EXTRAPOLATION OF WELL POSEDNESS FOR HIGHER
ORDER ELLIPTIC SYSTEMS WITH ROUGH COEFFICIENTS

ARIEL BARTON

ABSTRACT. In this paper we study boundary value problems for higher order
elliptic differential operators in divergence form. We establish well posedness
for problems with boundary data in Besov spaces Bg’p, p < 1, given well
posedness for appropriate values of s and p > 1. We work with smoothness
parameter s between 0 and 1; this allows us to consider inhomogeneous differ-
ential equations.

Combined with results of Maz’ya, I. Mitrea, M. Mitrea, and Shaposhnikova,
this allows us to establish new well posedness results for higher order opera-
tors whose coefficients are in or close to the space VMO, for the biharmonic
operator, and for fourth-order operators close to the biharmonic operator.
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1. INTRODUCTION

In [5], we studied higher order boundary value problems for elliptic differential
operators L of the form

N
(1.1) (Li); =Y > 0%(AL0%um)
k=1 |a|=|8|=m

of arbitrary even order 2m, for variable bounded measurable coefficients A. In
particular, we studied the fully inhomogeneous Dirichlet problem

(1.2) Li=div,, HinQ, Tr  a=f,
[@llvizs, ) < ClFlaz, | o0y + CllH Lz @
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and the Neumann problem
(13) Li=div, HinQ, M} yi=g,

||u||W,’;;;v(Q) < Cligllxar, o0y + CllH Lz @

for p, swith0O<s<land (d—1)/(d—1+4+s) <p<o0.
In this paper we will extrapolate well posedness from the range p > 1 to the range
p < 1; this will yield new well posedness results in the case where A lies in the
space VMO and in the case of the biharmonic operator L = A2. See Section 1.1.
The Dirichlet boundary values Tr, | @ of @ in the problem (1.2) are given by
Tr? | @ =Tr V1@, where Tr is the standard trace operator of Sobolev spaces;

see [6, Definition 2.4]. The Neumann boundary values M . i are given by

A, H
(14)  (V™3,AV™i — H)g = (Tr), | MY , ii)aq for all § € C5°(R?)

where (-, -)q denotes the standard L? inner product in Q. The standard weak
formulation of the operator L given by formula (1.1) is

(1.5)  Li = div,, H in Q if (V™3 AV™@)q = (V"@, H)q for all g€ C5°(Q).

It may readily be seen that if 92 is connected and if Lu = div,, H in Q in the
weak sense, then the left-hand side of formula (1. 4) depends only on Tr? | &
and not on the interior values of ¢, and so M A i is a well defined operator on
{’I‘rm L@ @€ C°(RY)}. This was the notion of Neumann boundary values used

n [5, 9, 8], and is similar to but subtly different from that of [14, 26, 2, 23]; see
[27, 10, 9] for a more extensive discussion of various notions of Neumann boundary
values.

The boundary spaces WAP, 1,5(092) and NAP 1,5-1(09) are subspaces and
quotient spaces, respectively, of the vector-valued Besov spaces (Bm’ (09))N4 and
(BP? (89Q))N9, where g denotes the number of multiindices in N¢ of length m — 1.
Specifically, WAP | 5(09Q) is the closure in (BPP(0))N9 of {’I.‘rgl_1 g g e
Cg°(RY)}, while NA? | 1(6(2) (BPP (0Q))N9/ ~ is a quotient space under the
equivalence relation g ~ 4 if (TrS) | 3, d)aq = (Trsl | 3, 4)aq for all g € C3°(RY).
See [6] for a more detailed definition of these function spaces.

The space W2 (Q) is the set of (equivalence classes of) functions @ for which

m,av
the Wrss

m,av

(©)-norm given by
(1.6) e, = IV™illLzs @),

. p/2 1/p
A7) IH 1@ = (/(][ HI"’) dist(x,aQ)Plpsczx)
Q B(z,dist(z,09)/2)

is finite. (Two functions are equivalent if their difference has norm zero; if 2 is open
and connected then two functions are equivalent if they differ by a polynomial of
degree at most m — 1.) Here f denotes the averaged integral f, H = ﬁ [z H
We refer the reader to [5, Section 1.1] for a more extensive discussion of the his-
torical significance of these function spaces. Here we will merely mention that the
spaces WAP, 1,5(082) and NAP, 1,5—1(09) are commonly studied spaces of bound-
ary data with fractional orders of smoothness (that is, smoothness parameters be-
tween zero and one). The theory of boundary value problems with data in integer
smoothness spaces (that is, in Lebesgue or Sobolev spaces) is extensive; however,
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this theory is tightly focused on homogeneous differential equations Li = 0 rather
than the inhomogeneous equations Lu = div,, H considered here, and to study
inhomogeneous problems we generally must consider boundary data in fractional
smoothness spaces. The spaces W2 (Q) and L2;*(Q)) are connected by trace and

m,av
extension theorems to the spaces WAP, 1,5(082) and NAP 1,5—1(09Q); see [6]. More-
over, these spaces are well adapted to the theory of operators with rough coeffi-
cients; see [11, Remark 10.9]. We refer the reader also to [18, 1] for some early
appearances of weighted Sobolev norms [, |V""4(x)[? dist(x, 9Q2)P~15 dz, [20] for
well posedness results given explicitly in terms of weighted Sobolev norms, and [5,
Section 1.1] for a discussion of the significance of averaged norms.

The main result of the present paper is the following theorem extrapolating well
posedness from p > 1 to p < 1. In Section 1.1, we will combine this result with
known results from the literature to derive new well posedness results.

Theorem 1.8. Let Q C R? be a Lipschitz domain with connected boundary. Let
L be an operator of the form (1.1), defined in the weak sense of formula (1.5),
associated to coefficients A that satisfy the bound

(1.9) | Al Lo gay < A
and the Garding inequality
(1.10) Re (V"'3, AV @)y > M|V B 7254y for all § € W (RY).
Suppose that there exists a o_ and q_ with
d—1
1.11 O<o_<1, 1<q¢g-<———F7—— - <2
(1.11) o : I-< g9 r, 0 <

such that the Dirichlet problem

(112) La=div,, @ inQ, Try 1 @=0, |alya .o o) < Coll®] oo

is well posed.

Let M be the primary Lipschitz constant of Q). Suppose that there are some
constants My, o, and gy such that

1 ~ _
(1.13) My > M, 0_+(d—1)<1—q><0+<1, 1<qy <2

and such that, if T' is a bounded simply connected Lipschitz domain with primary
Lipschitz constant at most My, and if @ € Wiktio (T) with Li = 0 in T, then

“ 7
(114) Il gz iy < TRy g o
where Cy depends only on ¢4, 5+, L, and the (full) Lipschitz character of T.
Finally, suppose that there are positive numbers o, and q4 that satisfy

~ d—1 d—1

(1.15) o4 <04 <1, 1<gr<o0, 04— —=——<o04— )
a+ 4+
and if 04 = oy then qy = qy,

such that the Dirichlet problem
— . > . Oare) = .
(1.16) Lud=div,,® in, Tr, ,4=0, ||u||W1q+ ) < COH(I’”LZj’”*(Q)

is well posed. If QU is unbounded we impose the additional assumption that the prob-
lems (1.12) and (1.16) are compatibly well posed in the sense of [5, Lemma 1.22].
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1/p Vay  (s,1/p) 1/q+
1 > 1 < 1
(0-,1/q{)e . (G4, 1)
=S MNCRYN
,1\ $ ’ 1 o 1 04+

FIGURE 1.1. Theorem 1.8: On the left, we show the acceptable
values of (s,1/p), given (0_,1/q_) and (o4,1/q+). In the middle,
we show the acceptable values of (0_,1/¢_) and (o4,1/q4), given
(s,1/p). Finally, on the right, we show the acceptable values of

(0+a 1/q+)a given (&-1-’ 1/&4—)

Then there exist numbers p and s that satisfy the condition

(1.17) o_<s<oy, 0<p<l, J,—E<S—E
q- p
and for every such s and p the Dirichlet problem (1.2) is well posed, where C
depends only on A, A, the Lipschitz character of Q, p, s, q+, 0+, 4+, 0+, Co, My,
and Cy.
Similarly, suppose that A satisfies the bound (1.9) and the local Garding inequal-
ity

(1.18) Re(V"3,AV™"3), > NIV Gll12(q) for all 3 € W2 (Q).

Let My, q+, 0+, G+, and o4 satisfy the conditions (1.11), (1.13) and (1.15). Sup-
pose that the two Neumann problems

(1.19)  Li=divy, ® in Q, M 4i=0, 1l 17 o) < Col|®| oz o2 @

are compatibly well posed. Suppose that there is some Mgy > M such that, if T is
a bounded simply connected Lipschitz domain with primary Lipschitz constant at
most My, and if i € Wﬁ{f{{? (T) and Li =0 in T, then

(120) ||ﬁ||WiJ’ra’i+ (T) S Cl HMA70 6||NA%_1)5+_1(3T)

where C1 depends only on ¢y, o+, L, and the Lipschitz character of T. Then for
any p and s that satisfy the bounds (1.17), the Neumann problem (1.3) is well posed,
where C' has the same dependencies as before.

We will define the primary Lipschitz constant of € in Definition 2.1.

The problems (1.12) and (1.16) (or the two problems (1.19)) are compatibly
well posed if, for every H € Ly’ (Q) N LI 7T (Q), there is a single function
i@ € What (Q) N WETH(Q) that is a solution to both of the problems (1.12)
and (1.16) (or both of the problems (1.19)). Compatibility of solutions is not
trivial; the main result of [4] is an example of a second order operator L such that
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the Dirichlet problems
Lu=0inR3, Tru=f, |ullp < £l e (or2 )

Lv=0in Rﬁ-a Tro=f, ||UHW12(R3) < ||f|‘3f}i(aug2+)
are both well posed, but for which u # v for some f € LP(9R3) N Bf/é(aRi) Here
TP is the tent space defined in [15].

The proof of Theorem 1.8 (see in particular Section 3) uses many techniques
from the proofs of [16, Lemma 1.6] and [24, Theorem 9.6]. Both of these papers
treat specific operators L (the Lamé system in [16], the biharmonic operator in [24])
and establish well posedness of the homogeneous Dirichlet problem with boundary
data in the Hardy space Hll (09); this space is closely related to the p =1, s =1
endpoint of the spaces V-VA’,’,L_LS(@Q) used in this paper. ([16, Lemma 1.6] also
considered the traction boundary problem, that is, the Neumann problem.) We
have adapted their proofs to the case of inhomogeneous equations Lu = div,, H,
and thus to the case of boundary data in fractional smoothness spaces.

We now turn to the history of the boundary value problems
(121) Lit = divy, B in Q. o= f. [0x < Ol flliear . oo+ CIH

(1.22) Lii = div,, Hin @, N a=g, il < Clidlsar  om +ClIE]y

1,5-1(
for some appropriate spaces X and 2), with 0 < s < 1 and with p < 1.

In [19], well posedness was established in the case L = A (that is, for Laplace’s
and Poisson’s equations) in Lipschitz domains for 1 —k < s < 1 and (d—1)/(d —
24 k+5s) < p<1. Inthe case d = 2 they showed that x > 1/2, but if d > 3 then
they showed only x > 0. In dimensions d = 2 and d = 3, this is the range of p,
s such that well posedness of the problems (1.2) and (1.3) may be established via
Theorem 1.8 and earlier results in [18, 17, 28]. If d > 4, then the results of [19] are
stronger; in fact in this case Theorem 1.8 does not yield any well posedness results.

In [21], well posedness of the Dirichlet problem (1.21) for the biharmonic operator
L = A? was established in three-dimensional Lipschitz domains, again for 1 — x <
s<land (d—1)/(d—2+4+k+s) < p < 1. In Section 1.1.2, we will establish
well posedness results for the two-dimensional biharmonic problems and the three-
dimensional Neumann problem, working from Theorem 1.8 and known results of
[22]; the results for the three-dimensional Dirichlet problem derived in the same
way are essentially equivalent to those of [21].

If Q is a two dimensional VMO domain, then well posedness of the biharmonic
Dirichlet problem for 0 < s < 1 and 1/(1 4+ s) < p < 1 was established in [23,
Theorem 6.35]. (The case of C* domains was also considered in [19]; in that case
the parameter x may be taken to be 1 and so the range of well posedness is again
(d-1)/(d—1+s)<p<1)

We turn to the case of variable coefficients. In [11], Mayboroda and the author of
the present paper investigated well posedness in the case where N = m = 1, where
A is real and ¢-independent in the sense that A(z',t) = A(a’,s) for all s, ¢t € R
and all 2/ € R4, and where € is upper half space, or more generally a Lipschitz
graph domain Q = {(2/,t) : 2’ € R4 ¢ > ¢(2’)} for a Lipschitz function 1. In
this case, the Dirichlet problem (1.2) is well posed whenever 1 — k < s < 1 and
(d—1)/(d—24+k+s) <p <1, for some x> 0. If in addition A is symmetric then
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the Neumann problem is well posed for the same range of s and p. As observed in
[5, Remark 1.33], if A is symmetric and d = 2 then x > 1/2.

Finally, in [5], we established stability of well posedness under L perturbation
of the coefficients. As a consequence, if d = 3 and A is close (in L*) to the
coefficients of the biharmonic operator, or if m = 1 and A is close to being t-
independent, then the Dirichlet problem (1.2) is well posed for 1 —k+e <s<1—¢
and (d—1)/(d—24+ Kk —e+s) <p <1, for some 0 < ¢ < /2. (Corresponding
results are valid for the Neumann problem if A is close to being symmetric.)

1.1. New well posedness results derived from Theorem 1.8. In this section
we review some known well posedness results from the literature, and we discuss how
these well posedness results combine with Theorem 1.8 to yield new well posedness
results.

1.1.1. Systems with VMO coefficients. In [20], Maz’ya, Mitrea and Shaposhnikova
investigated the Dirichlet problem for coefficients in (or close to) the space VMO.
In the terminology of the present paper, their results may be shown to be equivalent
to the following. See Section 5.

Suppose that A is bounded and elliptic in the sense of satisfying the conditions
(1.9) and (1.10), and that A € VMO(R?). Suppose furthermore that  C R? is
a bounded Lipschitz domain with connected boundary, and that the unit outward
normal v to 99 lies in VMO(9). Then the Dirichlet problem (1.2) is well posed
forany 0 < s <1 and any 1 < p < c0.

More generally, let

d=0" zeQo<r<s

(1.23) 6(A,Q) = lim sup sup ][ ][ |A(y) — A(2)| dzdy
B(z,r)NQ J B(z,r)N$2
+ lim sup sup ][ ][ lv(y) — v(z)|do(z) do(y).
60" 290 0<r<8 J B(z,r)n0Q J B(x,r)noQ
There is some constant ¢ such that, if 1 <p < oo and 0 < s < 1, and if
5(A,Q) < emin(s,1 —s,1/p, 1 —1/p)?

then the Dirichlet problem (1.2) is well posed.
We remark that by Definition 2.1, if r is small enough then

f ][ (y) — (2)|do(z) doly) < 2M
B(z,r)noQ J B(z,r)NoQ

where M is the primary Lipschitz constant of {2 mentioned in Theorem 1.8.

Combined with Theorem 1.8 (for p < 1), [5, Lemma 1.22] (for 1 < p < 1/(1—¢),
and [5, Lemma 1.21] (for 1/e < p < o0), we have the following well posedness
result.

Theorem 1.24. Fiz some ¢ with 0 < € < 1/2. Then there is some &g > 0 such
that, if A is bounded and satisfies the ellipticity condition (1.10), if Q is a bounded
simply connected Lipschitz domain with primary Lipschitz constant M, and if

2M + lim sup sup ][ ][ |A(y) — A(z)| dz dy < do,
=0T pcRd 0<r<é B(z,r) J B(z,r)
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o(1,d/(d—1))

1/p 1/p 1/p
1 1 ‘ 1

FIGURE 1.2. Theorem 1.24: If A is sufficiently close to VMO
and € is sufficiently close to a VMO domain, well posedness was
established in [20] whenever (s,1/p) lies in the square on the left.
Theorem 1.8 allows us to extrapolate to well posedness whenever
(s,1/p) lies in the triangle in the middle, and [5, Lemmas 1.21
and 1.22] allow us to establish well posedness whenever (s,1/p)
lies in the pentagon on the right.

then the Dirichlet problem (1.2) is well posed whenever
e<s<l—eg, O0<p<Lo0, ——m<—<1+4+———
p

In particular, if A € VMO(R?) and v € VMO(0SY), then the Dirichlet problem
(1.2) is well posed whenever 0 < s <1 and (d—1)/(d—1+s) <p < co.

The acceptable values of s and p are shown in Figure 1.2.

Recall that in the special case where L = A and  is C', or where L = A? is the
biharmonic operator and the ambient dimension d = 2, this result is very similar
to a known result; see [19, Section 3] and [23, Theorem 6.35].

1.1.2. The biharmonic equation and perturbations. In [22], I. Mitrea and M. Mitrea
established well posedness of boundary value problems for the biharmonic operator
A? in bounded Lipschitz domains. Their results improved upon previous results
of Adolfsson and Pipher [1]. They worked with solutions u in Besov and Triebel-
Lizorkin spaces. We prefer to work with solutions u in the weighted averaged spaces
WE* (€); thus, we will use the following result (derived from the results of [22] in

2,av

[5, Section 6.1]).

Theorem 1.25 ([22, 5]). Let Q C R? be a bounded Lipschitz domain with connected
boundary. Let —1/(d — 1) < 6 < 1. Then there is some k > 0 depending on Q and
0 such that if d > 4 and

1 1 1 S 1

1.2 1, 1 S k< -
(1.26) 0<s<1, <p < oo, 5 " 7.1 /<a<p d—1<2+ﬂ’

orifd=2 ord=3 and

1 1-— 1
(1.27) 0<s<1l, 1<p<oo, 0<——< 2H>s< ;H,
p
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then the biharmonic Dirichlet problem
A%u=dive H inQ,
(1.28) Triu = f,
l[ullvize, @) < Clifllviar o0y + CllH Lz @)
and the biharmonic Neumann problem
Au=divo H inQ,
(1.29) MY, gu=9g,
lullvize, @) < Clgllnar , @o0) + ClH Lz @
are both well posed.

Here Ay is the symmetric constant coefficient matrix such that

d d
(1.30) (V*4(x), AgV>p(w)) = 0 Ap(x) Ap(x)+(1—-0) > >~ ;00 (w) 9;0kp(x).
j=1k=1

If d = 2 or d = 3, then Theorems 1.8 and 1.25 imply that the problems (1.28)
and (1.29) are well posed for all p < 1 and s satisfying the condition (1.26) (and not
only the stronger condition (1.27)). As in Section 1.1.1, we may use [5, Lemma 1.22]
and [5, Lemma 1.21] to show that if d = 2 or d = 3, then the problems (1.28)
and (1.29) are well posed for all 0 < p < oo and s satisfying the condition (1.26).
That is, we have the following theorem.

Theorem 1.31. Let Q C R? be a bounded Lipschitz domain with connected bound-
ary and let —=1/(d —1) < < 1. Let k be as in Theorem 1.25.

Suppose that p and s satisfy the condition (1.26). If d = 2, then the Dirichlet
problem (1.28) and the Neumann problem (1.29) are well posed. If d = 3, the
Neumann problem (1.29) is well posed.

To the author’s knowledge, the results of Theorem 1.31 are new. Turning to the
case of the three-dimensional Dirichlet problem, as mentioned above, well posedness
of the Dirichlet problem

(1.32) A%2u=hin QcR? Trlu=f,

lullpra @) < Clibllres, @) + C\\f\\WAgs(aQ)
was established by I. Mitrea, M. Mitrea and Wright in [21] for p and s satisfying the

condition (1.26). It is often possible to pass between the Ff_;ql/pﬂ (Q)-norm and the

W;’;U (©)-norm; see, for example, [1, Proposition S]. Thus, in the three-dimensional
Dirichlet case Theorem 1.8 yields no novel results.

We mention one final class of new well posedness results. In [5, Theorem 1.47],
we established well posedness results for operators close to the biharmonic operator
for p, s as in Theorem 1.25. The same technique allows us to establish perturbative

results for p, s as in Theorem 1.31.

Theorem 1.33. Let N > 1 be an integer, and for each 1 < j < N, let 0; € R; in
the case of the Neumann problem we additionally require —1/(d — 1) < 6; < 1. Let
Q C R? or Q C R? be a bounded simply connected Lipschitz domain, and let r; be
as in Theorem 1.25. Let 0 < 0 < k = min;j k;.
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Dimension d = 2 Dimension d = 3 Dimension d > 4

1/p 1/p
1 1

1/p
1
1/2

1/2 1/2

S S

Earlier results in dimension d = 2 (the Dirichlet problem)
or dimension d = 2 or d = 3 (the Neumann problem)

1/p
1

1/2

FIGURE 1.3. The Dirichlet and Neumann problems (1.28) and
(1.29) for the biharmonic operator A? are well posed whenever
the point (s,1/p) lies in the black or dark gray regions. The black
region depends only on the dimension d; the gray regions also de-
pend on Q. If d > 3 (the Dirichlet problem), if d > 4 (the Neumann
problem), or if (s,1/p) lies in the region shown below, then the re-
sult is known from [1, 21, 22]; the extended range in the case d = 2
or d = 3 is due to Theorem 1.8 in the present paper.

Let L be an operator of the form (1.1), with m = 2 and defined in the weak sense
of formula (1.5), associated to coefficients A. Then there is some € > 0 such that,
if

sup [A%;(@) = (Ag,)as| + sup |Al5(2)| <&

Jra, B,z Jik,a. Bz
£k

then the Dirichlet problem (1.2) and the Neumann problem (1.3), with m = 2, are
well posed whenever
1 1 1 1
0<s<1-4, 0<p<oo, §—m—(m 6)<§ dil §§+(m—6).

1.2. Outline of the paper. The paper is organized as follows. We will prove
Theorem 1.8 in Sections 2-4. In Section 2 we will begin the proof of Theorem 1.8;
we will establish uniqueness of solutions, provide some prehmmary arguments, and
will construct a solution to L# = div,, ® in provided & is supported in a Whitney
ball. In Section 3 we will bound #; it is this section that contains most of the
technical arguments of the paper. In Section 4 we will pass from data b supported
in a Whitney ball to data H supported in all of . Finally, in Section 5, we will
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resolve some differences between well posedness results as stated in the literature,
and the well posedness results required by Theorem 1.8; the results of Section 5
were used in Section 1.1.1 above.

Acknowledgements. The author would like to thank Steve Hofmann and Svit-
lana Mayboroda for many useful discussions concerning the theory of higher-order
elliptic equations. The author would also like to thank the American Institute of
Mathematics for hosting the SQuaRE workshop on “Singular integral operators and
solvability of boundary problems for elliptic equations with rough coefficients,” at
which many of these discussions occurred, and the Mathematical Sciences Research
Institute for hosting a Program on Harmonic Analysis, during which substantial
parts of this paper were written.

2. PRELIMINARIES

We will take our notation for multiindices and our definitions of function spaces
and Lipschitz domains from [6], and our notions of elliptic operators and well posed-
ness from [5]. We remark that throughout the paper, C' will denote a positive con-
stant whose value may change from line to line. We say that A ~ B if A < CB
and B < CA.

There remains to define the primary Lipschitz constant mentioned in Theo-
rem 1.8.

Definition 2.1. If Q is a Lipschitz domain, as defined by [6, Definition 2.2], let
(M,n,co) be the Lipschitz character of Q given therein. We refer to M as the
primary Lipschitz constant of .

In this section we will begin the proof of Theorem 1.8. We begin by establishing
uniqueness of solutions. This follows from well posedness of the problems (1.12),
(1.14) or (1.19) and certain embedding and interpolation results of [5].

Lemma 2.2. Suppose tfzat the conditions of Theorem 1.8 are valid. Then for each
H € L57(Q) and each f € WA}, | (0) or g € NA, | . 1(09), there is at most

one solution to the problem (1.2) or (1.3).

Proof. If Q is bounded, then the numbers r = p, w = s, ¢ = ¢_ and 0 = o_
satisfy the conditions of [5, Lemma 3.7]. Thus, by [5, Corollary 3.8], solutions to
the problems (1.2) and (1.3) are unique.

Otherwise, let ¢ and o satisfy (d —1)/¢g—c = (d—1)/p—sand 1/q=0/qs +
(1-0)/q—, 0 = o + (1 — O)o_ for some 6§ € R. See Figure 2.1. By the given
bounds on ¢+ and oy, we have that 0 < ¢ < s and 1 < ¢ < oo, and furthermore
0<f<1.

By the interpolation result [5, Lemma 1.22], we have well posedness of the Dirich-
let or Neumann problem (1.2) or (1.3) with p = ¢, s = 0. Observe that ¢, o, and
w = s, r = p satisfy the conditions of [5, Lemma 3.7] even if {2 is unbounded. The
conclusion follows from [5, Corollary 3.8]. O

We now recall the following theorem; this theorem will be useful throughout the
paper. In the interior case 2 = B(x, 2r), the result may be found in [13, 3, 7]. The
case of Dirichlet boundary values was established in [7], while the case of Neumann
boundary values may be established using [25, Lemma 5.3] and the proof of [7,
Theorem 36].



EXTRAPOLATION OF WELL POSEDNESS 11

1/q -

(0-,1/q-])»=

a3, 1/p)
(6, 1/q) *(o+ 1/a+)

FIGURE 2.1. Lemma 2.2: the point (o, 1/¢) lies on the line through
(60-,1/q-) and (o4,1/q4), and on the line ¢ — (d—1)(1/q) =
s —(d—1)(1/p). The quantity o — (d — 1)/q is constant on each
of the dashed lines.

Theorem 2.3. Let L be an operator of the form (1.1), defined in the weak sense
of formula (1.5), of order 2m and associated to coefficients A that satisfy the
bound (1.9) and the ellipticity condition (1.10). Suppose that Li = div,, H in
B(x,2r) for some x € RY and some r > 0. If0 < j <m, 0 < p < oo, and
0<q<2, then

) 1/q C ] 1/p ] . 1/q
</ wu|q> < </ |wu|1’> +orm (/ |H|q>
B(z,r) re/P 4 B(z,2r) B(z,2r)

for some constant C depending only on p, q, the dimension d, the constants A and
A in the bounds (1.9) and (1.10), and the Lipschitz character of Q.

Let Q C RY be a Lipschitz domain, let x € 0Q, and let @ € W2(B(z,2r))
with Lé = 0 in QN B(x,2r). Suppose that either A satisfies the ellipticity condi-
tion (1.10) and Tr$X @ = 0 on QN B(z,2r) for all0 < k < m —1, or A satisfies
the ellipticity condition (1.18) and MG ,@ = 0 on dQ N B(x,2r).

Then if 0 < j<m, 0 <p< 0, andb<q§2, then

) 1/q C ) 1/p
(/ |V3u|q> < d/—d/(/ |Vjup) .
B(z,r)NQ r¢PmYaN J B (e, 2mn0

_ As a consequence we have the following equivalence between the averaged norms
wge (T) and unaveraged norms.

m,av

Lemma 2.4. Let T be an open set. If 0 < g < 2 and o € R, then

(2.5) /T|\i:(x)\q dist(z,07)1" "% de < C| ¥ 40 1
for all ¥ € L9 (T), where C depends only on q and o.
Conversely, suppose that @ € ng}loc(T) (that is, suppose that V™ is locally
square-integrable in T'). Let 0 < g < oo and let 0 € R. Let L be an operator of the
form (1.1), defined in the weak sense of formula (1.5), associated to coefficients A

that satisfy the bounds (1.9) and (1.10). Suppose that Li = div,, H inT for some
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He L1

av

a/2
[ / (][ |vaz|2) dist(z, 07)1~ 797 dx
Wik oo (T) B(z,dist(z,0T)/2)

<c/|vm* ()9 dist (2, OT)" ™9 da + C|[EL|% o,

(). Then

for some constant C depending only on q, o and the quantities mentioned in The-
orem 2.3.

Proof. Tt is straightforward to establish that

[ sy as [ (f 1) s 07
T T B(z,adist(x,0T))

for any 0 < a < 1, with comparability constants depending only on a, ¢ and o. By
Holder’s inequality, if ¢ < 2 then the inequality (2.5) is valid.
Conversely, by Theorem 2.3,

1/2 1/q
(f vmﬁ|2> < c(f vmﬁ|Q>
B(z,dist(x,0T)/2) B(z,(3/4) dist(z,0T))

) 1/2
+C (][ |H|2> .
B(z,(3/4) dist(z,0T))

It may easily be shown (see [6, Section 3]) that

q/2
||H||‘igf<T>*’/(][ |H|2> dist(w, 0797179 dz
T B(z,adist(z,0T))

for any 0 < a < 1, and so the proof is complete. O

We now establish existence of solutions. By [5 Lemma 4.1], we need only con-
sider the case of homogeneous boundary data f =0org=0.

We begln by con51der1ng boundary value problems for the differential equation
L@ = div,, ®, where ® is supported in a Whitney ball.

Lemma 2.6. Let L, Q, p, s, q—, and o_ satisfy the conditions of Theorem 1.8.
Let ® € L?(Q) and suppose that supp ® C B(zg, dist(zg, 02)/2) for some xy € Q.
Let @ € Wik 3%~ (Q) be the solution to the problem (1.12) or (1.19). Let 0 < h <
1, and let T(xo) = Tp(w0) = {z € Q1 |wg — x| < § dist(z, 0Q)}.
Then U satisfies the estimate

/F( )|Vm_'( z)|P dist(x, 0Q)P~ 1~ psal:v<C’||‘I>||Lm(Q

where C' depends on h, p, s, q—, o_ and the standard parameters.

Proof. We have that p < 2. Thus, by the bound (2.5),

/ |V () [P dist(z, 0Q)P~1 7P da < ||1F(m0)VmuHLps @
I(zo) “
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If x € Q and B(x,dist(x,0Q)/2) NT'(xg) # B, then there is some y such that
1 1 1
|z — x| < |0 — y| + 3 dist(z, 09Q) < 7 dist(y, 0) + 3 dist(x, 00)

3+ h
2h

1 1
< o (dist(z,09) + [ — y|) + 5 dist(w, 0Q) <

and so z € I'(z) = Lon/3+h)(T0)-
Because g_ > p, we may use Holder’s inequality to see that

dist(x, 092)

|| 1F(wo)vmﬁ||1£g;(g)

/2 p/q-
< </~ (][ vmg|2> dist(z7aﬂ)q—*lfq707 d:z:>
T'(z0) \J/ B(z,dist(z,0Q)/2)

1-p/q-
X ( /~ dist(x,aﬂ)<"—s)pq/<q—P>—1dx> .
I'(zo)

The exponent (o_ — s)pg_/ (Q—~_ p) — 1 is negative, and in particular is less than
—d. Applying the definition of T'(x¢) yields that (for § = dist(zq, 90Q)),

/~ dist(a:,BQ)(U—*S)Pq—/(q— )1 g
(zo0)

< ¢§d-1t(o—=s)pa-/(a-=p) 4 O (hlz — ao|)(0-—9IPa-/la-=P)=1 gy
RI\B(x0,5/2)

< ng(hg)(o— —s)pq-/(g-—p)—1

By assumption, ||u||W7qu7 @ < C||<I>HLL - (- But because & is supported in
B(zg,6/2), we have that
(2.7) @] Lare 0y A 31N/ B | 12y 5/2))

foranyaeRandanyO<q§oo, and so
/F( )\Vmﬁ(acﬂp dist(z, 0Q)P~17P5 dx < C(h )||<I>||Lp £ (@)
o

as desired. 0
We now come to the remaining region.

Lemma 2.8. Suppose t@at the conditions of Theorem 1.8 are valid and let p, s be
as in Theorem 1.8. Let ® and @ be as in Lemma 2.6.

If h > 0 is small enough (depending only on the Lipschitz character of Q and
not on the choice of xq), then
(2.9) / |V () [P dist(z, 0Q)P~17PS do < C(h)||(i)”igzj(9)'

I (o)

We will prove this lemma in the next section, and complete the proof of Theo-

rem 1.8 in Section 4.

3. PROOF OF LEMMA 2.8

We will begin (Section 3.1) by treating the case where xq is far from 9€Q; we will
treat the more useful but much more intricate case of xg near 92 in Section 3.2.
Throughout this section we will let § = dist(xg, Q).
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3.1. The case of z( far from 09). If 912 is bounded but  is not, we must consider
the case where ¢ = dist(xg, 02) > diam 9.

Recall that if = € Q\ I'(zg), then dist(x,09) < hlr —x¢|. An elementary
argument involving the triangle inequality yields that | — xq| < ﬁ(diam(aﬂ) +
dist(xg, 09)). Thus,

(3.1) Q C I'(xo) U B(xo, diam &2 —g (ils}:(xm 89)).

Thus, we wish to bound # in a ball.
We begin with the following lemma.

Lemma 3.2. Let Q C R? be an open set, let s < o, and let 0 < p < 2. Suppose that
0 < ¢ < oo is such that s — % <o-— %, Let xg € Q and let R > dist(zg, 09).
Then

/ [ () |P dist(x, 0Q)P 1P dar < CRUZDU—PI D201,
QNB(zo,R) “r

Proof. If v € Q, let B(x,Q) = B(z,dist(z,08)/2). Let V = QN B(xg, TR); observe
that if x € B(xo, R), then dist(z, Q) = dist(z, dV'). Thus,

/ | (2)[P dist(z, OQ)P~17P% do = / 11 520, m) ¥ () [P dist(z, V)PP da.
QNB(z0,R) v
By the bound (2.5), and because p < 2,

/ 115z, R)‘I’ ) [P dist(z, OV)P~1 P da < O 1p(g,, R)‘I’HLZ;(V)

By [5, Lemma 3.7], and because diam V' < 14R, we have that

1180, m) B L2 vy < CRETDA/PHDFo =811 5o W e (1.

If x € Q and B(z,dist(z,09Q)/2) N B(xg,R) # 0, then we may show using the
triangle inequality that dist(z,0Q) < dist(x,dB(xo, 7R)) and so dist(z,0Q) =
dist(z, 0V'). Thus,

1150, r) ¥zt v) = 1180 llLte @) < I1¥llzsr o)
as desired. O

Let @, € W/kao" () be the solution to the problem (1.16) or (1.19). Because
is unbounded, by assumption @, = @. By Lemma 3.2 with ¥ = V™, ¢ = ¢4 and
o = o4, we have that

/ |V (x)|P dist(z, 9Q)P 1P da
QNB(x0,26/(1+h))

(d=1)(1=p/q)+po—ps || 7||P
S C( )6 ||u|| ‘1+ "+ (Q)
By assumption ||u||Wq+a:+ @ < H<i>||Ler+ () and so by the bound (2.7) we have
that
/ V™) dist(w, 02)P P dz < C(h)|[ @1} .0 g
QNB(z0,25/(1—h)) @

By Lemma 2.6 and the inclusion (3.1), we have that Lemma 2.8 is valid whenever
dist(xg, Q) > diam 0.
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3.2. The case of zy near 0f2. Throughout this section we will assume that § =
dist(zg, 9Q) < diam 99Q. (If  is a Lipschitz graph domain then diam 99 = co and
so this is true for all zo € R%; if  is bounded then this is true for all z¢ € €2.)

Let 2 = Q\ I'(zo). Observe that = is a set of points lying near 092 and far
from xg. We wish to cover = by simply connected regions 7" C €2 with primary
Lipschitz constant My, and then use well posedness of the problem (1.14) or (1.20)
in T to bound « in T

We define the regions T' as follows.

Definition 3.3. Recall from Definition 2.1 and [6, Definition 2.2] that V is a
Lipschitz graph domain with primary Lipschitz constant M if there is some system
of coordinates and some Lipschitz function ¢ : R4~! — R with VY|l oo a1y < M
and with V = {(a/,t) : 2/ € R¥"! ¢t > ¢(2')}. Furthermore, if  is a Lipschitz
domain, then either 2 = V for some Lipschitz graph domain V or there is some
co > 0 and some rq > 0 such that, if z € 99, then there is a Lipschitz graph
domain V such that B(z,rq/co) N = B(z,rq/co) N V.

Choose some z € 0. In the coordinates associated with the Lipschitz graph
domain V', we write z = (2/,9).

If p > 0, then let K(z, p) be the cone {(y,t) : Moly' — 2’| <t —to + Myp} with
vertex at (2',to — Mop) and with slope M. Because ||V Lo ra-1y) < M, we have
that

Vo{(y,t):t>tg+ My -2}
and it is straightforward to establish that if M < M, then
{(,8) > to+ My — 2|} 5 K(2,0) 0 {(,) + > to + MMop/(My — M)},

Let B be the ball with center on the axis of K such that 0B is tangent to 0K and
such that

OBNOK ={(y',to + MMop/(Mo — M) +p) : [y’ — 2| = Mop/(Mo — M) + p/Mo}.
We let

K(z,p) = K(z,p) N {(y,t) : t < to+ MMop/(My— M)+ p},

(3.4) T(z,p) = K(2,p)UB,  T(z,p)=T(2,p)NV.
See Figure 3.1.

Then T(z,p) is a bounded, simply connected domain with primary Lipschitz
constant My, and so the Dirichlet problem (1.14) or Neumann problem (1.20) in
T(z,p) is well posed.

We now cover = by tents of this form.

Lemma 3.5. Let Q be a Lipschitz domain, let zo € Q with dist(zg, Q) < diam 052,
and let = be as given above. If h > 0 is small enough, depending only on the
Lipschitz character of Q0 and not on our choice of xg € €0, then there exist constants
Ci1 >0, Cy > 0 and a (finite or countable) set of points {z;} C O such that the
following conditions hold.

=C Uj T(Zj, |Zj — l‘ol/?Cl).

if x € 2 then x € T(z;,|2z; — xo|/C1) for at most Ca values of j.

If k is an integer, then 2% < |z; — x| < 28FL for at most Cy values of j.
T(zj,|2; — zo|/C1) C Q for all j, and so U is defined in T'(z;,|2z; — xo|/Ch).
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'_.-"Slope M,

FIGURE 3.1. The tent T'(z, p).

o If T =T(z,|z; —x0]/C1) and T = T(zj, |zj — x| /Ch), then OT N OV =
0T NoQ =0T\ oT.
o T(zj,|zj —xz0|/C1) N B(xg,0/2) =0, and so Li =0 in T(z;,|z; — xo|/Ch).

Proof. We may ensure T(z;, |z; — x0|/C1) N B(xo,6/2) = 0 by choosing C large
enough that T'(z, p/C1) C B(z,p/2) for all z € 9Q and all p > 0.

Let z € 2 = {& € Q : dist(z,090) < h|z —xo|}. An elementary argument
involving the triangle inequality shows that, if z € 9Q with |z — z| = dist(z, 99),
then |x — z| < (h/(1 — h))|z — x0|. Thus, z € B(z,(h/(1 — h))|z — x0]) N Q. For
any given C; > 0, we may choose h small enough that B(z, (h/(1 — h))|z — zo|) C
T(z, |z — 0| /4C}). Thus,

Ec | Tz ]z — ol/4Ch) N,
2€00Q

and we may choose z; such that
C U T(zj, |z; — xo]/2C1) N Q

j=1

(1]

and such that if 2 € R? then z € f(zj, |z; — zo|/C4) for at most Cs values of j, for
some large constant Cs; thus, |z; — x| ~ 2% for at most Cy = C5C, values of j,
where Cy > 1.

It remains to choose C; large enough that

T(zj, 25 — w0l /C1) NQ = Tz, |2; — 0l /C1) NV = T2, ]2 — ol /C1)

for any such j.

If Q is a Lipschitz graph domain then V' = Q and there is nothing to do. Oth-
erwise, observe that |z; — x| < 2diam 0Q2. We may choose C; large enough that
T(z,2diam 9Q/Cy) N Q = T(z,2diam dQ/Cy) for all z € AN This completes the
proof. ([
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Thus, given the above choices of Cy and h, if dist(zg, Q) < diam 9 then the
right-hand side of

(3.6) / (Vi) P dist(x, 99)P—1P da

zj,lz5—z0|/2C1)

<Gy / |V™ () |P dist(x, OQ)P~IPS dx
5 7T

is meaningful and the inequality is valid. We need only bound the sum on the right
hand side. _

Fix some such j. Let R = |z; —x|/C1, and let T, = T(z;,uR) and T, =
T(zj, uR) for any 1/2 < pu < 1. Recall that Ty C € and that & = 0 in T}. We wish
to bound the integral over Tj /». By Hélder’s inequality and because p < gy,

/ |V™ i ()P dist(z, 9Q)P~17P8 da
e G ~ o p/q4
< </ |V™ ()| dist(x, 0Q)7+ 1o+ dx)
Ti/2 1 )

—p/d+

X / diSt(:C, 8Q)(5+—S)Pﬁ+/(?f+ —-p)—1 dx) -
Ty

Evaluating the second integral, we have that

/ |V ()P dist(x, 0Q)P~1 75 da
Ti/2

p/q
< CR@-1D(A-p/q+)+(c+—5)p (/ |vma'(x)‘§+ dist (z, @Q)§+*1*§+5+ da:) +_
Ti/2

We wish to bound the right-hand side.
Lemma 3.7. Ifx € T\ /3 and 3/4 < pu < 1, then dist(x,0Q) =~ dist(z, 0T),).

Proof. Observe that T1 C €, and so if # € T} /5 and 1/2 < p < 1 then dist(z, 0Q) >
dist(z, 0T},).

Conversely, suppose that = € T}/, and 3/4 < < 1. Then either dist(z,97),) =
dist(z, dT;, N A > dist(x, Q) or dist(z,dT),) = dist(x, T, N IT,).

If dist(«, 9T},) = dist(z, dT,NIT,,), then dist(z, dT},) > dist(T} j2,T5/4) = R/C.
But dist(x,02) < RC for all z € T} 5, and so dist(x, Q) < Cdist(z,0T),) for all
x €Ty and all 3/4 < <1, as desired. O

Thus, if 3/4 < p < 1 then
q+/p
(/ |V™ i ()P dist(x, 0Q)P P dx)
Ti/2
< C«R(dfl)(iz”+/pfl)+(5+78)¢7+/ |vmﬁ(x)|¢7+ dist(z:,@TH)‘ﬂ*l*q*aJr dr.
TH

We now wish to apply the bounds (1.14) and (1.20) to bound the right hand
side. Thus, we must show that @ € W4 5" (T),) for some 3/4 < p < 1. Because
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@ € Wiao™ (Q), we have that @ € W2 1oc(Ty) for any 0 < p < 1. Furthermore,
L@ = 0in T, and so by Lemma 2.4,

q+
705, o

/ V™ iz )|Ei+ dist(a:,(S'QFH)fleﬂ;,qa+ di.
T,
Observe that

5/6 _ _ o
][ / V™) [T+ dist(ar, OT,)T 107+ da dp
3

Sl?/
Ts

_[b/6 . o
|V ()| // dist(z, 0T),) "~ =T+ dp dx
3/4

<C |V™ () |7 dist(z, 0Q) T ~179++ d,
Ts/6

/6

As in Section 3.1, let @y € W5+ (Q) be the solution to the problem (1.16)
r (1.19). By [5, Corollary 3.8] or by assumption, we have that @ = @4 and so
@€ Wikiaat(Q). If 64 = o4 and ¢4 = ¢4, then by the bound (2.5),

/ V() [T+ dist(, 0Q)T 1T+ dg < Ol %y < 00
T5/6 W’nL,aU (Q)

and so for almost every u € (3/4,5/6) we have that

q.
(38) @, ..

m,av

) < C/ V™ i(2)| T dist(x, 0T),) T 1T+ do < oo.
I3 Ty

Thus, we may apply the bounds (1.14) or (1.20) to @ in T),.
If 64 < o4, then by Lemma 3.2 with p = ¢, s = 0, and because T5/s C
B(z;,CR), we have that

(3.9) / V™ di(2) |7 dist(z, Q)T 1T+ g
Ts/6

< ORE-DA=a1/q4)+dqr04— Q+U+H ||q+q+ Ry < 00
and we may still apply the bounds (1.14) or (1.20).
Thus, if Tr | @ =0 and the inequality (1.14) is valid, then

m—1

a+/p
(3.10) (/ |V™ii(2)|P dist(x, 0Q)P~17PS dx)
Ti/2

5/6
< CRU-D@+ /p=)+@+—9)Ts / el | )™ dp.
- 3/4 WaATE | (0T

m—1,64

If MQ 4 U =0 and the inequality (1.20) is valid, then
a+/p
(3.11) ( / V()| dist(z, 90)P— 1P dx)
Ti/2

du.

5/6
< CR(d—1><q~+/p—1>+<&+—s)q~+/ NI i
B 3/4 Ty)

+
NAm, 10+ 1(6
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By the bounds (3.8) and (3.9) and by [6, Theorems 5.1 and 7.1], rI"I‘QLlﬁ €
WA (8T,,) and M “0 S NAm 15._1(0T),) for almost every p with 3/4 <

m—1,04
pn<5/6.
To complete the bounds on V™ in T7 /5, we must bound the respective right
hand sides.

YO+

Lemma 3.12. Let 0 < o0 <1 and let 1 < ¢ < o0, and let T' be a bounded simply
connected szschitz domain.

Iff e WAm 10(0T), and if V.f € L1(90T), where V. denotes the gradient
along 0T, then

||f||WA3n_1,U(aT) < C(diam T) 7|V~ fl| paory-

Proof. Recall from [6, Section 2.2] that if 0 < 0 < 1 and ¢ > 1, then

”» fa fy)
1y omy = 1 goom, ~ [ /6 SO dow asto)

We may assume without loss of generality that f T fda = 0. By rescaling, it
suffices to prove this theorem in the case where diam7T = 1.

Recall that W(9T) denotes a homogeneous Sobolev space. Let W(9T) denote
the inhomogeneous Sobolev space with norm

I lwgory = 1flzaory + 1 Fllviaor) = 1Fllaory + V7 fllaor)-
It is well known (see, for example, [23, formulas (2.401), (2.421), (2.490)]) that

[ fllzaory.weor)),., = I fllLaor) + 1fl 529 or)

where (-, - )5, denotes the real interpolation functor of Lions and Peetre defined
in, for example, [12, Chapter 3]. By standard properties of interpolation spaces,

1 flzacor),weor)),., < C|\f||Lq(aT)Hf||'§vf(aT)-

By the Poincaré inequality, |f|lLaor) < ClIVrfllraor). Thus, [[fllgaaer <
CHVTf”Lq(@T), as desired.

Lemma 3.13. Let z € 9Q and p > 0, and let T = T(z,p). Recall the Lipschitz
graph domain V in the definition of T. Suppose that V™i € LY(T), that Li = 0
in T, and that 1\./120 Uu=0ondTNOV.

Ifl<qg<ooand0 <o <1, then

IV o ]

NAgnfl‘o‘fl(aT) < C/T|vmﬁ(l')‘qdlst(1'7aT \ aV)LI*lfq(r dz.

Proof. By the duality characterization of NA',I,L_LU_1 (see [6, Section 2.2]), we have
that
1

e . T
M4 0 u||NAfn_1ﬁ_1(8T) sup (¢, My g G)or|

peWwAl (0T ||¢||WA3;71717”(3T)

m—1,1—
where 1/g+1/¢' = 1.

Choose some ¢ € WAm 11-0(0T). By [6, Theorem 4.1], there are functions
B; € WiL-oo0(T) and B, € W 17> (RT) such that Tr?_| &, = v \T &, =

m 1
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@. Here W2 1=o7(T) and L,;'~7"(T) are defined analogously to W2 1~¢(T) and

m,av m,av

Lglv’l_“(T), with the norm

H‘i’”q W o = / (||‘i’||LT(B(3c,dist(;c,8T)/2)))q diSt(.’E, aT)qliliql(liU)idq//T dx.
Law (T) T
Recall the region T = T'(z, p) of formula (3.4). Observe that T is also a bounded,
simply connected Lipschitz domain. Furthermore, if z € T, then 0TNOT = 0T\ 0V

and so dist(z, 0T \ 9V) ~ dist(z,dT). Let

(I;()— d;(x), weT,
VTN ®(@), zeT\T.

Claim 3.14. We claim that & € W2 :1=21(T)  and that its norm depends only on

m,av
13, (ry A0 [Pl 1o a7

. !
q',1—0,00
Wi av

Suppose that this claim is true. Again by [6, Theorem 4.1], there is some Fe

Wq/71—<7700(T) with ’I"rf%l F= ’I"r£71 $. Let

m,av

G(ﬁ) - {0A<x>vmﬁ(m)’ ztie?\;vise.
Then
(¢, M4 g @)or = (V"D, AV @) = (V"®,G) 7 = (V"F,G) 7
and so
(@, M4 o @or| < CIV | yr1ome ) IG | Lo 7

< Clelar_, , om eVl g -

Because ¢ > 1, arguing analogously to the proof of the bound (2.5), we may show
that

1Lrvmie, ., . <C / V()| dist(z, OT \ OV)9~1=9 dz
av T

and so the proof is complete.
We now must establish the claim; that is, we must bound

q . /
/~(][ B V’”<I>|) dist(z, 07)7 ~1=7 (1) gy
T \J B(z,T)

where B(xz,T) = B(z, adist(z, dT)) for some 0 < a < 1.
Let 0 < < 1. Let

T = {w € T : ndist(z, OT) < dist(x, 9T) < %dist(a:,@f)},

Ty = {z € T : dist(x,dT) < ndist(z,d7)},
Ty = {z € T : dist(x,dT) < ndist(z,dT)}.
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If 2 € Ty, then dist(z, 8T) ~ dist(z, 8T). Thus,

q/ ~ 7 ’ =g
/ <][ B |vm<1>|) dist(x, T)7 ~1=7(1=9) gy < CIV"®ill g 1000 (1
TiNT \J B(z,T)

q/
AL dist(z, 0T)7 177079 4o < C|V™ Bel| 4/ 1000 gy
‘/Tl\T <fB(-Lai:‘)| |) ( ) || ||Lav1 (RI\T)

We now consider Ty. Let A = {2’ € R¥~!: (2/,9(z')) € 0T N IV}. We may
choose 7 small enough that, if (z',t) € Ty, then 2’ € A9, where A© is the interior
(in RI~1) of A.

Let G be a decomposition of A? into Whitney cubes, so A® = UgegQ, Q) ~
dist(Q, R4+ \ A©9), and if Q and R are distinct cubes in G then @ and R have
disjoint interiors.

Let 7(Q) = {(2/,t) : 2/ € Q,¥(2') — col(Q) < t < Y(z') + col(Q)} be two-sided
versions of the tents in [6, Lemma 3.7]. By the bound [6, formula (3.8)], we have
that if ¥| , € Lg;*1(V) and @\Rd\v € LYY (RT\ V), then

q/
S (f 1) @ S Oy + 1l ey

Qeg
If @ and n are small enough, then

q . /
[, i) i omeroo
T B(ZE,T) /

- q ’ /
<oY (f1vmdl) @ aso

QGQ (Q)

which by the above remarks is at most

Cvaq)i”ngjl—mM(T) + C”Vm(I)S HLZ',UJ—"*‘X’(Rd\T)'

Finally, we come to T3. Observe that T3 C T \ T is a region lying near oT. We
may write T3 C Uren R, where H is a collection of pairwise-disjoint cubes in R¢
(not RI~1) that satisfy ¢(R) ~ dist(R, 9T).

Then

q _ /
/ <][ |Vm(§> dist(z, 0T)? -1-¢'(1=0) g,
Ts B(a:,’f')

q'/2 o, .
<cZ/<f N|vm¢>e|2) dist(a, 9T)7 ~1=7 (1= gy

ReH (,T)
and by [6, Lemma 3.6],

q'/2 _ / o /
/ (][ |V’”<I>I2> dist(w, 0T)7 =177 (=) doy < C| V"B | oy L(R)F 7
R\JB(z,T)

But
Z ||vmq) HLOO(R) ( )d—1+q 7 < C”qu)GHLZ,i;l*”’m
ReH

This completes the proof. [

(RNT)
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By Lemma 3.12 or Lemma 3.13, we may bound the integrands on the right hand
sides of formulas (3.10) and (3.11); evaluating the integrals yields the bound

/ |V™a(x)|P dist(x, 0Q)P~17P% de < CRITPITPs=dp/@x | ymg)P :
Ty L+ (Ts/6)

Because ¢y < 2, we may use Holder’s inequality to see that

Ay|Vmﬁ@ﬂpdBW%aQV_PmdxSCU#“FL¢&MﬁWmeg%an
1/2

We now apply [7, Lemmas 9 and 16]; these lemmas are boundary Caccioppoli
inequalities, with Dirichlet or Neumann boundary conditions. This yields the bound

/T 1/2|Vmﬁ(m)|p dist(x, 9Q)P 1P dx < CRITITPs= /2| ym—L(7 — ﬁ)||gz(Tm)

where P = 0 if 'I"r?n_1 4 = 0, and where P is an arbitrary polynomial of degree
m — 1 (and so V™~ 1P is an arbitrary constant array) if Mi $U=0.

By Theorem 2.3, we have that

(3.15) / V)P dist(z, 9P 1P da
T1/2

< ORTI W=\ NG = Py -

We must now bound V"~ (i — ﬁ) in T7/g. We will use the following lemma.

Lemma 3.16. Let Q be a Lipschitz domain and let T = T(z, p) for some z € 982
and some p > 0 small enough that Tz, (8/7)p) C Q and 0T N OV = 9T NIN. Let
v be a function defined in T and let 0 < 7 < p(Mo — M) /M.

Suppose that 1 < g < 0o and o > 0. Then

1/q

1/q
(/ Iv(z)lqu> Scpl/q+”(/Vv(x)|qdist(z,8ﬂ)q1q"dx)
T T

1/q
+ Cpt/e (/ lv(zx)|? do(m)) .
(OV+(0,7))NT

Here OV + (0,7) = {z + (0,7) : z € AV }.

Proof of Lemma 3.16. Let xr be the vertex of the cone T(z,p), and let S = {w €
R?: |w| =1, 27 + sw € T for some s > 0}. Then there is some a(w) and b(w) so
that T = {ar + sw:w € S, a(w) < s < b(w)}. Thus,

b(w)
[r@rar= [ [ er + i o)
T S Ja(w)

where do(w) denotes surface measure on the unit sphere in R,
If w € S and 7 > 0 then there is a unique p(w) > 0 such that zp + p(w)w € OV +
(0,7). If 0 < 7 < p(Mo—M) /My, then zr+p(w) w € T and so a(w) < p(w) < b(w);
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furthermore, (OV + (0,7))NT = {7 + p(w)w : w € S}. Then

(AW@W&O (//ww
+ (/Slv(xT + p(w)w)|e /a::) . do(w)> 1/q.

The second term on the right hand side is at most

1/q
c(of (o) da(a) )
(OV +(0,7))NT

where do(x) denotes surface measure on OV + (0, 7).
Let I denote the first term. If ¢ > 1, then by Holder’s inequality,

b(w) b(w)
11 < C’/ / / |Vu(zr + sw)|?(s — a(w))? 1797 ds
S Ja( a(w)

q 1/q
rd=tdr da(w))

/ |Vo(zr + sw)|ds
p(w)

r a/d
X </ (s —a(w))~1tae ds> =L dr do(w).
ww)

If 0 > 0 and ¢’ > 0, then the second integral ds converges. Evaluating, we see that

b(w)
11 < de'HN/ /( : |Vu(zr + sw)|9(s — a(w))? 17 ds do(w).
alw

Ifg=1and o >0, then ¢ — 1 —go = —o < 0 and it is straightforward to show
that this inequality is still valid.

Observe that if a(w) < s < b(w), then s = p and s — a(w) ~ dist(zp + sw, O).
Thus,

11 < Cp'tee / |Vo(x)|? dist(z, 09)971 797 da.
T
This completes the proof. ([l

If Tr;, ;4 = 0, then applying the bound (3.15) and Lemma 3.16 with v =
V™1 and 7 = 0 yields that

(3.17) / |V™ii(x)|P dist(x, 0Q)P~17PS da
T2

p/qa-
< CRV-D0=p/a)=sptpo- ( / V()| 7 dist(xﬁﬂ)q_l_q”) :
T7/8

If M% i = 0, then averaging over a range of 7 yields that

/ |V™i(2)|P dist(x, 0Q)P~ 1P da
T1/2

p/q-
< ORW-D0=p/q-)=sptpo- (/ |V™ii(z)|% dist(z, 0Q)4- 1727~ dx)
Tz

/8

p/q-
+CRd—1—dp/q—sp(/|vm—1 ( ) \vAils 1P )lq dJJ)
U



24 ARIEL BARTON

for an open set U C T7 5 with dist(U, 952) > R/C. Choosing P appropriately and
applying the Poincaré inequality, we see that the bound (3.17) is still valid.
Because g— < 2, by the bound (2.5) we have that

/ |V u(z)|% dist(x, 0Q)4- 1717~ dgc<C||u||q’q, _
T7/8 m(l'U (Q)

By the bounds (3.6) and (3.17), we have that
/|Vmﬂ'(m)\p dist(z, 9Q)P~1 7P dg

< C||Vmﬁ||p Z‘Zﬂ _ $O|d—1—sp—(d—1)p/q7+p07.

J
Observe that d — 1 — sp — (d — 1)p/q— + po_ < 0. Recall that for any k& > 0, there
are at most C' points z; with 2% < |z; — x| < 281, Thus, the sum may be bounded

by a convergent geometric series, and we have that

q, 7(9

/|Vm{[(x)\p dist(x, 0Q)P~17P% dx

< CIvmaly, dist (o, Q)4 15— (d=Dp/a-+po—

s ()

Recall that ||V ,0— - ) < C||<I>HL

m,av

a—:— - Thus, by the bound (2.7),

/ V™) [P dist(z, 0Q)P P de < C|| @[50 -

This completes the proof of Lemma 2.8.

4. PROOF OF THEOREM 1.8

Let G be a grid of Whitney cubes in €; then Q = Ugeg@, the cubes in G have
pairwise-disjoint interiors, and if @ € G then the side-length £(Q) of @ satisfies
Q) =~ dist(Q, 9€). As observed in [6, Section 3], if 0 < p < oo and H € LP:*(Q),

then
1/p
itz ~ (3 (f yie) @y rore)
Qeg

where the comparability constants depend on p, s, and the comparability constants
for Whitney cubes in the relation £(Q) = dist(Q, 9%2).

Choose some H € L25(Q). For each Q € G, let @g € Wikt () be as in
Lemma 2.8 with & = 1QH.

Because p < 1, we have that

HZ i’ < Y lialy. o <
Wk, (Q) 0cG ,

By Lemmas 2.4 and 2.8, we have that

p
ol 11 H|?
Q .8
56 11QH|Y .. b

lio i @ < ClQH |12

av

for all @), and so

1=

dof . <O QHI, 0 < ClHI, o
Whi () 0cG
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Thus, for any H € L?5(Q) there exists a solution @ = > Uq to the problem

av
(1.2) or (1.3) with boundary data f = 0 or ¢ = 0. By [5, Lemma 4.1], we may
extend to arbitrary boundary values. Finally, recall that by Lemma 2.2, we have
uniqueness of solutions to the problems (1.2) or (1.3). This completes the proof of
Theorem 1.8.

5. KNOWN RESULTS IN THE NOTATION OF THE PRESENT PAPER

In Section 1.1, we described new well posedness results arising from Theorem 1.8
and from known results from [20] and from [21, 22]. However, the results of [20]
and [21, 22] were stated not in terms of the spaces L2:*(Q) and Wf,’l’,‘fw (Q) of the
present paper, but in terms of other, related spaces. In [5, Section 6.1], results in
terms of L2:#(Q) and W,’,’f(w () were derived from the results of [22]; in this section,
we shall similarly derive results in terms of L?:¥(£2) and Wﬁ;fw (Q) from the results
of [20].

We begin by recalling the following result from [20].

Theorem 5.1 ([20, Theorem 8.1]). Let Q C R be a bounded Lipschitz domain and
let L be an elliptic differential operator of order 2m of the form (1.1), defined in the
weak sense of formula (1.5), associated to coefficents A that satisfy the ellipticity
conditions (1.9) and (1.10).

Then there is some ¢ > 0 such that, if 0 <s< 1,1 <p< o0, and

2(1-s)*(1/p)(1—1
(5.2) 5(A,9) < 208" 1/p)0 ~ 1/p)
s(1—s) + (1/p)(1 - 1/p)
where §(A, Q) is as in formula (1.23), then the Dirichlet problem
Li=F inQ, affﬁ:gk on N for0 <k <m-—1,
ldllwz= ) < Clgllwe_,, @00 + ClIFlves

is well posed.

Here V% (Q) is the dual space VE"1=5(Q)" to V2175(Q), and

1/p
Z /|80‘ﬂ'(x)|pdist(x,BQ)p_l_ps da:) )
Q

|| <m

@l = (

1/p
lillvge @ = < > / |0°() P dist(w, Q)P 1P +plal=pm dx) .
Q

lal<m
For convenience, we will treat the case § = 0, avoiding the W? +5(082) norms,
and use [5, Lemma 4.1] to contend with boundary values. By [20, Theorem 7.8],
(5.3) VPs(Q) = {d e WP(Q): T @ =0 for all 0 < k < m — 1}.
We remark that, if 0 < s <1 and 0 < 1/p < 1, then
Smin(s, 1 5,1/p, 1~ 1/p)? < 5(21(1_;;&((11//2 ))((11__11//7; ))
and that a bound on min(s,1 —s,1/p,1 —1/p) (rather than the more complicated

condition (5.2)) is more convenient to apply in the context of Theorem 1.8.
In this section we will derive the following well posedness result.
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Theorem 5.4. Let Q and A be as in Theorem 5.1. Suppose furthermore that OS2
is connected. If 1 <p < o0, 0 < s <1 and the condition (5.2) is satisfied, then the
Dirichlet problem (1.2) is well posed.

Proof. By [5, Theorems 4.7 and 4.12], we need only consider the case p < 2. By [5,
Lemma 4.1], we need only consider the case f = 0.

We begin with uniqueness. Suppose that Ld = 0 in €, that ’I"r?n_1 4 = 0, and
that @ € W},’Ifw(ﬂ) We may normalize @ so that Tri? @ = 0 for all 0 < k < m — 1.
It suffices to show that @ € V2:*(Q), for then @ € W2*(§2) and so by Theorem 5.1
must be zero.

Let V = {(2/,t) : t > ¢(a’)} be a Lipschitz graph domain and suppose that

Trkvﬁ:Ofor any 0 < v < m — 1. We may write
/ |sz7(z)|p dist(z, 8V)”*1*p5“’k*pm dx
1%
~ VEG(a!  t + () PP mPsTPR=pm gt dg
|
Rd-1 Jo
If0<k<m-—1, then
/ |VEG () [P dist(xz, 9V )P~ 1-pstPh=pm g
1%

S
Rd-1 Jo

By Holder’s inequality, for any 6 € R with p’d < 1, we have that

t p
[ IV pa dr] e dr
0

VEG(2)|P dist(z, 9V )P~ 1—pstpk—pm g
| :
1%
[e’e] t /
< C/ / / ‘Vk+177(x/7 s+ w(xl)”pre dr tp—l—ps+pk_pm+p/p 0 gt o’
RrRd—1 Jgo 0
Changing the order of integration, we see that if p — ps+pk —pm+p/p’ < pb, then
VEG(2)|P dist(x. V)P~ —pstpk—pm g,/
| :
1%
<c [ [V w@ e gy o
Rd—1 0
~ / VL5 (2) [P dist(z, OV )P~ 1P Pkt —pm o
\%

If s > 0 and k < m — 1, then there is a 0 that satisfies both of the conditions given
above. By induction, we have that

vy < © [ 19700 dist(a, 07 ="

A. standard patching argument shows that if 2 is a bounded Lipschitz domain and
Trilﬂ':0fora110§k§m—1, then

vz @) < C/ |V i(2)|P dist(x, OQ)P~17P% da.
Q
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Finally, by the bound (2.5), if p < 2 then

/|vm* x)[P dist(x, 0Q)P~17P% dx < C||uHWpS (@)

as desired. This completes the proof of uniqueness.

We now establish existence of solutions. By [5, Lemma 4.1], we need only con-
sider the case f =0.

Choose some H € L25(€). Again by the bound (2.5), and because p < 2, we
have that

/|H )P dist(z, 0271 da < CIH2 )
Let div,, H be the distribution given by
(@.div,, H), = (-1)™(V"3, H),,
If @ € VP 175(9Q), then

(&, divy, ED)o = (_1)m/Q<vm¢(x),H(x)>dx

and by Holder’s inequality and because 1 —1/p—s=—(1—1/p' — (1 — 5)),
g ’ , 1/p’
(@, H)al < (/ (V7@ (2) [P dist(z, 0Q)1 /P~ (1=9) dm)
Q

1/p
X (/ |H ()P dist(x, 0Q)P~1P¢ dm)
Q

< Ol e g 1 2o

Thus, div,, H € V**(Q). Thus, by Theorem 5.1 there is some @ € V2*(Q) with
Li = div,, H in V and with 4]l wee ) < | FL || p.e
It is clear that

/Q|Vmﬁ(x)|p dist(x, 0Q)P~1 7P dx < ||ﬁ||€vﬁ;

av

@ = ClIHILz: g

By Lemma 2.4, we may improve to a we

B (§2)-norm on 4, as desired. O
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