not valid for arbitrary smooth functions. Furthermore, observe the presence of the
vector field ¢ in M; u; our explicit representation gives a natural normalization
@ = 0, but for more general operators the divergence-free vector field cannot be
neglected. Finally, observe that our formula for MZ u is not a local one: it involves
the Riesz transforms of derivatives of u rather than simply linear combinations.

However, notice one significant advantage of our formulation over the
operators K, and M,. The term M,u involves second derivatives of u, while the
term K,u involves third derivatives; we have expressed all components of M; U
using the second derivatives of u. As discussed in Section [[.4] this means that we
expect the different components of the Neumann boundary data to lie in a single

Ent1
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smoothness space; furthermore, using boundedness of the Riesz transform, we may
control M} ulzewny by [[V2ull e ey, for 1 < p < oo.

Our formulation of Neumann boundary data for general operators will display
most of these issues. The existence of a family of Neumann data may be eliminated
by specifying the matrix of coefficients A in formula , but our formulation of
Mjg u does require that u be a solution, is well-defined only up to adding divergence-
free terms, and need not have a local representation. Indeed, in this article, the
estimate |[MJ} ullLrny < C||V™ul|Lpwny, while apparently plausible, is still only
a conjecture.

‘We now discuss the history of the LP-Neumann problem . In |[CG85], Cohen
and Gosselin showed that this problem was well-posed in C'! domains contained in
R? for for 1 < p < oo, provided in addition that p = —1. In [Ver05|, Verchota
investigated the Neumann problem in full generality. He considered Lipschitz
domains with compact, connected boundary contained in R"*', n 4+ 1 > 2. He
showed that if —1/n < p < 1, then the Neumann problem is well-posed provided
2 —¢ < p < 2+ e. That is, the solutions exist, satisfy the desired estimates,
and are unique either modulo functions of an appropriate class, or (in the case
where € is unbounded) when subject to an appropriate growth condition. See
[Ver05, Theorems 13.2 and 15.4]. The Neumann problem is ill-posed for p > 1
and p < —1/n; see |[Ver05, Section 21]. More recently, in [She07], Shen improved
upon Verchota’s results by extending the range on p (in bounded simply connected
Lipschitz domains) to 2n/(n+2) —e <p<2+cifn+1>4,and 1 <p<2+¢
ifn+1=2o0rn+1=3. All of the aforementioned results rely on the method of
layer potentials. Finally, in [MM13bl Section 6.5], I. Mitrea and M. Mitrea showed
that if Q2 € R"*! is a simply connected domain whose unit outward normal v lies
in VMO(99) (for example, if Q is a C! domain), then the acceptable range of p is
1 < p < oo; this may be seen as a generalization of the result of Cohen and Gosselin
to higher dimensions, to other values of p, and to slightly rougher domains. The
question of the sharp range of p for which the LP-Neumann problem is well-posed
in a Lipschitz domain is still open.

Very few well-posedness results for the Neumann problem, beyond the case of the
bilaplacian, are known. Even defining Neumann boundary values for more general
operators is complicated; consider the traditional definition of Neumann bound-
ary data of and our formulation . Some further issues are discussed
in [Verl0]. While some progress has been made (see |Agr07,[MM13b| Barl6b]),
at present there are no well-posedness results for the Neumann problem with LP
boundary data.

Recall that [Agr07,MM13b| have investigated the Neumann problem for bound-
ary data formulated as in formula . Specifically, Agranovich has established
some well-posedness results for the inhomogeneous problem Lu = h with homo-
geneous Neumann boundary data, and has provided some brief discussion of the
conditions needed to resolve the Neumann problem with inhomogeneous boundary
data; see |[Agr07, Section 5.2]. The book [MM13b| considers the case of constant-
coefficient operators at length; therein they establish well-posedness results for the
Neumann problem, with boundary data in certain fractional smoothness spaces,
for homogeneous constant-coefficient operators that satisfy a certain very strong
ellipticity condition.
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2.3. The Newton potential and the fundamental solution. The main pur-
pose of the present paper is to define and bound the double and single layer poten-
tials for higher-order elliptic operators of the form specified in Section Recall
from formulas and that the second-order layer potentials are built from
the second-order fundamental solution.

The main result of the paper [Barl6a] was a construction of the fundamental
solution E” in the case of higher-order operators. E¥ was constructed as an order-
m antiderivative of the kernel to the operator II”, the Newton potential for L,
defined as follows. For any He L?(R™*1), by the Lax-Milgram lemma there is a
unique function v = IIF H in W2 (R"+!) that satisfies

(2.14) (V™p, AV™ 0\ gns1 = (V™ p, AV IIF H)gosr = (V™p, H)go+t

for all ¢ € W2 (R"*1). The Newton potential is a bounded operator on L?(R"+1)
and satisfies the bound

(2.15) [V™IE H || 2 gniny < C| H || g2 o).

Notice the resemblance of formula to formula . Recall that any elliptic
operator L is associated to more than one choice of coefficients A. Because the
inner product on the right-hand side of formula is taken over a half-space, the
choice of coefficients A affects the value of the Neumann boundary values M= u
defined by formula . However, because the inner products in formula are
taken over the whole space R™*!, this dependency disappears; the unique function
1L H that satisfies formula is independent of our choice of coefficients A.

We will need two additional properties of the Newton potential from [Barl6a].
First, we will need the symmetry relation

(2.16) (G, V™I  H)gosr = (VIIX G, H)poir
for all H € L?(R") and all G € L?*(R™). Second, we will need the identity
(2.17) V™Y (AV™F) = V" F

for all F' € Wﬁl (R"™*+1); this identity follows by uniqueness of the Newton potential
as the solution operator in formula .

We remark that this Newton potential II” is somewhat different in smoothness
from the traditional Newton potential. This potential, which we will denote NZ, is
the unique solution to the equation Lu = f, u € W%(R”HL or, more precisely, to

(2.18) (V™p, AV NE fignis = (@, fgnt

for all ¢ € W2 (R"!). The input f should thus be taken in W2, (R"*1), the dual
space to W2 (R"1). One can write f = div,, H for some H € L?>(R"*!). The
above formulas then become Lu = div,, H, u € W2 (R"*1), or, more precisely,

(V™p, AV N div,y, H)gnsr = (=1)™ (V™ 0, H)gnt1.

In other words, ITI* = (—1)" N div,,. We shall be working exclusively with IT",
but this analogy may be useful to keep in mind.
The main result of [Barl6a] may be stated as follows.

Theorem 2.1 ( [Barl6a, Theorem 62 and Lemma 69]). Let L be an operator of
order 2m that satisfies the bounds (2.4) and (2.5). Then there exists a function
EL(X,Y) with the following properties.
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Let q and s be two integers that satisfy ¢ +s < n+1 and the bounds 0 < ¢ <
min(m, (n +1)/2), 0 < s < min(m, (n + 1)/2).
Then we have the symmetry property

(2.19) 0% EH(X,Y) = 9585 BL* (Y, X)
as locally L? functions, for all multiindices ¢, & with |(| =m — q and |¢] = m — s.

There is some ¢ > 0 such that if Xo, Yo € R, if 0 < 4r < R < | X, — Yol|/3,
and if ¢ < (n+1)/2 then

€
(220) / / |V?—Sv$*qEL(X’ Y)|2 dX dY S CT,QQRQS (T> )
B(Yo,r) / B(Xo,R) R

If n+1 is even and ¢ = (n+ 1)/2 then we instead have the bound

R

§
(2.21) / / Ve VY EX(X,Y)|[?dX dY < C(6) r?1R* ()
B(Yo,r) J B(Xo,R) r

for all § > 0 and some constant C(8) depending on ¢.
Furthermore, if |a| = m then

(2.22) PUFH(X) = > / %OV EM(X,Y) Ha(Y)dY
|Bl=m 7 BT
for almost every X ¢ supp H, and for all He L?(R™1) whose support is not all
of R*+L,
Finally, if E* is any other function that satisfies the bounds ([2.20), (2.21)) and
formula , then

(2.23) EY(X,Y) = E*(X,Y) + S f()Yi s > ge(v)xt
[¢|<m—(n+1)/2 |¢]<m—(n+1)/2

+ Z Cee X y¢
[CI=1€|=m—(n+1)/2

for some functions f; and ge¢ and some constants c¢¢. Thus, Vs IV EX(X,Y)
is a well-defined, locally L? function provided q and s satisfy the conditions specified
above.

Note that formula and the definition of IT” assures that E* is indeed
analogous to the traditional fundamental solution, which, roughly speaking, solves
LE* = 4. That is, E” is formally the kernel of the potential N defined above.

We record one further property of the fundamental solution for ¢-independent
operators. By the uniqueness property for the fundamental solution, if A is ¢-
independent, then we have that

ag,tagjsEL(xv tv Y, S) = 8§,ta§,sEL(xa t+ "nY,Ss + 7’)

for almost every x € R™, y € R™ and almost every ¢, s, r € R, and all multiindices ¢,
¢ as in formula (2.19). In particular, for such ¢ and £ we have that

(2.24) 85,05 OB  (x,t,y,s) = —05,05 0B (x,1,y, s).

Remark 2.2. We comment on the additional terms in formula . Notice that
E" is defined essentially by the relation . But this relation involves only
derivatives of order 2m; in other words, it is only VRVPEL(X,Y) that is well-
defined. The lower-order derivatives are defined only up to adding polynomials.
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(The 9% derivative is included in formula because IV H € W2
so X H is also defined only up to adding polynomials.)

If ¢ and s are small enough, then there is a unique normalization of the deriva-
tives Vy IV EL(X,Y) that satisfies the bound or (2.21); in |Barl6al
this normalization was found using the Gagliardo-Nirenberg-Sobolev inequality.
However, if 2m > n + 1 then E' itself (and possibly some of its derivatives) are
still not well-defined. The extra terms on the right-hand side of formula
are precisely the terms compatible with the requirement Vﬁqu$_SE'L (X)Y) =
VY IVETPEL(X,Y) for g, s small enough.

Consequently, throughout this paper we will be careful to use only derivatives
of E¥ of sufficiently high order; in fact, we will use only derivatives of the form
%05 EL(X,Y) for |€] > m—1,|¢| >m —1and [¢]+|¢| > 2m — 1.

In some very special cases, there are natural normalization conditions for the fun-
damental solution even if 2m > n + 1; for example, if L = (—A)™ and n+ 1 < 2m
is even, then we may take EX(X,Y) = C,, | X — Y[~ ("t ]og| X —V|. Notice
the presence of logarithmic growth in the fundamental solution. However, if we
take 2m — (n + 1) + 1 derivatives (in either X or Y'), then the logarithm vanishes;
this is the lowest order of derivative that Theorem guarantees is well-defined.

(R™+1), and

2.4. The double and single layer potentials. In this paper we seek to formulate
a notion of layer potentials for higher-order elliptic operators of the form specified
in Section The goal of this paper is to produce bounds on layer potentials in
the domain 2 = R’i”rl; thus, we will define boundary values and layer potentials
only for the half-spaces.

We begin by recalling the second-order Green’s formula . To generalize this
formula to higher order, notice that, for any function u € W2 (R:’;H),

1+’LL = (1+U — HL(1+AVmu)) + HL(1+Ava)
as W2 (R1)-functions. We claim that the quantity
(2.25) DAf = -1, F+TI'(1,AV"F) if f=Tr) |F

is well-defined; that is, the right-hand side depends only on Tr;;fl F. We will define
S'g in such a way that S*(M} u) = ¥ (1, AV™u) as W2 (R™*!)-functions for

any u € W2 (RT™) with Lu = 0 in R:™; this then yields the higher-order Green’s
formula
(2.26) Lgna V™ = —VmDA(TY) | u) + VSE (M u).

We will shortly find formulas and for the double and single layer
potentials in terms of the fundamental solution; these formulas will parallel formulas
and ()

The quantity D4 f given by formula , like the Neumann boundary values of
formula , depends on the particular choice of coefficients A associated with L.
However, we will see in formulas and below that the single layer
potential depends only on the elliptic operator L and not on any particular choice
of coefficients A; in other words, the dependence of the quantity SL(MZ u) =
4 (1, AV™u) on the choice of A will turn out to lie entirely in the term Mjg U
and not in the operator S.
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We now establish our claim that, if f = Tr,\,_; F for some F € W2 (R:™), then
DA is a well-defined element of W2 (Riﬂ) and W2 (R™). Tt suffices to show
that, if Tr;, _, F' = 0, then the right-hand side of formula is zero.

Suppose that Tr} | F = Tr V" 'F = 0. As in the argument preceding for-
mula ([2.9), V7! F lies in the completion in W2 (RM) of the set of smooth func-
tions compactly supported in RZ‘FH. Now, if ¢ is compactly supported in Ri“,
then we may extend ¢ to a function in all of R*t1 by letting ¢ = 0 in R™™!. By
density, we have that V™ !F also extends by zero to a function in Wf(R”“);
thus, we may extend F to a polynomial of degree m — 2 in R™™!. Without loss of
generality we may take this to be the zero polynomial. Thus, if T“r;;q F =0, then
1, F € W2 (R"1). We may apply the identity to 1. F, and so the right-
hand side of formula is zero in W2 (R"*1), that is, up to adding polynomials
of degree m — 1.

We will need two alternative formulations of DA f. Notice that we may extend
F to a W2 (R"1) function even if Tr} | F = f # 0; then Tr, | F = f as well.
Then by formula 7
(2.27) DAf=1_F-T*1_AV™F) iff="Tr, | F
By formula (2.22), if |a| = m, then for almost every # € R™ and t > 0, we have
that
(2.28)

DA f (1) Z / aﬁ,t(?g’sEL(z,t,y, s) Age(y, s) 0°F(y, s) ds dy.
181=l¢l=m " F=
A corresponding formula, involving an integral over R’j_“, is valid if ¢ < 0.

Recall that the bound (L.7) is a bound on DAf in terms of the L2 norm of
the tangential derivative V|| f of f. In order to use existing theorems concerning
L? boundedness, we will want to slightly modify the definition of the double layer
potential, by defining
(2.29) DA(Tr,, | F)(z,t) = DA(Tr,_1 F)(z,1)

for all sufficiently well-behaved functions F (e.g., for F' € C§°(R"*1)). Then the
bound (|1.7)) is equivalent to the bound

(2.30) / / (V™0 DA f(a,1)|? [t] dt dz < C|| £I132am)

for all f = 'I-‘I‘m,\ ¢ for some p € C§°(R™*!). Note that this bound has a L? norm

of f, not of VHf., on the right-hand side.
We now must define the single layer potential. Let g be a bounded linear operator
on the space

WAZ, p(R) = (T, P F e WA} = (Trs, F: F e WA RE)).

The operator TyF = (§, TrX | F)gn is a bounded linear operator on W2 (R%).
We may identify W2 (R:1) with a closed subspace of (L2(RA™1))?, where ¢ is the
number of multiindices a of length m, via the map F' — V™F. We may then
extend T to an operator on (L2(RE1))?. Let G* € (L*(RL™))7 be the kernel of
Ty, so TyH = <Gi,H>R1+1 for all H € (L2(R:1))9. Let 1+ G be the extension
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of G* to R™*! by zero. In particular, (G, V“%o)Rlﬂ = (g, Trpm_1 QO>8R;L+1 for all
© € W2 (R, Let
(2.31) Stg=T"(1LG*) if (GF,V"g)gun
= (g, Trifl ‘P)aRTl
for all p € W2 2 (RT1). By boundedness of TV, if § is a bounded linear operator on
WAfn_l/z(]R ) then Sg € W2 (R"1). Furthermore, if ¢ € W2 (R"*!) then
(V7o AV (1L GF))anis = (V70, GF)gnis = (Trn—1 0, Gnis

by definition of IT* and G*, and so the value of IT* (liéi) as an element of
W2 (R"*1) depends only on ¢, not on our choice of G (or indeed whether we
characterize S¥g by G or G7).

In particular, the formula S* (M}, u) = ¥ (1, AV™u) follows immediately from
the definitions and of Neumann boundary data and the single layer
potential.

Again we will wish to formulate our layer potentials in terms of the fundamental
solution. By formula (2.22)), if o] = m and ¢ > 0 then

9°Stg(x,t) = 9°TIF(1_G7)(x, 1)
Z /Rn+1 8g,t85,sEL(xat7yas) GE(:%S) dey

1Bl=
But by the bound (2:20), ¢(y,s) = = 0,E"(x,t,y,s) is a W2 (R™)-function for
almost every z € R™ and ¢ > 0; thus we may write
(2.32) 0°Stg(z,t) / 0740y E7(x,t,y,0) g4 (y) dy.

yl=m—1

2.5. Function spaces on the boundary. We have now defined D4 and S* as
operators on T/VAfn_1 /Q(R”) and its dual space, respectively. We wish to extend D4

and ST to bounded operators on the space L?(R™). However, notice that D4 acts
naturally only on traces of gradients; that is, density arguments will only allow us
to extend D4 to a subspace of L?(R"). We will define this subspace as follows.

Definition 2.3. We let WA2, | (R"™) be the completion of the set
{Trm_1 @ :  smooth and compactly supported in R"*1}

under the L? norm.
We let WAfnv‘ (R™) be the completion of the set

(2.33) D= {’I"rmy‘ ¢ :  smooth and compactly supported in R"**}
under the L? norm.

It is well known that that the space WA2 _1/2 (R™) used above is the completion

of ® under the norm of the Besov space Bf /QQ(R"). This space is often called a
Whitney-Besov space and has been used in the theory of higher-order boundary-
value problems; see, for example, [AP98AgrO7(MMS10,MMW11[MM13b/Bar16b].

The spaces WA2,_(R") or T/VA2 (R™) are called Whitney-Sobolev spaces; they
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have also been used extensively in the theory, for example, in [Ver90,PV95a,PV95bl
Ver96},She06a,[She06b,[KS11]. The goal of this paper is to extend the double and
single layer potentials to bounded operators on Whitney-Sobolev spaces by estab-
lishing boundedness results.

Remark 2.4. We remark that]SA is a well-defined operator on the space ® of
formula (2-33). We will extend D4 to WA?M (R™) by density.

We will also extend the single layer potential; in this case we wish to extend
S to all arrays of functions g € L*(R™). It will be convenient to have a dense
subspace Dt at our disposal on which S¥ is known to be well-defined. We claim that
ST g is well-defined for any g € L?(R™) that is compactly supported and integrates
to zero.

The argument is as follows. Recall that STg is well-defined whenever ¢ is a
bounded linear operator on

WA ;5(R") = {Try_1 @ : V7P € LRI},

Now, suppose that [ g, = 0. Choose some function ¢ € W%(R’ffl) that is smooth
up to the boundary. Then

/ gy 070 = / g~ (07D — cq)
n Rn

for any constant c¢s. Suppose that g, is supported in R" N B((zo,0), R) for some
zo € R" and some R > 0. Let Q = R7™" N B((20,0), R). It is well known (see,
for example, |[Eva98]) the trace map is bounded from L2(2) N WZ(Q) to L?(99Q).
Thus,

’/R 9y amp’ < Nlgyll2@n) 07 ® = collr2(00)

< CRY?|\gyllL2@ny |07 ® — cal12(0)
+ CR¥?| g, |l 12z [ VO @ 12 (02 -

By the Poincaré inequality, if we choose cg correctly then we may control the
quantity R™[07® — ca|r2(q) by |[VOT®|[L2(0) < vaq)HLz(]R1+1), and so we see

that g gives rise to a bounded operator on WAZ@71/2(RH)- Thus, for such g, S¥g
is a well-defined element, of W2 (R"*1).

3. PRELIMINARY ARGUMENTS

In this section we will establish some basic results that will be useful throughout
the paper.

We begin with some bounds on solutions to elliptic equations. Specifically, we
begin with the following higher-order generalization of the Caccioppoli inequality;
in its full generality it was proven in [Barl6al, but the j = m case was proven
in [Cam80] and an intriguing version appears in [AQ00].

Lemma 3.1 (The Caccioppoli inequality). Suppose that L is a divergence form
elliptic operator assqciated to coefficients A satisfying the ellipticity conditions (2.4])
and ([2.5)). Let u € W2 (B(Xq,2r)) N L?(B(Xo, 2r)) with Lu = 0 in B(Xg,2r).
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Then we have the bound
j 2 ¢ i—1 2
IV7u(z, s)|" dzds < — VI~ u(x, s)|* da ds
B(X,r) " JB(X,2r)
for any j with 1 < j < m.

We remark that if A is t-independent and Lu = 0, then L(dFu) = 0 for any
integer k > 0; thus, we also have that

/ \VI oM Lz, 5) | da ds < % |V 0% u(x, 5)|? dx ds
B(X,r) ™ JB(X,2r)

for any j with 0 < j <m and any k > 0.

We may use the following lemma to bound u not in balls of dimension n + 1, but
on horizontal slices of dimension n; the second-order case of this lemma is known
and is Proposition 2.1 in [AAAT11].

Lemma 3.2. Lett € R be a constant, and let Q C R™ be a cube.
Suppose that 1 is an array of functions in L?(2Q x (t—£(Q), t+£(Q))) whose weak
vertical derivative O,u(x,s) is locally in L*, and that satisfies the Caccioppoli-like

inequality
/ |05 (z, 8)|* do ds < - / [4(zx, s)|* dz ds
B(X,r) = JB(X,2r)

whenever B(X,2r) C {(z,s) 1z € 2Q,t —£(Q) < s <t+£(Q)}.

Then
/|u z,t))? de <
t—

In particular, if Lu = 0 in ZQ X (t — E(Q ), t+ é(Q)), and L is an operator of
order 2m associated to t-independent coefficients A, then

t4+6(Q)
/|V38k u(z, )| de < —— / / |V 0%u(x, 5)|? ds dz
1Q) Jog J-u@)

+6(Q
(z,5)|? ds da.

for any 0 < 37 < m and any integer k > 0.

Proof. Begin by observing that

1/2 t+£(Q)/2 2 1/2
(/ [0, t)|? dm) < (/ "L'L(a?,t) —][ u(x,s)ds dm)
Q Q t
t+4(Q)/2 1/2
+ (/ ][ d(x,s)|2dsdx) .
QJt

2
dr <

2

t+£(Q)/2
/ ’a(x,t) 7][ u(x,s)ds dx
Q t

0Q)/2
/ Ort(z,t+r)drds

Q)/2
// |0y (z,t +7)| dr d.

Applying the Caccioppoli inequality completes the proof. O
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Throughout this paper we will frequently need to bound the fundamental so-
lution of Theorem on horizontal slices. The following estimate follows from
Lemma the Caccioppoli inequality and the bound ; we will use it several
times. Suppose that @ is a cube and that either j > 1 or j = 0 and £(Q) < |s —¢|.
Suppose further that g, s, i and k are nonnegative integers with ¢ < m, s < m and
g—k<(n+1)/2,s—i<(n+1)/2. Then for some e > 0,

C o

1 m s ok zEL 2 < 2—](2(z—s)+1+5)

(3. / /A (Q)|V IV 070, E (x,t,y, 5)|" dy da < Q2

wherer =k+i—qg—s=(m—q)+ (m—s)+k+i—2m. In applying this formula
it is always useful to remember formula , that is, that we may take vertical
derivatives in either the s variable or the ¢ variable.

Now, recall that we seek to bound the double layer potentlal DA. Furthermore,
recall that if f = Tr,,_1 F, then we may write D4 f in terms of F'; see formu-
las or . The following lemma provides extensions of f with useful
quantitative bounds.

Lemma 3.3. Let f Tr,,_1 F for some smooth, compactly supported functzon F.
Then there is some function H defined in R”H such that Try,_1 H = f and
such that

(3.2) IV H|[2 s, < C / ENIF©OP de,

(3.3) Supl[V L (- )2 gy < / F ()P da,
t#0 R™

(3.4) Supl[ V(- Ol < [ [ViF @ do,
t£0 R"

(3.5) //0 V™ H (z,t)> t dt dz < Rn|f'(:c)|2dx.

Furthermore, if f = 0 in some cube Q, then V™ 1H = 0 in {(z,t) : dist(x,R™\
Q) > t}, and in particular in (1/2)Q x (0,4(Q)/4).

Proof. For each 0 < j <m—1, let f;(z) = 8ZL+1F(1', 0); observe that up to adding
polynomials of appropriate degree, f; is determined entirely by f = V™ 1F(x,0).

Let n : R™ — R be smooth, nonnegative, supported in B(0,1), and satisfy
Jgnn=1and [, 2°n(z)dz =0 for all multiindices ¢ € N" with 1 < [¢{| <m — 1.
Let ne(x) =t "n(xz/t). Let

y(o.0) = 5t enla) = 50 [ fle—wmat) s, A= Y 1o,
i=0
By inspection, lim;_,q 6£Hj(m,t) = fj(z), and if 0 < k < m — 1 with j # k, then
lim;_sg (“)ij(xJ) =0. Thus Tr,, 1 H = f'7 as desired.

We may bound H in terms the functions f; using the Fourier transform in the
z-variable and Plancherel’s theorem, and we may bound appropriate derivatives
of f; usmg the array f We omit the routine details.

If f=0in Q, then V™1~ ~If;=0in Q, and so f; is a polynomial in Q. Thus,
we may write f;(z —ty) = 30 o1 thly7 P, (x) for some polynomials P, (z).
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Notice Py(x) = fj(x). By our moment condition on 7, if dist(z,R™ \ Q) > t, then

1 . 1 . 1 .
Hj(x,t) = ﬁtj/R file —ty)n(y) dy = ﬁﬂ/ Po(z) n(y) dy = ﬁtjfj($)~
Thus, H(z,t) is equal to a polynomial of degree at most m — 2 in this region, as
desired. (]

4. OPERATORS TO BE BOUNDED

Recall that Theorem involves bounding the quantities V™3, ,1S*g and
Vm8n+1DAf~(or, substituting the bound for the bound , the quan-
tity V™0,41DA f ). In this section we will reduce to the case of the purely vertical
derivatives; that is, we will show that bounding @;’flkSLg' and 87T++1k25A f, for any
k > 1, suffices to bound V™8,,,1S8%¢ and vman+115Af. We will also establish
some notation for these operators.

Let k > 1 be an integer, to be chosen later. Let

(4.1) 07 g(x) = oy TS g x, 1),

Observe that by formula (2.32)), if ¢ > 0 then

@) efgla = 3 [ ortey Bhwty.0) g, d.
=m—1

Notice that by the bound (3.1)), if & is large enough and if g € L?(R"!), then the
integral converges for almost every (z,¢) € R, We will elaborate on this point
in Section

If f lies in the space ® of Remark we let

(4.3) OP f(z) = t*otF DA f (2, ).

Establishing a bound on ©P in terms of the L? norm of f will allow us to extend
OPF to all of WAfn’l(R”).

Note that ©7, ©F implicitly depend on k > 1.

We begin by reducing the proof of Theorem [1.1] to establishing bounds on ©%
and ©F; the remainder of this paper will be devoted to establishing these bounds.

Remark 4.1. The conclusion of Theorem is a bound in the whole space R"*1;
for notational convenience, we will establish a bound only in the upper half-space
RT‘I and note that the corresponding bound in R™*! follows by careful argument
involving the change of variables (x,t) — (x, —t).

Lemma 4.2. Let f €D and g € N, where ® and N are as in Remark . If
k > 1, then we have the bounds

/ n
R

. . 1
/ |V, DA f(x,t)* tda dt < c/ |OP f(2)|? = dx dt.
R1+1 R1+1 t

1
+1\VmatSLg(x,t)‘2tdx dt < C/Rn+l|@fg(x)|2 S dadt,
+
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Proof. We follow the proof of the similar formula (5.5) in [AAAT11]. Let u = S*tg
or u = DAf, and define

mmz/NwﬁWWWm,ww=/Wﬁ%@mww
R™ R»

To prove the lemma we need only establish the bound

/ tUl(t)dth/ 2R =1V (t) dt.
0 0

By Lemma [3.2] and the Caccioppoli inequality, if j > —m then
2t

V;(s)ds
t)2

U7n+j (t) < tgim

and thus we may easily show that

/ tam+2k=l Um+k(t)dt§/ 2RIV (t) dt.
0 0

Thus, we need only show that

/O tUL(t)dt < O/O 2Rl () dt.

Observe that V™u € L? (Ri‘“). By Lemma and the Caccioppoli inequality,
we have that if 7 > 0, then

c m, 12
Uj(t) < m”v uHL‘Z(Ri-Fl)'

Suppose j > 0. Then if 0 < € < § < 0o, we have that

s s s S
/tQJ_lUj(t)dt:/ tQJ_IUj(S)dt—/ t%—l/ Ui(s)ds dt
5 t

€ €

<

0| Q

m 1 5 j
IVl + 55 [ 1035 ds.
Observe that |UJ(s)| < 2¢/U;(s) Uj41(s) < tU;(s) + sUj41(s). Thus,

s C 1 s ..
/ I U () dt < S [Vl 2 ) + —,/ s* 71U, (s) ds
e S 25 Je

—~

1[5,
" Z/ s Uj1a(s) ds.
g
Rearranging terms, we have that if j > 1 then

S S
) C ;
/ t2j—1 Uj(t) dt < EHVmUH%z(Q) + C/ 52]+1 Uj+1(s) ds.

€

Taking the limit as ¢ — 0% and S — oo, we have that if j > 0 then

/O t2 ULt dt < C/O sPHLU; L (s)ds.

Tterating, we see that

/ tU(t)dt < C(k)/ 22kl () dt
0 0

as desired. O
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Remark 4.3. In Sections we will bound the operators ©F and ©F for some
values of k. In particular, we will make many arguments that are only valid for k
large enough; we will not make any arguments that require k£ to be small, and thus
there will be some k large enough that all our arguments are valid.

5. A VECTOR-VALUED T'(b) THEOREM

Our goal now is to produce square-function estimates for the operators ©7 and
©F. In this section, we will review some known theorems that may be used to
establish square-function estimates on singular integral operators.

We begin with one of the first such results, the Christ-Journé T'1 theorem from
Section 2 of [CJ87|, which is a square function analogue of the well-known result of
David and Journé [DJ84].

Theorem 5.1. Suppose that the family of linear operators {O;}i~o are given by

Ouf(@)= [ ular) f(w)dy

for some kernels 1, : R™ x R™ — R that satisfy

tE
[t ()| < COW7
t8|y_ Z|E
o+ o=yl
for some constants Cy, C1 and some € > 0. If
¢
“p L/ (o)) / |@t1(x)‘2da:dt e
qcrr |Q Jo Q 3

then we have the bound

e dax dt
| [ ek EE <t

where C' depends only on the constants €, Cy, C1, Ca and the dimension n + 1.

el y) — il 2] < O for all |y ~ 2| < 3 (¢ + 1 ~ )

We will use this theorem directly in Section below. However, this theorem
is too restrictive to apply to the operators ©F and ©7. (In particular, ©F and ©F
lack smooth kernels.) There are many generalizations of this theorem; we will need
the following 7'1 and Tb theorems from |GdIHH16|. (We will define a CLP family
in Section [7])

Theorem 5.2 ( [GAIHH16, Theorem 4.5]). Consider a family of operators {©;}i0
taking values in CPt1, p >0, so that ©, = (©},02, ..., 0" where each © acts
on scalar-valued L*(R™), and where for § = (g1,92,--.,9p+1) € L*(R™ — CPT1),

we set
p+1

0.9 = Z ©19;.
j=1
Suppose that there is some 6 > 0 and some C > 0 such that, for all dyadic
cubes @, all integers j > 0, and all functions §; € L?(A;(Q)), where A;(Q) is as
in formula , we have the estimate

(5.1) [10:(1a, @) lz2q) < C27 D2 F 124, )y i UQ) <t < 26(Q).
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Suppose further that for some 8 > 0, some CLP family of operators Qs, and some
subspace H of L*(R™), we have that

6
(5.2) 10:Qsh| L2@n) < c<§> |B||L2gny for allh € H and all s < t.
Finally, suppose that
“Q) d dt
(5.3) | [eawr=E <cial
0 Q t

where 1 denotes the (p+1) X (p+ 1) identity matriz. Equivalently, we may require

that
Q) ; dx dt
| [eh@rEs <cal
0 Q

for each 1 < j <p+1, where 1 denotes the function that is one everywhere.
Then for all h € H, we have that

o = dx dt -

(5.4) / Oi() P < Ol
o Jrn

Remark 5.3. The uniform L? bound

(5.5) iglg”@ﬁ”m(u@n) < C|gll L2 ®n)

follows from the bound (5.1)) by summing over dyadic cubes @ of side-length 27,
2/ <t < 29*1 In particular, establishing the bound (5.1]) suffices to show that ©;
is a well-defined operator on L?(R™).

The major advantage of Theorem over Theorem from our perspective,
is that we need not have pointwise estimates on the kernels of our operators ©;.
Rough kernels appear in the theory of second-order equations (see |[GAIHH16, Sec-
tion 3]) and are an essential part of our treatment of layer potentials for higher-order
equations. On the other hand, we note that the proof of Theorem [5.2] is an easy
modification of that of Theorem see |GAIHH16] for details.

We now outline the bounds that we will prove using Theorem

In Section @ we will show that ©F and ©7 satisfy the estimate (5.I). Notice
that ©F is required to satisfy this estimate for all g € L?(R"™), not only all g €
WAfn,l (R™) C L?*(R™ ~ C9); to deal with this technical requirement, in Section
we will extend ©F to an operator defined on all of L?(R"). This extension is used
only for this technical requirement and will take a strange form; a similar extension
will be used for another purpose in Section [10.2

In Section we will show that ©7 satisfies the estimate for all b € L?(R™),

and that OF satisfies the estimate (5.2) for all h € WAfny‘(R"). (We do not need

to extend this estimate to all A € L2(R™).)
Finally, in Section [§] we will show that if

(5.6) O; f(z) = ©7(féL)(x),
(5.7) @f/f(:c) = Z @f(fvév)($)7

Yrt1<|y]=m—1
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then ©%'1 = 0 for almost every = and ¢. Thus, the estimate is valid for
O, = @f/. Indeed, one can see that the splitting f corresponds to the
case when v = (0,...,0,m — 1) in formula (that is, all derivatives under the
integral are in ¢, s) and the case when each term of the integrand has at least one
y-derivative, respectively.

We will not be able to show directly that ©;1 or ©P1 satisfy the bound (-3).
In Section [9] we will show that if 2m > n, then

OPi(z) = Ti(z) + ©Fa(x)

where Y is a Carleson measure (that is, satisfies the estimate ([5.3))) and where a(z)
is a uniformly bounded function. Standard techniques will allow us to control O é
by ©7 i, using only the fact that & is bounded (that is, without using any special
cancellation properties); see Lemma below. Thus, a bound on ©;1 together
with the equation @f/i = 0 will give us a bound on ©P1 and thus allow us to use
Theorem 5.2

However, this argument does require control on ©;, and Theorem will not
suffice to bound ©;.

We will bound ©7 (giving us a bound on ©F) using the following theorem, with
o't = @} and ©, = (6P, 05").

Theorem 5.4 ( [GAIHH16, Theorem 2.13]). Consider a family {O:}i>0 of opera-
tors taking values in CP*1, p > 0, so that ©, = (©},0PT1) = (6},02,... 6rth),
where each ©! acts on scalar-valued L*(R™), and where for § = (¢, 9p+1) =
(91,925 -+ gps1) € L2(R™ — CPHL) | we set

pt1l D ]
0.5=>Y ©Olg, O => 0lg.
j=1 j=1

Suppose that O satisfies the bound , that @f“ satisfies the bound for
all h € L*(R™), and that there is some subspace H' C L*(R™ +— CP) such that ©)
satisfies the bound for allh € H'.

We define the C,d-norm as

1 min(4(Q),1/9) dx dt
T¢Iz s = sup 7/ /'Tt(m)‘2 .
wQ)>s Q1 /s Q !

Suppose that for each 1 < j <p,
(5.8) 1071]lc.s < C1+ C1l©7 M lc.s for all § > 0 small enough.

Suppose that for each dyadic cube Q@ C R™, we have a measure g such that

1

(5.9)  dug =¢qdr,  [|VoqllLemn) < Col(Q)7, & St on Q.
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Suppose further that for each such @ there exists a vector-valued function EQ =
(b, b)) € H' x L*(R™) such that

‘Q) - d dt
Gy [ [ jede@P < cilal

0 Q
(5.11) [ fa)Pds < colel

R’ﬂ
(5.12) Re ][ v dpg > o,
Q
(5.13) ’]é by duQ‘ < 1o, n<1/(2C; +4).
Then for all f € H' x L2(R™),
> - dz dt —

(514) | [ 1ed@r et < cl i,

This theorem is a local T'b theorem; that is, we may test @th near @, for some
EQ adapted to our particular cube @, rather than testing ©;1 in an arbitrary cube.
There is an extensive body of work devoted to generalizing T'1 theorems to T'b
theorems and local Tb theorems; see, for example, the survey paper [Hof10], and
in particular [MMS85|DJS85.Sem90,/Chr90] for a few of the important milestones of
the theory.

As mentioned above, we will establish the bound in Section @ for @71 =
Of and ©) = (OP,0%"), provided 2m > n. We will construct the measure ¢
and test functions i)Q = (b,bg ) at the beginning of Section m and therein will
establish the estimates ; we will establish the bounds (5.11)), (5.12)) and (5.13))
in Sections and The assumption 2m > n will be useful in Section [10| as
well as Sect This will allow us to bound O3, and so together with Lemma
will complete the proof of Theorem in the case 2m > n. We will extend to the
case 2m < n in Section

6. THE DECAY ESTIMATE ([5.1)

In this section, we will show that the operators © and ©F satisfy the bound (5.1))
for all ¢7 in L?(4;(Q)).
By formula ([4.2)) for ©7,

[esar= [ &
Q Q
By Holder’s inequality
/ 107971 < Cllgll 24,000 / 12 / 07 VT B (2, 0)? dy da.
Q Q A;(Q)
Finally, by the bound (3.1]) on the fundamental solution,
/Q|9§£'Jj|2 < C2_j(2k_1+5)||Q||%2(Aj(c;>))'

Thus, if k is large enough then the operator ©7 satisfies bound (5.1)).

2

3 / ok B (2, 1,4,0) g, (y) dy| do.
A;(Q)

[y|=m—1
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Remark 6.1. Suppose that ¢7(z) = 8.,h7(z) for some 1 < i < n and some h/
supported in A;1(Q). Then

1oz = [
Q Q

Integrating by parts in y;, and applying the bound (3.1)), we see that

2
/ 8{”+k8;’5EL(m, t,y,0) 0y, hZ/(y) dy| dx.
lyl=m—1 A;,1(Q)

/I@S (0:hI)? < 2 TEHEINR T2, 0))-

In particular, for any h € L? (R™), we have the uniform L? estimate
. C, . .
(61) ||®f(8zh)||Lz(Rn) < ?”h”LQ(R")u 1 <i<n.
This formula will be useful in Section
We now wish to show that ©F satisfies the decay estimate (5.1]), that is, that
10 7| r2(q) < C277 2402 £ 124 gy for all £(Q) < t < 20(Q)

for all f7 € L2(R") and supported in A4;(Q).
Choose some dyadic cube @ and some ¢ with ¢(Q) < ¢t < 2¢(Q). Suppose first
that f/ € ©, where D is as in Remark and is supported in A;1(Q). Recall that

DAfi (and thus ©P £7) is defined in terms of extensions F¥ of f7. Thus, we begin
by choosing an appropriate extension. Let H? be the function given by Lemma
we then have that

T, H = suplVH )y < O1F s
We may assume without loss of generality that Tr H/ = 0 outside of 2/12Q. Let
n;(z,t) be smooth and satisfy the bound |Vin;(z,t)| < C;(274(Q)) ™%, with
ni(z,t) = 1if z € 2772Q and — 274(Q) < t < 274(Q),
n;i(z,t) = 0 if z ¢ 2773Q or [t| > 27T1(Q).
Then T&fnyl(njH )=Tr,, HI = f7. We take F7 = n; Hi. Observe that if j > 2,

then V" FI(z,t) = VmHJ (9: t) = 0 if |t| < dist(z,R™ \ 2771Q). Furthermore, we
still have the bound

sup|[ V" FY (- )@y < O llaan.
Now, by the definition of ©F and by formulas and ( -,
/Q o7 f17 = t** / ‘BIZ /R OO BN (.t y,s) (AVF)5(y, 5) ds dy .
Applying the bound (B.1), we see that
/Q 0PI < Co IO |2y

for all f7 € ® supported in A; 1(Q); by density we may extend to all fe VVA2 ( ")
supported in A;1(Q).
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6.1. Extending ©F to all of L?(R"). We now must extend ©F to an operator
defined on all of L?(R™) that still satisfies the estimate . Essentially, this
argument consists of defining a projection operator from L?(R") to WA%'(R”),
the space on which ©F naturally acts.

Because L%(R™) is a Hilbert space, there is an orthogonal projection operator
Ow : L*(R") WA%"(R”). For example, if m = 1 then Ow f = Vju, where
A =V - f This is the most natural mapping from L?(R") to V'VA%%'(R");
however, this mapping does not satisfy adequate decay estimates. Thus, we must

refine this mapping by applying cutoffs before and after projecting.
Let W; be the closure in L?(R") of

{12j+2Q ’I“I‘m,1 © —+ (1 — 12j+2Q)f: TP e Cgo, f S L2<Rn)}

Loosely, elements of W; are higher-order traces in the cube 27120 and are merely
arbitrary L? arrays outside of that cube. Let O; denote orthogonal projection
from L?(R™) onto the subspace Wj; observe that O; f = f outside of 2912Q).
Furthermore, if ¢ is a nice function then O;(Tr;,—1 ¢) = Tr,,_; ©.

Let n; be a smooth partition of unity; that is, Zj nj(z,t) = 1 for ¢ near zero,

with n; supported in A4;1(Q) x (—274(Q),27¢(Q)) and satisfying |Vin;(z,t)| <
C2744(Q)~" for all (x,.t) € R*HL ) . '
Define 7; : W; — WAfml(]R{") as follows. Suppose that f = Tr,, | ¢ in 2/72Q
for some smooth function . We may renormalize ¢ so that [, 0 Tr 0% = 0 for all
I(] <m —1. Let m;f = Try, (n;0). We remark that 7; f is well-defined, that is,

'I.‘I'W|(77j<p) depends only on 'I.‘r,,M ¢. Furthermore, observe that m; f is supported
in A;1(Q). Finally, by the Poincaré inequality

Hﬂ-j-fHLZ(Aj,l(Q)) < Can/QHTI‘mJ (pHL2(2j+2Q) = C2jn/2||f||L2(2j+2Q).

We will extend to an operator on all of L?(R™) using the orthogonal projection
operators O;. Observe, first, that ﬂjOjf' = 0 outside of A4;1(Q), and second, that
if f=0in2/*2Q then O, f = f and so 7;0; f = 0.

If ¢ is smooth and compactly supported in R™*!, and renormalized as above,
then

Tr 0= Trp () = Y 75(Trp 1) Zﬂy Tryn-1¢)).
=0 =0

We define OP f = dico OP (m;0;f). Now, if f7 is supported in A;(Q), ob-
serve that m,0;f = 0 for all i < j — 2, and furthermore that ||7ri0i.f.jHL2(]Rn) <
CQin/QH‘fjHLz(Aj(Q)) for all ¢ > j — 1. Then

oo

10F #/ll12(q) < Z 107 (m:0: f)| L2y < C Z 1m0 7 12 a1 @)
i=j—1 —
<C Y 27 DR £ L )
i=j—1

and so OF satisfies the decay estimate (5.1)) provided k is large enough.
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7. THE QUASI-ORTHOGONALITY ESTIMATE (5.2))
In [GAIHH16], a family of operators {Qs}s>0 was defined to be a Calderén-Little-
wood-Paley family, or CLP family, if

Quf(@) = [ 57" otuf9) o =)y
for some ¢ € L*(R™) that satisfies the conditions

(7.1) [P < Cmin([¢]7,[6]77), (@) < O+ [z)7"7

for some C' > 0 and o > 0, where @ denotes the Fourier transform of ¢, and such
that @ satisfies the conditions

(72)  1@uflan + [5VQu I iaqeny < Cllflpageny for all s >0,
> dsdx
(1.3 [ ] 100@P=E <l
RrR” JO §
(7.4) | @t-1
0 S

where convergence to the identity in the last formula is in the strong operator
topology on B(L?(R™)).
We now provide some conditions on ¢ that ensure validity of the bounds ([7.2)—

7).

Lemma 7.1. Suppose that ¢» € L'(R") satisfies the bounds (7.1)) for some C > 0

and o > 0. Suppose further that |@Z(§)| < Cl¢|7L. Finally, suppose that v is radial,
real-valued, and not identically zero.
Then there is some constant ¢ such that if o = cip, then

Quf@) = [ 57olw/s) 1o = v)dy
is a CLP family.

Proof. Observe that

QuF(©) = ed(s9) J(©).
Given this relation, the estimates and follow from the estimate [)(¢)] <
Cmin(|¢|7,]€|71) by Plancherel’s theorem. To establish the identity (7-4), we nor-
malize v as follows. Because ¢ is radial, so is . Thus, the integral

[ eiser tas
0 S

is independent of £ provided & # 0. If ¢ is both radial and real-valued, then @Z is
real-valued, and so this integral is positive; furthermore, our bounds on ¢ imply

finiteness of this integral. We may choose ¢ so that this integral equals 1. It is then
straightforward to establish the condition (7.4)). O

In this section, let @ be bounded, radial and supported in B(0,2)\ B(0,1/2), and
such that formula is valid. (In Section we will use a CLP family again;
in that section it will be more convenient to take ¢, rather than @, compactly
supported.) We wish to establish the bound , for the operators ©; = @f or
0; = OF. We proceed as in [GAIHH16].
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We begin with ©7. Fix some he L?(R™); we wish to bound @tSQsil. For each
1<j<mn,let fJ satisfy

RO = 5

Then Qsh, = 377, d;f4, and so

0ol () = ﬂgp B(56) Dy (E).

07 Q:h(z) = Z (95 £/)(
By the bound (6.1)),

107 Qsh|| r2@ny < ZH@S O F) |2 @ny < C= Z||f3||L2(Rn
j=1 ] 1
Notice that |p(£)| < C|€], and so ||f||L2(Rn) < CSHh”L?(Rn). Thus,
. S .
187 Qshll L2 gn) < O lIhllzz@n)-

Therefore, ©F satisfies the bound (5.2) for # = 1 (and thus for any 6 < 1).
We now consider ©F. Let the subspace H be WA%L,‘(R"); recall that this is the

natural space upon which DA and OP act. It suffices to show that

0
. s .
107, T plizner) < € () 1T plzncer

for some 6 > 0 and for all smooth, compactly supported functions ¢. To establish
this bound, we begin with the following lemma.

Lemma 7.2. If ¢ is smooth and compactly supported in R"1, then
Qs(Trm,| 90) = rI.‘rm,| D,

for some function @, that satisfies
197, 2 ety < OVEITr ol e,

Proof. For each j with 0 < j <m — 1, let fI(z) = 83+1<p(x 0). Observe that if 8
is a multiindex and 8,41 < |3| = m, then

(Tro, ¢)p = 05 74 (,0).
Qs is a convolution operator and so commutes with horizontal derivatives, and thus
(Qu Ty 95 = 85 Quf P+ (2,0).
Let g = Qs /7. Then §{(€) = B(s€) f7(€) and so [¢] 7 [g1(€)[* < Cs| [/ (€). Thus,
[ @OPIEEm a < s [ POPIEP e = Cs [ 1977 @) da.

Because |V|7‘n*jfj| < |Tr,,, ¢|, we have that

/ GLEPIEP™ 271 de < O[T | @l 72 gy
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Let g, = Qs (Tr,,_1 ¢); then g, satisfies (g,), = 971 ga"** for each |y| = m —1. We
have established that

| B OPI€lde < Col[ T ol ey

Extending ¢§s using Lemma [3.3] completes the proof. Notice that more general
extension theorems, also appropriate in this case, are well known; see, for example,
[Tri78, Theorem 2.9.3] or [Tri83 Theorem 2.7.2]. |

The estimate (5.2) for ©F follows quickly from Lemma By the defini-

tion (4.3), ' )
07 (Qs Try | ) (x) = t* O DA(Trp -1 @) (2, 8).

But by the definition (2.27)),

0P (Qs Tr, | ¢)(z) = —t"O7" PFITH(1_AV™D,) (2, t).
But u = ITX (1_ AV™®,) satisfies Lu = 0 in R *"; furthermore, by the bound (2.15)),
IV ull 2 @ntry < ClIVT | 2 gnery < CV/s[|Try ) ¢l L2ny- Applying the Cac-
cioppoli inequality and Lemma in small cubes of sidelength ¢/C suffices to
establish that ©F satisfies the bound (5.2)) for § = 1/2.

8. THE SEMI-HORIZONTAL SINGLE LAYER POTENTIAL
In this section we will prove the following theorem.

Theorem 8.1. Suppose that v,1 < |y| = m—1. Then we have the square-function
estimate

. 1
107 (9€4)(2)* < dxdt < C|lgl|Zz gy
R1+1 t

Proof. Let ©;g = ©7 (9é~). We want to apply Theorem As shown in Sections@
and [7] the bounds and are valid for this choice of ©;. We are left with
the estimate (|5.3)).

Recall that by formula ,

O:g(z) = tk/ aflJrka;’SEL(x,t, y,0) g(y) dy.

n

In particular,
O:1(z) = t* /n 8fl+k8;’SEL(m,t,y,0) dy.

Let j satisfy 1 < j < n and y; > 0; by assumption on y such a j exists. Let
¢ =7 — €; + €nt1. By formula (2.24), we have that

0:1(z) = —tk/R Oy, (8{”+k_16§7SEL(x,t,y, 0)) dy.

By the bound (3.1), for almost every (z,t) € R*F1 if k is large enough then
v(y) = 0105 B (2,t,,0) lies in both L*(R™) and in Wi (R"). Thus,

/Rn Dy, (8?”’“7185,5EL($, t,4,0)) dy =0

for almost every (x,t) € R""1. Thus, ©;1 = 0, and in particular the bound (5.3)) is
valid. O
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We are now left with the double layer potential ©F and the vertical single layer
potential O f = ©7(fé1). In the following sections we will use the full force of
Theorem to bound ©f; we will bound ©F as a component of the auxiliary
operator O} in Theorem

9. THE CARLESON ESTIMATE ([5.8])

We will let ©;, = (OF,07), with ©} denoting the purely vertical component of
O7 (that is, ©F f = ©7(fé.)). The bounds (5.1) and (5.2) are valid. We wish to
show that the bound (5.8) is also valid. Observe that we may state this bound as

19,€llc.s <C1+Ci||Of1|lcs  forall1<j<g,ifd >0 small enough.

In Section [8] we showed that ©7é, = 0 whenever v,+1 < |y| = m — 1; the
bound (5.8), with ©;, = ©F', follows immediately. Thus, we need only bound
©Pés by ©71 and a constant.

Recall that by formulas (4.3), (2.29)) and (2.28]), if f= ’I"I‘m,‘ F, then

@th(m) = — Z tF / 8{“+k8;SEL(x, t,y,s) Aap(y, s) BBF(y, s)ds dy.
jal=IBl=m B
Using the bound (| ., we see that if V™ F is bounded then the integral converges
absolutely for almost every (z,t) € R
Recall that ©F acts on arrays of functlons of the form ¢ = Trm’| ; these arrays
¢ are indexed by multiindices 8 with 8,41 < |8] = m. Fix some such 3. By
choosing

F(x,t) = —(2,1)"

1
Bl
we see that
(9.1 OPés(x) Z tk /n+1 8{'1+k8;SEL(x, t,y,s) Aas(y) dsdy.

la]=m
We use formula ([2.24) to convert one of the derivatives in t into a derivative in s;
we evaluate the integral ds to see that

@Deg Z tk/ 8{”+k716;SEL(:E,t,y, 0) Aas(y) dy.
ler|=

Observe that this is a sum of terms depending on « and 3. In Section [0.1] we will
bound the terms for which ay, 1 > 0. In Sections we will bound the terms
for which o, 11 = Br+1 = 0; this case is the most involved, and will closely parallel
the argument in |[GAIHHI16| Section 3.1]. Finally, in Section we will bound the
remaining terms, that is, the terms for which a1 = 0 and 8,41 > 0; this bound
will rely on the bound in the case ay4+1 = Bhy1 = 0.

9.1. Terms with «,11 > 0. Observe that if a,11 > 0, then o = v + €, for a
unique v with |y| = m—1. For any such v, let ¥ = y+&,1. Then by formula (2.24)),

> 0507t E (2, t,y,0) A Z 8;758?+kEL(a;,t,y,0)Aw(y).

lor|=m lv|=
Ap41>0
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Thus,

OPés(r) = 3 1 / o193 BN (2, 1,9,0) Aap(y) dy

|a]=m

an+1:0

- Ytk / oy tR oy (B (x,t,y,0) As5(y) dy.
lyl=m—1 7"

In this section we will bound the second sum; we will consider the first sum in
Sections

By formula (4.2), the second sum is equal to ©f @, where (ag), = A55. Notice
that ag is bounded. Our goal is to show that ||©Pégllcs < C1 + C1]|0F1lcs. In
this section we will show that ||©Fagsllc,o < C1; because ||©Fagsllc.s < [|©7aslc.o
this will reduce matters to the terms for which ;41 = 0.

We may control ©7 ag using a standard technique in the study of 7'1 theorems.

Let
i@ = [ wo(*TY) s

where 1 is smooth, nonnegative and satisfies fR,L 1) = 1. We do not require that
be compactly supported. Fix some v with |y| =m — 1, and let

V,a(z) = 07 (aé,)(z) — Pa(z) ©7 &, (x).

Then

1P:(ag), ©F &;llc.s < llallL=]0F &lc,s-
Either v = v, and so ©7¢é, = ©}1, or 7,41 < |7 and so ©7é, = 0. (See the
proof of Theorem ) So to bound ||©7és||c.s, we need only control W.a(x) for
arbitrary bounded functions a.

We begin our analysis of U;a by applying Theorem to W;. Observe that
U,1(x) = 0, and so the bound is valid. We need only verify the bounds (5.1
and for the operator W;; because these bounds have been verified for ©7, we
need only consider Y;a(x) = Pa(z) 7€, (z).

We begin with the bound . Observe that

PQsh(§) = ¥(t€) (s &) h(€)
where @, is the operator defined in Section[7} Recall that @ is supported in B(0,2)\
B(0,1/2). If we require that 7 be smooth and supported in B(0, 1/2), then P,Qsh =
0 whenever s < t; thus T satisfies the bound (5.2)).

We now establish the bound (5.1). By Section |6, we know that the operator ©F
satisfies the decay estimate (5.1). From this we may verify that, if Q@ C R™ is a
cube with ¢(Q) <t < 2¢(Q), then

107 e, [l2(q) < CIQIY2.

If 1Z is smooth as well as being supported in B(0,1/2), then 1) is a Schwartz function
and satisfies the estimate [¢(y)| < Cn(1+|y|)~" for any N > 0. If g; is supported
in A;(Q), and £(Q) <t < 2((Q), then

Sug|Pt9j(l")| < Cnt"27 Nl gi Ml ca, @)y < Ont 2277 N2 g4 1204, ()
S

and so if we choose N large enough, then the operator Y, satisfies the bound (5.1)).
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Thus, by Theorem[5.2] we have that the operators ¥, satisfy the square-function
estimate (5.4). To show that ||[W;allc < Clla||ge®n), we need only show that the
estimate (5.4)) for L? test functions implies an estimate for L°° test functions.

Lemma 9.1. Suppose that the operators YV, satisfy the square-function estimate
> dx dt
| e @P S < Call e
0o Jrn t
for all f € L2(R™ — C), and that for some 6 > —2, U, satisfies the off-diagonal
decay estimate
19195 22y < C12790F2E02||g | if 6(Q) <t <20(Q)

for all j > 1 and all g; supported in A;(Q) =2"T1Q\ 2Q.
Then there is some C depending only on Cy, C1 and 6 such that Uy satisfies the
Carleson condition

1 4 dtdx
Nl =sup o [ b PR < bl e
Q 1QlJg Jo t

for all bounded functions b.

Proof. Choose some cube ) and some bounded function b. Let bj = bl 4, (q); recall
that by = b1 4,(@) = bl2g. Then by the square-function estimate,

4@ dt dz\ '/
([ wen@PSE) ™ < Clbollaag < Clblen i@

Furthermore, if j > 1, then by the decay estimate applied in cubes R C Q) with
side-length t < ¢(R) < 2t,

4(Q) dt 1/2 )
([ [resras) " < clblome Qoo
0 Q

Summing in j, we see that

Q) dt d\ '/
([ wowr®E) " < ciplm ol

as desired. O

9.2. Terms with o,4+1 = f,4+1 = 0: preliminaries. We have now established
that

CHIGENY tk/ oy tE1o (B (2,t,y,0) Aap(y) dy — OF as(x)

an11=0

and that [|©7ascs < C1. In order to show that ©F satisfies the estimate (5.8)),
we need only show that the operator @f , defined as

92)  Of(x)= > " [ oTETorE (x,t,y,0) Aas(y) f(y) dy,

‘(xl:m R™

an11=0
satisfies the Carleson-measure estimate
(9.3) 18/ 1]lc.s < Cy + C1]|0F 1|,
for any multiindex § with 8,41 < |8] = m.
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We will make use of the horizontal operator L, defined as follows. Recall that
(R™H1)-functions. We may (formally) define the
(R™)-functions, as

‘e . 72
L is an operator acting on Wy, ..

operator L, acting on W2, ;.

(9.4) Lif==0" ) 0%(Aapd’f)

la|=|Bl=m
pt1=Pn+1=0

where 9%, 9% are understood to be derivatives in the n horizontal directions. (The
operator L has a weak formulation, as in formula )

To establish the bound for B,+1 = 0, we will follow the argument of
[GAIHH16, Section 3.1]. We remark that the argument we will make in this sec-
tion is valid only in the case where the order 2m of L (and thus L) satisfies the
inequality 2m > n. Thus, the argument of Sections [J] and will only establish
boundedness of ©F and ©} in the case of operators of very high order. In Sec-
tion We will show that bounds on ©F and ©7, for operators of high order, imply
the corresponding bounds for operators of lower order, completing the proof of
Theorem [Tl

We will use some tools from the proof of the Kato conjecture, in particular from
the paper [AHMTO1]. The following lemma was established therein.

Lemma 9.2. Suppose that 2m > n. There is some W depending only on the
standard constants such that, for each cube QQ C R", there exist W functions fq .,
that satisfy the estimates

(9.5) / Vi fouwl> <CIQI  for any cube R with ((R) = {(Q),
R
c
(9.6) 1Ly fouw(®)| < Q)

and such that, for any array “,

1 1@ da dt
o1 s [ [ P
Q 1@l Jo Q ! t
odz dt

W L o
<C;Sgp@|/o /Qm(x)’At Vi faw@)l—

where Ath(m) = fQ’ f(y)dy, for Q" C Q the unique dyadic subcube that satisfies
z€Q andt <0(Q) < 2t.

Specifically, the bound is the bound (2.19) in [AHMTO01]. The bound
follows from the bound (2.18) in [AHMTO1| (if R = @) and the observation that,
by Lemma 3.1 in [AHMTO01] and the definition of fg ,, therein, Virfow = V' frRuw
whenever £(Q) = ¢(R). Finally, the bound is simply Lemma 2.2 of [AHMTO1].
The requirement that 2m > n is a sufficient condition (see [AHMTO01, Proposi-
ton 2.5] or [Dav95,AT98|) for L to satisfy a pointwise upper bound; this condition
is assumed in the proofs of the above results.
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Let (v)s = ls<ic1/5001 whenever |3| = m and 8,41 = 0. Thus, the esti-
mates (9.3) and thus (5.8), for 8,41 = 0, follow from the estimate

1 min(1/6,6(Q)) 2 da dt
S‘épcn/(; /QZ@ﬁ (2) AL () <Oy + 1O s

|B]l=m
Br+1=0

for § < £(Q) and § < 1.

We will divide this quantity into a sum of controllable terms as follows. Let
P.f(z) = f = u(x), where ¢ (z) = t~™(z/t). We require that ¢ be smooth and
nonnegative, that [+ = 1, and that ¢(z) = 0 whenever |z| > 1/2. (We will later
impose some additional constraints on . Notice that it is convenient to use a
different approximate identity P; in this section from that used in Section ) Let

Ry F(x) = ©71(x) (AP F(x) = PF(x)),
R F(z) = 0/1(2) PF(z) — Of (PF) (@),
R} F(x) = O] (P,F - F)(x),

R{"F(z) = ] F(x)

so that we seek to establish the estimate

min(1/6,4(Q)) dx dt
09 i), A > Rl [ 5 <araileriles

|8]=
Bn4+1= 0

for j =1,2,3,4 and for all cubes Q C R".
We begin with R?’B. Observe that by the definition (9.2)) of 6?,

Z Rgﬁaﬁf@w (2)

|B]=m
Brny1=0

— > tk/ SO E (,t,,0) Aap(y) 0°fq.uw(y) dy.
lal=18]= "

Qn41= Bn+1 0

Using formula (2.24)) and then integrating by parts in y, we see that this quantity
is equal to

> R fqu() = (—1)FHE [ ool ER (2,,y,0) Ly fou(y) dy
18]=m R

Bn+1=0

and by the bounds and , we see that if k is large enough then

|Q| /L’(Q)/‘ Z R4ﬁ85wi )‘ 2dx dt <c

Q8=
Bn+l_0

9.3. The term Rtl’ﬁﬁﬁnyw. Next, we bound Rtl’ﬁ(?ﬁfgw. We begin by establishing
a L* bound on @fl. (Recall that our goal is a Carleson estimate on @fl; the L*°
estimate is weaker but suffices to establish a Carleson estimate on R; Pop fow-)
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Recall the following special case of Morrey’s inequality (see, for e).(amaple7 [Eva98,
Section 5.6.3]): if z € Q and @ C R™ is a cube, then for every v € W2(Q) N L*(Q),
there is a representative of v that satisfies

m 1/2
lv(x)] < Z ClQ)’ <][ |Vi|v|2> provided 2m > n.
i=0 Q

We apply this bound to the function v(z) = 8;‘8{"+k_1EL(x,t,y,0), a locally
Sobolev function for almost all y and ¢. Then by the bound (3.1]), we have that if
|a| = m and either |t| = £(R) or |t| < ¢(R) and j > 1, then

(99) / |83,sa?+k71EL(x’t7y70)|2 dy < CE(R)_n_2k2_j(n+2k).
A;(R)

Observe that this bound is valid for any k > 1/2 —n/2; in this section we will need

this bound only for & large, but in Section [I0] we will need this bound for k£ = 0 and

k =1 as well. Also, by formula it is valid with the roles of y and z reversed.
Using Holder’s inequality and summing over j, we see that if £ > 0 then

1071(x)| =

SOt [ ogortE B (2,t,y,0) Aap(y) dy| < C

|a]=m R

an4+1=0

and so
IRyP0%fq.0(x)| < ClAL9fg . (x) — P fq ()|

Thus, we need only bound AtQaﬂfQ’w(x) — P,0%fg w(x). We will do this using a
standard orthogonality argument.

Let R} = AtQ — P,. Recall that the kernel ¢ of P, is supported in B(0,1/2); thus,
if z € Q and t < £(Q), then R!F(z) = R}(120F)(z), and so

4Q) dx dt o0 ~ dx dt
/ / R0 fo w(@) P 2T < ¢ / R (1200 ) (2) P22
0 Q t 0 R» t

Let {Qs} be a CLP family, as in Section |7} but with the kernel ¢ (and not its
Fourier transform @) supported in B(0,1/2). By the identity (|7.4)),

2(Q) 00
/ / R 950 ()P0 < / /

By Hélder’s inequality, for any number € > 0,

HQ) de dt
/0 /Q RYP 0810 ()2

ds
s

2 da dt
—.

/0 T RQ2 (1200 f0.0)(@)

t

C [~ [ ~ s t\ dsdt
<[] Q20w e max(3,1) 2.
€Jo Jo Jrn t's s t

We claim that

1/6
~ . (st
(9.10) B Qualireny < Cnin( 5. 2) " lallagen
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Choose € = 1/6. Assuming validity of the bound (9.10]), we have that

Q)
/ / RYP0Pf ()2 22
0 Q t

0o poo 1/6
st dsdt

< C/ / |Qs(12QaﬁfQ7w)( )|? dx mm(t )
0 0 Rn S S t

Interchanging the order of integration and evaluating the integral in ¢, we see that

£(Q) dr dit
/0 /QIRi’B@BfQ,()sz <C/ /IQS 1209 fq.u) @) d .

By the bounds (|7.3) and ( , we have that

Q) da dt
[ 1R e @ SR < ol <

and so the bound is valid for j = 1. Thus, to complete our bound on
Ri’ﬁaﬁf@;,w, we need only establish the estimate (9.10)).
Suppose first that ¢ < s and so min(s/t,t/s) = t/s. By definition of R and Q,,

BQo@ = [ [ (g7t — -ty - sle)

Notice that fR" WIQ/ (y) — ¢ (x —y) dy = 0, and that the integrand is zero unless
|z —y| < Ct. Thus

Bogw < [ [ (Gret—nt—n ) et —ee=2) dyat)

Suppose that y € B(x,Ct). Because ¢ is supported in B(0,1/2) and s > ¢, if
|z — z| > 2C's, then ps(y — 2z) — ps(x — z) = 0. Otherwise,

lps(y — 2) — ps(x — 2)] < Cs™" My — a.

Thus,

~ t
R%ng($) =¢ st /B( Ct)

1
B(z,2C's) st

ﬁlQ/ (y) — ve(z — y)| dy |g(2)| dz

t t
< C,][ 19(2)] dz < CE Mg(e)
s (z,C's) $

where Mg denotes the Hardy-Littlewood maximal function of g. It is well known
that M is bounded LP(R™) — LP(R™) for any 1 < p < 0o, and so the estimate
is valid whenever t < s.

Recall that the kernel ¢, of @, also integrates to zero and that the kernel
of P; is also smooth. Thus, by a similar argument, if s <t then ||P;Qsg|r2®rn) <
C(s/t)|lgllz2 (). Bounding APQ,g is somewhat more involved, because the kernel
Wl’llQ’ of AtQ is not smooth.

Suppose s < t. Let 7 = 1 5 » be a smooth cutoff function that is identically 1 in
@' and is supported in (1 + \/ﬂ Q'. We may require that |Vn| < C/v/st. Let

BZ.G(z)

IQ’I
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By the same argument as above, we may show that if s < ¢ then |Bngsg(:U)| <
C(s/t)/? Mg(z). To conclude the argument, notice that

C
APQuale) - BEQu@ < o [ [Qugl
supp 7\ Q’
Notice that |[suppn \ Q'| < Ct"\/s/t. We apply Holder’s inequality to see that

1 2/3 s 1/6
1A2Qug(x) — BLQ.g(x)| < C(n / Q. g|3/2> ()
" Jsuppn t

1/6
<c(j) M(Qugl?) ()

Because 3/2 < 2, the estimate ((9.10]) is valid for s < t as well as t < s. This
establishes our desired bound on R;"”°fg ..

9.4. The term Rf’ﬂaﬁf@w. Next, we bound Rf"gaﬁf@w. We will use the following
lemma from [AAAT11]; this is a square-function T'1 theorem that is somewhat
simpler than Theorem [5.2] but has more stringent requirements.

Lemma 9.3 (Lemna 3.5(ii) in [AAAT11]). Suppose that {R;}i~0 is a family of
operators defined on L?(R™) and satisfying

4
2 —ng t 2
010 WALy @) < 027 (g ) Wl

for all 0 < t < £(Q) and all j > 1. Suppose further that for all t > 0, all F €
L2(R™), and all smooth F € L*(R™), we have the bounds

_— C =
(912)  [IReFlr2@n) < CllFlz2@nys [ Bedivy Fllrzeny < S lFlz2@n)-
Finally, suppose that Ry1 =0 for all t > 0.
Then
e dt dx
(913) L[ RE@PEE <Py

for all F € L*(R™).
By the definitions of @f and R}’ we have that
RYPF(x) = ©/1(x) P,F(2) - O] (P.F)(x)

= Y [ oo N (w,t,y,0) Aas(y) (PF (2) — PF(y)) dy.
= R™
0171«‘{»1:0

Let
(9.14) R}“’F(z) =t* / 050 T F LB (2,t,y,0) Aap(y) (PF(x) — P.F(y)) dy.

n

In this section we need only bound E? B for 41 = 0; in Section we will need

. 52 .
an estimate on Rt’a’ﬁ in the case where ay,41 > 0.

Observe that P,1(z) = P;1(y) = 1 and so R>*?1 =0.
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Now, recall that P,F(z) = [t "¢ ((x—y)/t) F(y) dy for some smooth, compactly
supported function ; then

e C, =
||PtFHL2(]R") < C||F||L2(R") and ||Pt(d1VH F)”Lz(Rn) < ?”F”Lz(R")‘

We will use this fact to establish the bounds (9.11) and ((9.12]).
Let @Q be a cube and let 0 < ¢ < £(Q). If j > 1 and F is supported in A4;(Q),
observe that P,F'(x) is supported in A;1(Q). Thus, by the bound (3.1)),

+k
Q)"
(In the case j = 1 some extra care must be taken to establish this estimate; however,
it may be done by considering the cases ¢ > ¢(Q)/2 and t < £(Q)/2 separately.)

This implies the bound (9.11)). We are left with the uniform L? bounds (9.12).

Suppose that F is supported in 8@ and that £(Q)/2 < t < ¢(Q). Then P F(y) =
0 for all y ¢ 16Q and so

1B P (F1a,0) 2@ < € a1

F14;@) 2@

|R}*PF(x)| < Ct* / 000t B (2, ,y,0)||P.F(2) — PoF(y)| dy
]Rn

< Ctk/ Q|3§3?+k_1EL(x,t,y70)||PtF(x) — BiF(y)| dy
16

HCESAPF@)| [ jogart B .0 dy,
4;(Q)

j=1
Applying the bound , we see that
IR} P F(z)| < C|PF(x)| + Ct ™| P.F| 12 (16) -
Thus,
[1R:(F1sQ)lL2(@) < CllP(FlsQ)lL2@n)-
We sum over cubes of side-length ¢; this yields the bound
[ReF | 22(@) < CllPeF || p2wn)
and, combined with the existing bounds on P, F and P; div| F', yields the desired

estimates (9.12)).

Thus, Lemma applies and the operator }~%t2 @B gatisfies a square-function
estimate (9.13)). In particular, using the bound (9.5) on V' fq.w and arguing as in
the proof of Lemma we have the desired Carleson bound for j = 2.

9.5. The term Rf’ﬁﬁﬁfQﬂ,,. Finally, we consider the term Rfﬁ@ﬁf@w. As in the
case of Rf’ﬁ , but unlike R} # and R? #we will not be able to bound the individual
terms R? B8 fo,w; we will only be able to bound

Rifouw(@) = > RP0%q.u(x)
|Bl=m
Brn+1=0

=y /R SO E (2, t,1,0) Aap(y) 0° (Pifow — fow) () dy.

la|=|B|=m
QAnt1=Pn+1=0

Another complication of this section is that we will need to use the term ||©F 1| ¢ s
on the right-hand side of the bound .
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Let f = (fow — PQ.w)Ng, where 7o is a smooth cutoff function that is identi-
cally 1 in 2Q) and is supported in 4@, and where pg ., is a polynomial of degree
m — 1. By the Poincaré inequality, we may choose pg ., so that Hvﬂnf”L?(R") <

IVi[" fouwll£2(aq), and by the bound (9.5)),
IV Fll2geny < ClQIMY2.

Furthermore, 9°f = 0% fg ., in 2Q whenever |3| = m. Using the bound on
E* and the bound (9.5)) on Vi fq.w, we may show that

1 ‘) < dt dx
o1 ] et - Bs@PSE <o

and so to establish the bound (| . ) for j = 3, we need only establish the bound

min(1/6), é(Q)
o // )P < o cletlc

By the definition of L), and by formula (2.19),

B fla) =t / Oy LB (y,0.2,0) (Pof — £)(u) dy

where L’ﬁ is taken in the y variable. Recalling that L;s(EL*(y, s,z,t)) = 0 away
from (x,t), we see that

LiEE (y,0,2,0) = ()™ 3" 85 (Aec(y) 9 B (2,1,1,0)).

[€]=[¢|=m
Ent1+Cni12>1

Thus, we need only establish the bound

1 min(1/6),4(Q) _ dt d.I‘
(015) - / / RS @)L < o4 clotes
1Ql Jo /s t
where
R f(2) = (—1)meh / (Aec(y) 8 OB (2,1, 0)) (Bf — F)(y) dy

and where at least one of (,, 1 and £, is positive.

For each multiindex ¢, we write ( = (| + (1€, where (1 = (,+1 and where () is
a multiindex with (¢)n4+1 = 0. Integrating by parts and applying formula
we see that

i

R} f(z) = tk/ Aec(y) 05 07T B (1,9, 0) 09U (PLf = f)(y) dy
To establish the bound (9.15), we will want to bound [o[Ry** f|? for 0 < ¢ < £(Q).
Let S C @ be a dyadic subcube with ¢/2 < £(S) < t. Let Z;io n; be a smooth
partition of unity with n; supported in A;1(9) and with |Vin;| < C277%¢(S)~"
Let f; =n; f. Then

R} f(x) Zt’“ / Agc(y) 05 O B (a,1,,0) 09 (Pofy — £5)(y) dy
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By the bound , if x € S then

2

t | Axc®) 9 Oy HE I B (2, t,y,0) 0% (Pofy — f7)(y) dy

< Ct—n—QCLQ—j(n+2k+2CL)/ |3CH (Ptfj _ fj)(y)‘Z dy.
Aj,2(8)

Thus,
/ RS f () do
Q

< > Seryieemi [ g - gy

SCQ dyadic j=0 Aj2(8)
t/2<6(S)<t

Summing carefully, we see that
[ e ar < oo [ o0 - nw)P i
Q R™

Now, by Plancherel’s theorem,

| e [ etes - nwla
0 Rn t
5 dt

il |7 T2 _ G &
< [ Palfwl [ ) o

where ¢, (z) = t~™p(z/t) is the convolution kernel of P,. We require that ¢ be
radial and make the change of variables s = t|w|. Then

—2¢1 (p,f— 2dy =
| [ ons - nwk

< [ [T (-5 2)) S

We require that [ = 1, and that the higher moments are zero, that is, that
[P (x)dz = 0 for all [¢] < 2m. This implies that |1 —¢(sw/|w|)| < Cs?m+!
and so s~26-~1(1 — ¢(sw/|w|))? is integrable near zero. Because 1 is smooth and
compactly supported, we have that QZ(S) is bounded. If ¢; > 0 then the integral

in s converges. (We have that J(sw/|w|) — 0 as s = oo, and so the integral must
diverge if ¢, = 0.) Because ||V f[|r2(n) < C/|Q], we have that

“HQ ro dz dt
| [ rmp S <cla
0 Q

whenever (; > 0. B
We are left with the terms Rf ¢ f for ¢; = 0; recall that we need only consider
(1 +¢&1 > 1 and so we may assume &, > 1. Because (; = 0, we have that

Ry f(a) = t* /R Aec(y) 05,07 E (,1,5,0) (0 Puf (y) — 0 £(v)) dy.
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Recall from Section [9.4] that the operator R7*, given by formula (9.14)), satisfies
Carleson measure estimates. Thus, we need only bound

RYSCf(a) + Ry f(x)
=0 [ Aecl) 95,00 0,.0) (0P (2) — 01 1) d
Let v =& — €. We use formula ; we then see that
R} f(x) + B f(x)

= _tk ./]R" A&C(i‘/) 8;,saln+kEL(xatvy7 0) (8<Ptf(l') - 8Cf(y)) dy

We recognize the integrand as being much like the kernel of the single layer poten-
tial. By formula (4.2]) for ©F, we have that

RYSCf() + RPSC f(x) = —=Py(0° ) () O (Agcé) (x) + O (Aec 0°f &5) ().
If v # 7., then the operator ©; given by ©;f = ©7 (fé.,) satisfies the bound ([5.4)
(see Section . If v =~ , then
OF (Aec 0°f &) = O (Agc 0%F).
The operator O = 15, /5@tl satisfies the conditions of Theorem albeit with
B4)

constants depending on ||©;-1||c.s, and so also satisfies the bound (5.4). Thus, in
either case, we have the bound

1/8 ) dz dt
[ [ s ot e)@PSE < 0+ cle|

c.5)|Ql-

To bound P;(0¢ f)(z) ©F (Agcéy)(z), recall Carleson’s lemma (see, for example,
[Ste93, Chapter II, Section 2.2]).

Lemma 9.4. Let F(x,t) be a function and du be a measure defined on Riﬂ. Then

1 4(R)
<c(sw g [ [ ) ([ sw i)
RCR" |R‘ RJO " lr—y|<t

provided the right-hand side is finite, where the supremum is taken over cubes R C
R™.

‘We wish to bound
1 min(/56@) e 1
L / / IR0 ) ()] |65 (Agcés) ()2 + dt da
|Q| QJs t

for 6 small enough. Let F(x,t) = |P;(0°f)(x)|?; because P; is a smooth iden-
tity with a convolution kernel it is elementary to show that supj,_, <, |F(y,?)] <

CM(9Cf)(z). Let

[ Fatydutan
R}

. 1
dp(, 1) = Lscr<1/6107 (Agcés) (@) 7 dtdz.
By Lemma [0.1] and the preceding remarks, we have that
1 L(R) e
swp e [ [ ldul < 0 1R 5
r Rl JrJo

This establishes the desired bound on Ef’g’c f.
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9.6. Terms with «a,, 11 =0 and §,+1 > 0. We conclude this section by bounding
@f 1 for multiindices 8 with 8,41 > 0. Recall that

Oif(@) = 30 ¢ [ ot TIOrE (@, .5,0) Aasly) F(0) .

By a well known argument of Fefferman and Stein [FS72|, using decay of the
kernel of © (that is, the bound (3.1))), we find that if k is large enough then

c (4@ dx dt
|@h%sc+wp—/“ 107 (Lug) ()2 22%
Q ‘Q| 0 Q

t

Let (F3)a := Aapg lag; then Fg is an L? array-valued function. More precisely,
let ¢ be the number of multiindices ¢ € N™ of length m; alternatively, ¢ is the
number of multiindices ¢ € N**! of length m with (1 = 0. We will think of C?
as the vector space of arrays of numbers indexed by such multiindices. Then for
each B, Fj is a function in L?(R™ — CY).

Now, observe that

(9.16) A VirLy divy, | - L*(R™ = C7) = L*(R™ = C)
is a bounded operator, where Vﬂ” is defined in Section and where formally
divyy | F = Z\q:m,(eNf 8€F<; the weak definition is precisely analogous to the
definition (2.1)) of div,, F'.

Thus, we have a Hodge decomposition of L?(R™ ~ C9). Specifically, if F e
L3(R™ ~ CY), then

F=H + AHVm(b
for some H € L*(R" — C9) and some ® € W2 (R"), with div,, | H =0 and with
IH || 22 @ scay + 1@ llyirm2@nsey S CIF|2@noco)-

Applying the Hodge decomposition to F"ﬁ, we see that

O/Ligla) = Y t* [ ot ror B (a,t,y,0) (Hs + A V' p), dy.
|a]=m R
an+1:0

But because div,, | Hg = 0, we have that

O Lig(x) = Y tk/ oy Og B (w,t,y,0) (A V' @p),, dy.

We may extend @5 to a function defined on R"*! by letting ®5(y,s) = Ps(y).
Observe that 6<<I>5 = 0 unless (41 = 0. Also, if a,41 = 0, then (AHVﬂ”(I)ﬁ)a =
(AV™®5),. Thus,

0/ 14g(z) = Z Z tr . Oy tR100 B (x,t,y,0) Aac(y) 0°®ps(y) dy.
la|=m_|¢|=m "

on+1=0
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Recall from formulas (4.3)) and (2.28)) that
OF (T 05)(z Z t’“ / L OPOR B (1, 1.5) Anc(y) 050 (1) dy s,
laf=|¢l=m =
Using the identity (2.24) and integrating in s, we see that
OF (Tr,,, Bp)(z) = Z th [ ot Ton (EBR (2,t,y,0) Aac(y) 0°@a(y) dy.
la|=[¢|]=m R

Thus,

0140 (x Z Z th / Oy thT1oe B (2,t,y,0) Aac(y) 0°®s(y) dy

m_[¢]=
Oén+1 >0

+ 07 (Try, @5)(2).
If a1 > 0, then oo = v+ €, 41 for some multiindex v with || = m —1. Conversely,

if |y =m —1, let ¥ = v + €,4+1. We may write

O/Liglx) = > Zt’“ a?*’“é‘;,sEL(x,t,y,mA%(y)a%g(y)dy

i=m—1cl=
+ 07 (Tr, @) ().

By formula ([4.2)) for ©F, we see that
07 Lig(z) = 07 Gp(x) + O (Try, | ©p)(x)

where (Gﬁ)fy = ZC A%&C(I)B.
Observe that G5 € L?(R™), and so by Theorem

A dt dzx .
L[ 1e8es@r i < 0+ Clot Iz )IGs I < (C+CIOHIE QL
Recall that ©F acts on the space WA2 (R”) the completion of {Trm |p:p€
Cs°(R™*1)} under the L? norm. Consider the subspace W, the completion of
{Trm’| ©:p€ CR™M, 8]+1g0(x 0)=0for all z € R" and all j > 1}

under the L? norm. We may let ©, DIl denote the restriction of OPF to the space W.
Notice that Tr,, | @5 = V{'®s|,,, and so 0P (Tr,,, | ®p)(x) = 6; ’”( Tr,,, | ®5)(z).
As we established in Sections

18P cs < €+ CllOf

and so we may control @?’H ('I"I‘m7| ®5)(z). This completes the argument that ©F1
satisfies a Carleson estimate.

10. TEST FUNCTIONS bg

In this section we will choose test functions i)Q such that we may apply Theo-
rem 5.4 to bound ©;* and ©F. (The remaining components of ©F were bounded
in Sectlon Bl) We will follow the example of [GAIHHI6], which considers the case

=1.
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As in Section [0] we will make the assumption 2m > n. Again, by Morrey’s
inequality, this implies that functions locally in W%(R”) are locally Holder con-
tinuous. By Lemma if 2m > n then solutions to elliptic equations are locally
in L?(R™ x {t}) for constants ¢, and thus are also locally Holder continuous. (See
also [AAAT11l Appendix B], in which a similar argument is made.)

Fix some dyadic cube Q. Let yg be its midpoint. Let

(10.1) Fy(z,t) = 0™ ' EX (2, t,90, 5)

and let Fy = Fl @) for some small positive number x to be chosen later. By
the bound and the symmetry relation , we may see that if n+1 > 3
then Fy(x,t) € W,%(R;LH); furthermore, by Theorem [2.1| we see that LFy = 0 in
]R;LH. Thus, by the higher-order Green’s formula @ and the analogous formula
in R™™!if ¢ > 0 then

O F_(x.1) = —0p'DA(Tr},_, F_)(x,1) + 0 SH (NI F_)(x, 1),

0= P DA(Tr,,_, Fy)(a,t) + 07" (N4 Fy)(a, ).

m—1

Adding and applying the definition of D, we see that

OF_(x,t) = O"DA(Try Fy — Try Fo)(2,t) + OSE (MY Fo + M, Fy)(x,1).
Thus, by the definitions and of ©F and ©F,

(10.2) t°O" TR F_(2,t) = OP (Tr,, | Fy —Tr,, | F_)(2)+07 (M} F_+Mj F})(2).
Let

(10.3) b8 = |Q|(Tr,, | Fy — Tr,, | F_).

Recall that M7 u is only defined as a linear functional on V.VAi%1 /2 (R™), that
is, as an operator acting on m — 1th-order traces of W,%Z—functions. Let b% be a
representative of the operator |Q|(M; F_+ 1\'/[;4 F,); that is, b% is an array of
functions that satisfies
(104)  (Trp19,03)n = [Q(Try 10, M} F_ + My F)pn

= QY™ AV F_)is +1QI(V ™, AV Fy )y

for all ¢ smooth and compactly supported in R”*!. In Section we will show
that there is some such array of functions that in addition lies in L?(R"™).
Now, by formula (2.24) and by definition of b5, bg and F_,

0:(b5,b5) = 075 () + ©7 by (x) = |Q[t* 0 T F_ (1)
= |Q[tFo o TR EL (2,1, yo, —kU(Q)).

An application of the bound , with the roles of = and y reversed, reveals that
the bound is valid for this choice of by = (bg, bg ), albeit with constant Cy
that depends on our choice of k. ]

We thus need only show that this choice of b satisfies the bounds ,
and (5.13)), with the distinguished component bg“ = b4 in the é | -component
of b%
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Remark 10.1. Although we will not make use of this fact, we observe that by the
definition ([10.1)) of Fy, the symmetry property (2.19)), and formula (2.28)) for the

double layer potential, we have that

(b3, Trm—1 ¢)rr = |QIOTH DA (Trym—19)(yo, —r(Q))

— QIO DA (Trpm—1 9) (yq. KUQ)).-

Thus, bg may be viewed as the kernel of the double layer potential. If m = 1,

then the classic jump relation Tr™ DA f — Tr" DA” f = f is well known. In the
higher-order case, the analogous jump relation (see [Barl6b|) is

Tr;zq DA*f: - Tr:r_kl DA*.f = f
Thus, if  is small enough and ¢ is smooth, then (b%, Tr,,_1 ©)rn is approximately
\Q|8mJ:11<p(yQ,0). Thus, we expect b% to be approximately equal to €, near Q,

n

and so it is reasonable to expect the bounds (5.12)) and (5.13)) to be valid for i)%.

Remark 10.2. Recall from formula that if 2m > n+ 1, precisely the
case considered in Sections then the fundamental solution E* in the defi-
nition of Fy is only determined up to adding polynomials. However, note
the presence of the vertical derivative 9™~ in the definition of Fy; this vertical
derivative suffices to remove the terms of the form f¢(z,t) (y,s)¢ in formula ,
leaving Fy(z,t) well-defined up to adding polynomials in  and ¢. The function Fj
is a tool used to define bg and 68; notice from formulas and that these
quantities depend only on the higher-order derivatives of F, and so the lower-order
terms in formula do not affect our results.

Remark 10.3. The conclusions of this section are also valid if n+ 1 = 2; the
analysis is somewhat more complicated because F is no longer in W,%L (R;LH).

By Morrey’s inequality, Lemma and the bound , we have that if
n+1=2and R is a cube of side-length |s — t| with y € R then

C(o -
(10.5) / |V om L EL (2,1, y, 5)|? do < C0) o-ia1-)
Aj(R) s — 1
for any § > 0. In particular,
V" Fy(z,t))? do < .
]Rl‘ S(Ia )| T > |t—8|

The argument is similar to the proof of the bounds and , but we must
use the bound instead of the bound in order to take m — 1 derivatives
in the variable s rather than the variables (z,t).

We may use the bound with the roles of z and y reversed to show that if
t<s<oort>s>o, then

o — s
t—s|*

V" Fy(z,t) — V™ F, (2, t)|*dz < C
R1
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Thus, if 0 < s < ¢, then Fps—Fy, € W% (R?EH), and so we may apply the Green’s
formula (2.26) and the equivalent in R™"! to see that

thOmtRE_ (1) — RO TR (2, 1)
= @tD(T“I‘mJ F, — 'I.'I'm,| F_,— 'I.‘[‘m,‘ F, + 'I.‘I'm,| F_g)(ili,t)
+ O (ML F_ +MyF, — ML F_, — My, F,)(z,t).
Fix some ¢t > 0 and let s = k£(Q). Observe that if we take the limit as ¢ —

00, then the left-hand side approaches t*97"™*F_ (- t) in L?*(R"). Furthermore,
’I"rm7| Fiy, — 0 in L?>(R"). In Lemma below, we will see that bg — 0 as

the implied constant k — oo; by definition of b%, this implies that MJA F ,+
MZ F_5 — 0in L*(R") as 0 — oo. Thus, by the bound (5.5)), we have that

tkatrn+kF—S( ! 7t) = etD('I.\rmJ Fs - ’I-‘rm,\ F—S)( ! 7t) + @f(MX F—S + M:& FS)( ' at)

as L?(R"™)-functions. Applying the Caccioppoli inequality, Lemma and Mor-
rey’s inequality, we see that this equality must be true pointwise as well. Thus,
formula (10.2)) is still valid if n + 1 = 2 and we may proceed as above.

10.1. Bounds on bQD By the bounds or (10.5)), we have that
. C
[ 18e < Sial.
Rn K

Thus, bg satisfies the bound (5.11)) with constant Cy = Cx™".

We now show that bg satisfies the bound (5.13). Following |[GAIHH16, Section 3],
we fix a small positive constant w. Let ¢¢g be supported on (1 + w)Q with ¢g =1
on (1/2)Q. We may choose ¢¢ such that |Vog(z)| < 2/4(Q) for all x, and such
that ¢g > w on Q. We then set dug = ¢g dr. Observe that the conditions
are valid for Cy = max(2,1/w).

Then by definition of 68, if we let Fg = Fly — F_, then

][5861#@=/ Tr,,| Fo 6
Q Q

=/ Tr,, Fo ¢ — Tr,| Fo do-
Rn R‘IL\Q

Recall that each component of 'I.‘rm,‘ Fo may be written as 0° Fg(z,0) for some 3
with 8,41 < |B| = m. In particular, § = €; + v for some 1 < j < n and some
multiindex ~. Integrating by parts, we see that

‘/R TrmFQd)Q‘ S/R Tr,,,—1 Fol Vgl

Recalling the regions on which ¢g and Vg are supported, we see that

: C
8 dua < o | VRl [ TRl
‘72 @ Q) Jat+wara/2)e (14+0)Q\Q
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Now, observe that LFg = 0 away from (yg, £x¢(Q)). Thus, we may apply Holder’s
inequality and Lemma [3.2] to see that

C’|Q‘1/2 4(Q) B 1/2
b5 duQ’ / / A 25
‘][ Q)2 \ag\(1/20 /0@

|Q|1/2 Z(Q)/2 | |2 1z
+ 0= (/ / V™ Eq ) :
U2 \J o\ a/20 /-@)/2

We may use the Caccioppoli inequality (Lemma to control the second term by
the first term. For ease of notation let S = (2Q\ (1/4)Q) x (—4(Q), £(Q)). Recalling
the definition of FQ, we see that

b5 dug
][ N ~rl(Q)

Applying Holder’s mequahty again, we see that

2

Vg?;la;nEL(x,t,yQ,S) ds| dxdt.

2 KZ(Q)
. C
’][ bgd,uQ < K‘QW// Zf{lal,"EL(x,t,yQ,s)|2dsdxdt
Q w€(Q)
Using formula (2.24)), (2.19) and the bound , we see that
2
’][ i)g d,uQ < CHZ
Q

Thus, if we choose xk small enough, then bg satisfies the bound (5.13)). Notice that
% may be chosen depending only on the constant C; in the bound (5.8]), that is,
on the numbers determined in Section [0} It is acceptable for the numbers Cj in

the bounds (5.9)), (5.10) and (5.11)) to grow as k — 0. In particular, recall that bg
satisfies the bound (5.11]) with a constant Cy(x) = C'k~"; this growth is acceptable.

Thus, bg satisfies all the conditions of Theorem

10.2. Bounds on bé To conclude the proof of Theorem at least in the case
2m > n, we need only show that bg satisfies the bounds ([5.11)), (5.12) and ([5.13).

The most involved argument of this section will be the proof of the following
lemma.

Lemma 10.4. Suppose that 2m > n. If § € WA2Z,_|(R™), then

. : C .
(10.6) 9, 60)rn | < — 5 V1QIlld ]l L2 (@)
K"/
Furthermore, if ¢ =0 in (1/4)Q and k < 1/16, then we have a better estimate:
(10.7) (g, b3)rn| < Cr\V/1QIIg] 22 (rr)-

The bound is valid even for k large; recall that this bound was used in
Remark to show that the bound is valid even in dimension n + 1 = 2.

Notice that this implies that bg is a bounded linear functional on WA?HA(R”);
if m > 2 then this is a proper subspace of L?(R"™). Thus, i)% lies in a quotient
space of L?(R™). Once this lemma is proven we may extend b% to a bounded linear
functional on L?(R") (estabhshlng the bound (5.11))); we will need to select our
extension carefully to ensure that bQ, after projection, satisfies the bound (|5.13| -
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Proof of Lemma[10.4 Tt suffices to prove this lemma for all g such that g =
Tr,,,—1 n for some smooth, compactly supported function 7. Recall that

<g., 6%>R" = |Q‘<ga MJA F—>R" + ‘Q|<ga M; F+>R"
— QUVT G, AV E s + [Q(V7GL AV F ) o

for any extension G of g.

We will need to construct our extension G of g carefully. Let H be the extension
of g given by Lemma Recall that H satisfies the estimates and , and
that if § = 0 in (1/4)Q then V™1 H(z,t) = 0 whenever [t| < dist(z, R™\ (1/4)Q).
Let ¢ be smooth, supported in B(0,1/2) C R™ and integrate to 1. Suppose further
that the higher moments are zero, that is, [g, 2¢¢(z)dx =0 for all 1 < [(| < m.
Let

G(x,t):/]R 14,0(17Z)H(z,t)dz:/}Rngp(z)H(x—zt,t)dz.

ntn t
To study the derivatives of G, observe that if ¢ is a multiindex, then for some
constants C¢ ¢,

0°Gx,t) = Z Cee 2807 (2) O H (z — 2t,t) dz
lel=1cl, €1>¢ ®
where (| denotes the horizontal part of (, that is, ¢ = (C1,...,(n). Let Jee(2) =
Ce 251 %1 p(2), so that

1 T—z
¢ - 3
(10.8) G, t)= > / thM( - ) O H(z,t)dz.
l€1=1¢
By our moment condition on ¢, we have that

/ Jeg(zt)dz=1 if ( =¢, / Jee(z,t)dz =0 otherwise.

n R

Furthermore, J¢ ¢ is a smooth cutoff function, and so Tr,,_1 G = g. Thus,
(9.63)re = [QUV™G, AV™ F_)gnss + [QU(V"G, AV™ Fy )

for this choice of G.

We will need some special arguments to establish the bound . Arguing as
in the proof of Lemma we see that if § = 0 in (1/4)Q then V" 1G(x,t) =0
whenever 2[t| < dist(z,R™ \ (1/4)Q). In particular, if k < 1/8 then V"~1G = 0
near (yq, £k0(Q)). (We require £ < 1/16 so that V™ ~1G = 0 everywhere within a
fixed radius of (yg,£x¢(Q)).) Observe that LF}, = 0 away from these points, and
SO

0= (V"G,AV"F )gns1 = (VmG,AVmFJr)RiH + (V"G AV F )pnia.
Thus, if g =0 in (1/4)Q, then
(g 63)rn = [QI(V"G, AV™ (F_ — F.))gns1.
We now introduce some notation. Let G = {(z,t) : t > (1/2)dist(z,R™ \

(1/4)Q)}, so if ¢ = 0 in (1/4)Q then supp V" 'G N R} C G. If |a| = m,
let

w,(z,t) = (A(@)V"Fo(2,8))a = Aap() 0’ Fu(a,1)
|Bl=m
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with w = Wi D Let @, = w} — w,. If g=01in (1/4)Q, then

«

<Q,bQ>Rn =1Q| Z /80‘ 2, 1) We (z,t) da dt.

lel=

In general,

(6.58)z = Q| Z / . wi (2,1) do di+ / 0°G (. ) w (2, 1) da dt.

Rn+1

The second 1ntegral is similar to the first integral; thus, we will present the argument
only for the first integral. In other words, we will work only in RT’l, not R™*!,
whether our goal is to establish the bound or ([10.7).

We will need to bound w; it will also help to bound vertical derivatives of w;,.
Let j > 0 be an integer. Observe that by formula and the definition of F,

/ |5‘j o (z, t)\zdz*/ |8;n+j71V;TftEL(x,t,yQ,s)|2 dx.
By the bounds or (10.5)), if 2m > n and j > 0 then
|8J S(x, )2 de < Ot — 8|7,

Thus, we have the bounds

10.9 su wo (x, )P de < ——,
(10.9) p [ g ()P < o
e C

10.10 / / ovw (z, )| tdtdr < ——,
( ) . Jo |f a( )| Hn|Q|

1/2 C

10.11 /( oyw,, (x,t 2dx> dt < ————.
( ) ; Rn“ (z,1)] NOTE

Now, by formula ([2.24), &/ws (x,t) = (=1)709w? (x,t). Furthermore, if ¢ > 0
|s| < k€(Q), then by the bound

/n 1g(z,t) |0sws (x,t)[* dov < C(U(Q) + ) "2

Thus, recalling that W, (z,t) = wl (x,t) — w,, (x,t), we have that

(10.12) sup/n 1g(w,t) |Wa (2, 1) do < ?QT
Ck2
. N 2tdt de
(10.13) /n/ 1g(x,t) |Opwe (x, t)|* tdt do < |Q|
0o 1/2 Ck
e 2
(10.14) [ ([ 1ot oanteopar) < e

Recall that we wish to bound
/ 0°G(x,t) Wo(z,t) dz dt or / 0°G(x,t) w, (z,t) dx dt.
RHL R

We will essentially proceed by integrating by parts to move one derivative from
G to wy; we will need separate arguments in the case where we integrate by parts
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in ¢t (possible only if «,4+1 > 0) and in the case where we integrate by parts in a
horizontal variable z; (possible only if a1 < m).

First, if a1 > 0, then o = v + &,41 for some multiindex v with |y| = m — 1.
So

/ 0°G(x,t)w; (z,t) de dt = / 00" G(x, t) w, (z,t) dx dt.
Ry

n+1
R+

Integrating by parts in ¢, we see that

/ 0°G(x,t) w, (x,t) dedt = — lim "Gz, t)w, (x,t) dz
Ry

t—0t Jpn

—/ "G (z,t) Opw,, (z,t) da dt.
Ry

Recall that H satisfies the uniform L? bound (3.3); by formula (10.8), the same is
10.9)

true of G. We may control the first term using the estimate ( and the second
term using the estimate (10.11)). This yields the bound

- c .
/ . 0°G(x,t) w, (x,1) dmdt’ < ————|gllz2@®n)-
Ry

]

Similarly,

/ 0°G(x,t) We(x,t)dedt = — lim "G (x,t) We(z,t) da
Ryt

t—0t+ R™
_ / 0G (. t) it (2, 1) da dt.
Ry

If g = 0in (1/4)Q then we may integrate over G rather than R'*'. By the bounds
(10.14) and (10.12) on w, and the uniform L? estimate on V™ 1G, we have that
Ck
8aG(l‘, t) ’lﬂa(.ﬁ, t) dx dt < — ||g||L2(Rn).
/Ri“ VIQ|
Now, we turn to the case where a,4+1 < |a| = m. We still integrate by parts
in t. We see that, if w, = w, or wy = w, then

/ 0“G(x,t) wa(x,t) dx dt
Rn+1
- —/ t0;(0“G(,t) wa(w,t)) dx dt
Ry

= 7/ t0°0G(x,t) wo(z,t) da dt f/ t0%G(z,t) Oywa(z, t) dx dt.
R1+1 R1+1
Recall that G as well as H satisfies the estimate (3.5]), and so by the bounds ((10.10)
and ((10.13)),

/ t0°G(z,t) dyw,, (z,t) dxdt‘ < L”g.HL%Rn),
RY !

]

Ck

91l 2 &)
Vie|

/ t0“G(x,t) Oy (x,t) dx dt‘ <
g
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We are left with the term

/ t 00 G(x,t) w(x, t) dx dt, apt1 < |lal =m.

n+1

RYF

We have square-function estimates on 0,,11w, rather than w,; thus, we write

/ t0°0,G(z,t) wo(z,t) de dt = /
Ry

n+1
RY

tc’)ac')tG(:c,t)/ Orwe(z,7) dr dz dt.
¢

Observe that if » > ¢ > 0 and ¢ = 0 in (1/4)Q, then 1g(x,r) 0*0;G(x,t) =
0%0;G(x,t); this is true because, if 1g(z,r) # 1, then V™G(z,t) = 0. Let
Vo, 1) = 0wy (z,7) or 1g(x,r) drwa(x,r), depending on whether we seek to

establish the bound (|10.6|) or ((10.7). Then

/ t 900Gz, t) wo(x,t) de dt = /
Ry

n+1
R+

t@a&gG(x,t)/ Vo (x, ) dr dx dt.
t

If a1 < |af =m, let j = j, be any integer such that j < n and a; > 0, and let
( =Co =0a—E&j+&yt1. (For the sake of definiteness we may let j, be the smallest
such integer.) Then

/ t0%0;G(x,t) wa(z,t) de dt = /
Ry

n+41
RY

t9;,0%G(z,1) / Vo (2, 7) dr dz dt.
t

For each pair of multiindices o and § with |«| = || = m, define the linear operator
T,.p by the relation

1 —
To s F(x,1) :/R Ja,ﬁ(x . Z)F(z,t) dz

’!'Ltn

where J, g is as defined above in the discussion of V"G and V™ H. Then
/ t0%0,G(z,t) wo(z,t) da dt
R

= Z/ 1t8jaTCmﬁaﬁH(x,t)/ Vo (x,7) dr dz dt.
|Bl=m /L '

We may rearrange the terms of the integral to see that

/ tajaTcaﬁ@ﬁH(r,t)/ vo(x, ) dr dx dt
RY T :

> * 1 _
:/ / / / tn(ajaJca,ﬁ)(x - Z)va(a:,r) dx dr 9P H (z,t) dz dt.
0 n Jt n

We will use the Christ-Journé T'1 theorem (Theorem above) to bound

W r(2,t) = /Rn ;(@pJCQﬁ)( >va(m,r) dx.

Let ¢y (2, 2) = % (0;.Jc..5) (£72). We then have that

t
C C
I |vr"/)t(zaz)| S t"+1

r—z

|¢e(z, )] <

n?

~+
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and both terms are zero if |z — z| > t/2. Finally, observe that [(z,z)dx = 0
and so ©;1(z) = 0; thus, we have the estimate

o dz dt
/ W (2, t)2 &
0o Jre t

< Clloa(-, )1z n):

Thus,

/ tajaTca,ﬁaﬂH(x,t)/ Ua(m,r)drdmdt‘
Ry ¢

wr(z,t) 0P H(z,t) dz dt dr|.

n

By the bound . ) and the above bound on W ,,

=~ / ||/Ua('7T)||L2(Rn)||g-||L2(Rn) dr

wr(2,0) 0P H (2, ) dz dt dr| <

n

and by the bounds and m,

/ t 0°0;G(x,t) w, (z,1) da:dt‘ <
Ry

© gl
S L2(R™)>
K;n/2 /|Q| ( )
CLpY
——|g]lL2®r")
N

as desired. 0O

/ t 0“0, G(x,t) Wa(z,t) dmdt‘ <
R7H!

We now have that b% is a bounded linear operator on WA2, | (R™), a subspace

of L2(R™). We extend b% to an operator on L?(R™) using a similar projection as in
Section the difference in this case is that we use only two projection operators
rather than countably many.

Let W,, and Wy be the closure in L?(R™) of, respectively,

W = {120 Trm 10+ (1 = L m0)f - 0 € CF, f € L2 (R™)},

Wi ={1amof + (1= 1amq) Trm_19: 0 € C5°, f € L*(R™)}.
Let O, and Oy denote orthogonal projection from L?(R™) onto the subspaces W,
and Wy; observe that O,, f=f outside of (1/2)Q) and that O;f = f inside (1/4)Q.
Furthermore, O, (Try—1¢) = Of(Trpm_1¢) = Tr,,_ 1  for any nice (e.g., smooth

and compactly supported) function .
Let 1 be smooth and satisfy

n=1in (1/4)Qx(=£(Q)/8,£(Q)/8),  n =0 outside (1/2)Qx(-£(Q)/4,£(Q)/4)
with |Vin| < C;4(Q)~7 for any j > 0.

Define m,, : W, = WAZ,_ | (R") and 7y : Wy = WA2,_;(R™) as follows. Suppose
that f = Tr,_1 ¢ in (1/2)Q or R™\ (1/4)Q for some smooth function . We
may renormalize ¢ so that f1/2 JQ\1/0)Q Tr(? @ = 0 for all |[¢|] < m — 1. Let
Tnf = Trp_1(np) and let 7rff Tr,,_1((1 — n)p). Observe that 7, and 7 are
well-defined, that 7, f = 0 outside (1/2)Q and that 7Tff = 0in (1/4)Q, and that by
the Poincaré inequality m,, : W,, — WA%_I(R") and 7y : Wy — WAfn_l(].R") are
bounded operators. Finally, notice that m,(Tr,,—1¢) + 74(Trpm_1¢) = Try,_1 ¢
for any smooth, compactly supported ¢.
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We let b, satisfy

(f 08 )mn = (72O f + 750 f, b)) en

where the right-hand side is given by formula (10.4). Notice that if f = Tr,_1 ¢,
then O, f = Oy f = f. Thus, this definition is consistent with formula (10.4).
By the bound (|10.6)) and boundedness of 7, and 7¢, we see that

.. c .
(F,b0)mn | < WHJ‘HLZ(RH)\/ Q|

and so the bound (5.11)) is established with Co = Ck™". We are left with the

bounds (5.12)) and (5.13]).
Observe that by the bound (10.7)),

(w105 f, b)mn| < C| fll 2@y 5/ 1QI-
Furthermore, if f =0 in (1/2)Q then 7,0, f = 0; thus, we have that

(10.15) 16811 2@m\(1/200) < Cr1Q.

Fix some v with |y| = m — 1, and let b}, = (b3)~ for some |y| = m — 1. Then
bg = bl We seek to show that

<no

L y . L (x x)dz
Re o [ ea@de 20 o | [ ip@aata)a

for some constant ¢ independent of @ and some 7 depending on C;. Notice that
fQ $o = ¢|Q)| for some constant ¢ depending on ¢g, with 1/2 < ¢ < (14 w)™.
Let

1
D) (z,1) = Q(I = yqQ, 1) ¢q(x) p(t)
where p(t) =1 for |t| < £(Q) and p(t) = 0 for |t| > 24(Q).
Notice that if z € (1/2)Q and [t| < £(Q), then V"' &} (z,1) = &, = dg(x)é,.
Ir.l particulal:, booo = Tr,, 1 P) - i)Q in (1/2)Q. Furthermore, bj, ¢q = 0 and
Try,—1 @, - bg = 0 outside of (1 +w)Q. Thus, by the bound (10.15),

1 1 . , .
‘LQI /Q b, () ¢q(x) do — 1 Jan Trp-1 @) - bQ‘ |bg| < Ck.

< ¢
@l arwmavase
Thus, to establish the bounds (5.12)) and (5.13)), it suffices to bound the quantity
1

— | Ty, ®), b3
Ql Jan trette

from above or from below.
Applying the definition of bg, we see that
1

o7 L Mo 9 b - /R V(1) A@)VE (e, ) dady
+

+ / VT, (x,t) - A(x) V" Fy (2,1) da dt.
R



58 ARIEL BARTON, STEVE HOFMANN, AND SVITLANA MAYBORODA

Now, observe that V®/, = 0 in (1/2)Q x (—4(Q),¢(Q)). Applying the definition
of Fi and the bounds or ([10.5)), we see that

/ . VoL (x,t) - Ax) (V" Fy (2,t) = VT F_(x,t)) da dt’ < Ck
R™H!

and so we may consider
Vm(I)Z) -AVTF_ + qu)z? CAVTE_ = V””‘<I>Z2 -AV™F_.
Ry RZH Rt
Now, recall that
V"o, (z,t) - AVTF_(x,t) dr dt

Rn+1

= Vo) (2,t) - A(z)VE,0r B (2,1, yo, —K(Q)) dx dt.

Rn+1
Applying the symmetry property (2.19)), we see that

Vo, (z,t) - AVTF_(x,t) dv dt

Rn+1

_ /R OB (g —wl(Q), 0, 0) - A" (@) VB (o ) d

By formula (2.22]),
[ V) AV (a0 e = DI (A (g, Q)

Recall (formula (2.17)) that HL*(A*Vm(I%) = ®/,. Thus
/]Rn+1 VoY (x,t) - AVTF_(x,t) de dt = 07" (yo, —k(Q)).

The right-hand side is equal to one if v = v, and is zero otherwise, and so the

bounds (5.12)) and (5.13)) are established.

11. REDUCTION TO OPERATORS OF HIGHER ORDER

We have now shown that ©F and ©f satisfy the bounds and (5.2). We
have established that whenever 2m > n, the condition @ is valid, and there exist
functions i)Q such that the conditions ([5.10)), , @ and are valid.

Thus, if 2m > n, then by Theorem [5.4] ©F and ©F satisfy the bound ;
this implies that the bounds and (2.30) are valid.

We now must establish these bounds for operators of order 2m < n. We use
a fairly standard technique in the theory of higher-order differential equations;
see Section 2.2] and Section 5.4].

Fix some operator L of order 2m < n, and choose some number M such that
2m + 4M > n. Now, there are constants a¢ such that

AM = %" ac 0%

ICl=M

In fact, ac = m!/¢!, and so we have that ac > 1 for all |[(| = M.
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Define the differential operator L = AMLAM; that is, (p, L) = (AMp, LAM )
for all nice test functions ¢ and 1. We remark that L is associated to coefficients A
that satisfy

(11.1) Aga Z a¢ a5 aﬁ ) Z a¢ ag A(C;,QC)(E,QO (33)
at20=6 IC|=M, 2¢<6
B+28=e |€|l=M, 26<e

for all 0] = |e| = m + 2M.
Observe that A is - independent and satisfies the bounds (2.4)) and (2.5 . It was
shown in the proof of [Barl6a, Theorem 62] that

EL(amt,y,s) = Z ac ag 8£§6§§5Ez(x,t,y,s).

ICl=I€l=M
Now, by formula (2.32)), if || = m then
0°Stg(zty= > / 02,07 B (2,1,,0) g,(y) dy

[v[=m—1

Z Z Z ag/ 8a+2C87+25EL(x t,y,0) ae g (y) dy.

[v|=m—1[¢|=M |{|=M
Let g-(x) = >_ 1 o¢—. a¢ g4(). Notice that 1g(z)| < Clg(z)|. Then

(11.2) 9°Stg(x,t) = 3 a0 tHSTG(x, ).
ICl=M

Thus, because the bound (1.8) is valid for operators L of order 2m + 4M for M
large enough, we have that

//|Vm8tSLg(x,t)|2tdtdac§C/ / [V H2M g, SLG (2 )| t dt da
n Jo nJO0

< Clglliz@ny < ClgINL @y

and so the bound (| is valid even for operators of order 2m < n.

The argument for DA is somewhat more 1nvolved In this case we will use
Theorem observe that ©F satisfies the bounds and , and so we need
only establish the bound 7 that is, to bound @f’ég for multiindices g with
18] = m.
Recall from formula (9.1) that

@Deg Z tk/n+1 8?1+k8;“75EL(x,t,y,s) Aap(y) dsdy
lor|=
and so
@Deﬁ Z ac Z t* /n+1 8?+k8§§t8575EL(x,t,y,s) Bsg(y) dsdy
I(|=M  |§|]=m+2Mm R
where

Bsp(y) = Z ag Aap(y) = Z ag As—26)8(Y)-

a+2¢=6 l€]=M, 26<6
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We would like to write the right-hand side in terms of A rather than A and B.
Recall our formula (L1.1)) for the coefficients A of L. We then have that

As:(y) = > agBse(y).

[€|=m, 26<e

Let U(F )‘E = Z\E\ M, 26<e ag Fe_g¢. Then As. = U(Bj), where (Bs)e = Bse. We
claim that ¥ has a left inverse; this means that there exists a matrix of constants
bge such that

Bzm = Z bﬁs gée‘

le|=m+2M

To establish this, we need only show that ¥ is one-to-one. Suppose that \I/(F) =
0. Because V is a linear operator, it suffices to show that F =o. Begin with
indices « such that a; < 1 for all but one value jo of j. Let £ = M¢j, and let
e = a+ 2¢. Then ¢ is the only multiindex with |£] = M and with 2§ < e. Thus
0=U(F). = a¢ F, = F,. Next, consider indices a with a, arbitrary, 2 < o, < 3,
and a; <1 for all other values of j. Let £ be as before and let € = o + 2§. Then
0 = U(F). = ag Fy + a¢ F-_a¢, where ¢ = &, + (M — 1)&,. Since F._o¢ = 0,
we also have that F, = 0. Continuing in this fashion, we see that F,, = 0 for all
multiindices a.

Thus
OPés(x) Z ac Z bge t* /n+1 8?+k8§i837sEL(m,t,y7s) As.(y) ds dy.
Ic|=M  |5|=m+2M R-
le|=m+2M
By formula (2.28) for D and (2.29) for 25, this equals
0 és(w) Z ac Z bge thomTF 82<DA€5(1‘ t).
ICl=M  |e|=m+2M

Recall from formula ([£.3) that OF f(z) = t*0/** DA f(x,t). Define
67 f(x) = ¥ oM+ DA f(a.1)

for some &’ to be chosen momentarily. N
Because m + 2M > n, if k' is large enough then we have that ©F satisfies the

estimates (5.14) and (5.1)), and so by Lemma [0.1]
1 “Q =4 dtd
sup 7/ / |t gmt2M R DAg (p )2 < o
Q 1QJolJo 13

Fix some cube @ and observe that

£Q) dx dt €Q) ~ dx dt
/ /\@D |2 ‘ <c Z / /\t’“@?*kV?MDAéE(x,t)F T
Q t

=m+2M

Applying the Caccioppoli inequality in Whitney boxes, we see that

“Q) dw dt 26(Q) ~ 7. dx dt
/ /|@D PEL <o ¥ / /Qth_2M8?+kDAee(x,t)2 <

le|=m+2M
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If we let k = 2M + k', we see that

4@ ) de dt
/0 /Q 0Pes ()P < oiq)

t
and so OF satisfies the bound (5.3). Thus, by Theoremwe have that ©F satisfies

the bound (|5.4). Thus, by Lemma we have that D4 satisfies the bound (2.30)),
as desired.
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