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I: LEBESGUE INTEGRATION FOR FUNCTIONS OF A SINGLE REAL VARIABLE
PRELIMINARIES ON SETS, MAPPINGS, AND RELATIONS

UNIONS AND INTERSECTIONS OF SETS



(Problem 10) [De Morgan] If X is a set and F is a family of sets, show that

Xw(U F): N X~ F).

FEF FEF

(Problem 20) [De Morgan] If X is a set and F is a family of sets, show that

x~(NF)=Ux~h.

FEF FEF

MAPPINGS BETWEEN SETS

(Problem 30) If f : A— B is a function, and E, F C B, show that
fYEUF)=fYE)UFL(F).

(Problem 40) If f : A— B is a function, and E, F C B, show that
fYENF)=fYE)nfI(F).

(Problem 50) If f : A — B is a function, and E, F C B, show that
fYE ~F)=fYE)~ f(F).

(Problem 60) If f : A— B is a function, and we define f(E) = {f(e) : e € E} for all E C A, are the analogues
to the above formulas true?

EQUIVALENCE RELATIONS, THE AXIOM OF CHOICE AND ZORN’S LEMMA
[Definition: Relation] Let X be a set. A subset R of the Cartesian product X x X is called a relation on X; we
write xRy if (x,y) € R.
[Definition: Reflexive relation] A relation R is reflexive if xRx for all x € X.
[Definition: Transitive relation] A relation R is transitive if xRy and yRz implies xRz.
[Definition: Symmetric relation] A relation R is symmetric if xRy if and only if yRx.
[Definition: Equivalence relation] A relation R is an equivalence if it is reflexive, symmetric, and transitive.

[Definition: Partial ordering] A relation R is a partial ordering if it is reflexive, transitive, and as far from
symmetric as possible: if xRy and yRx then x = y.

[Definition: Totally ordered] Let R be a partial ordering on a set X and let E C X. We say that E is totally
ordered if, for every x, y € E, either xRy or yRx.

[Definition: Equivalence class] The equivalence class of an element x of a set X with respect to an equivalence
relation R on X is Ry = {y € X : xRy}, and X/R = {Rx : x € X}.

[Definition: Partition] Let X be a set and let P be a collection of subsets of X. If, for every x € X, there is
exactly one P € P that satisfies x € P, we say that P is a partition of X.

(Problem 70) Let R be an equivalence relation. Show that X/R is a partition of X.

(Problem 80) Let P be a partition of X. Define R = [Jp.p P x P. Show that R is an equivalence relation and
that xRy if and only if there is a P € P with x, y € P.

[Definition: Choice function] Let F be a nonempty family of nonempty sets and let X = |Jz.x F. (We do not
require that F be a partition of X.) A choice function on F is a function f : F — X such that f(F) € F for
each F e F.

Zermelo’s axiom of choice. If F is a nonempty collection of nonempty sets, then there exists a choice function
on F.

(Problem 90) Suppose that f : X — Y is a function from one metric space to another. Suppose that x € X and
that f is continuous at x in the sequential sense: for all sequences {x,}52; C X that satisfy x, — x, we have



that f(x,) — f(x). Use the axiom of choice to show that f is continuous in the £-é sense as well. Be sure to
explain where you must use a choice axiom.

[Definition: Upper bound] Let R be a partial ordering on a set X and let E C X. If x € X and eRx for all
e € E, then x is an upper bound on E.

[Definition: Maximal element] Let R be a partial ordering on a set X and let x € X. If {y € X : xRy} = {x},
then x is said to be maximal.

[Homework 1.1] Let F be a family of sets.
(a) Show that C and D are both relations on F and that they are partial orderings.
(b) When is A € F maximal under the relation C? Under the relation 27
(c) If € C F, when is A € F an upper bound for £ under the relation C? Under the relation D7

Zorn’s lemma. Let X be a nonempty partially ordered set. Assume that, if E C X is totally ordered, then E has
an upper bound in X (not necessarily in E). Then X contains a maximal element.

[Definition: Cartesian product of a parameterized collection of sets] If { £y} cp is a parameterized collection
of sets, then the Cartesian product [],cx Ex is defined to be the set of functions f from A to [J,c5 Ex such that
f(X\) € Ex forall A € A,

(Problem 100) When is the Cartesian product of a parameterized collection of sets equal to the set of choice
functions on the family of sets? Can you modify the axiom of choice so that it is equivalent to the statement
that the Cartesian product of of a parameterized collection of nonempty sets is nonempty?

1. THE REAL NUMBERS: SETS, SEQUENCES AND FUNCTIONS

1.1 THE FIELD, POSITIVITY AND COMPLETENESS AXIOMS

[Definition: Field] A field is a set F together with two functions from F x F to itself (denoted a + b and ab
rather than s((a, b)) and p((a, b))) that satisfy the axioms

at+tb=b+aforalla beF,
a+(b+c)=(a+b)+cforalla b ceF,

Thereisa 0 € F such that a4+ 0=aforall a € F,

If a € F then there is a —a € F such that a+ (—a) =0,
ab=baforall a, be F,

a(bc) = (ab)c for all a, b, c € F,

Thereisa l € F such that la=a for all a € F,

If a € F and a # 0 then there is a 1/a € F such that a(1/a) =1,
1#0,

a(b+c)=ab+ acforall a, b, c € F,

(Elliott, Problem 110) Show from the axioms that 0a =0 for all a € F.

Because 0 is the additive identity, 0+ 0 = 0 and so 0a = (0 + 0)a. By the distributivity of multiplication
over addition (and commutativity of multiplication), (0 + 0)a = 0a 4+ 0a. Thus 0a = 0a + 0a. We add
—(0a) to both sides to see that 0 = 0Oa, as desired.

[Definition: Ordered field] A field F is an ordered field if

F is a field,

F is totally ordered with respect to some relation on F (which we will call <),
If a > 0 then (—a) <0,

a—b>0if and only if a > b,

If a> 0and b > 0 then both a+ b >0 and ab > 0.

(Problem 120) Show that Q and R (as defined in undergraduate analysis/advanced calculus) are both ordered
fields. If you have taken complex analysis, show that C is not an ordered field.

[Definition: Complete ordered field] An ordered field F is complete if, whenever E C F is a nonempty subset
with an upper bound, then E has a least upper bound.



[Definition: Absolute value] If x is an element of an ordered field, we define |x| = x if x > 0 and |x| = —x if
x <0.

The Triangle inequality. If x and y are real numbers (or rational numbers), then |x + y| < |x| + |y|.
[Definition: Extended real numbers] We introduce the symbols co = 400 and —co denoting two objects that
are not in R, and let the extended real numbers be R U{—00, 00}. (The extended real numbers are not a field!)
e We extend the relation < by stating —co < r < oo for all r € R.
o We extend the operation + by writing
0+r=00, —00+r=-00, 00+00=00 —00+(—00)=—00
for all r € R. (00 + (—00) and (—00) + oo are not defined.)
e If a, b€ RU{—00, >0}, then
(a,b) ={reRU{-00,0}:a<r<b} J[ab)={recRU{-o00,x}:a<r<b}
(a,b] ={re RU{-00,0}:a<r<b}, [ab={recRU{—00,0}:a<r<b}
We may write RU {—00, 0} = [-00, 0].
(Irina, Problem 130) Show that every subset of the extended real numbers has a supremum in the extended

real numbers. (A similar argument shows that every subset of the extended real numbers has an infimum in the
extended real numbers.)

Let X C [—o00, 00]. There are then four cases:

e X =0or X ={—00}. Then —o0 is an upper bound for X, because x < —co for all x € X. Furthermore,
if y € [-00,00] then —co < y, and so —oo < y for all upper bounds y of X. Thus —oo is the least
upper bound on X.

e For every r € R there is an x € X with x > r. In particular there is an x € X with x > 0 > —o0, and so
—o0 is not an upper bound for X. Furthermore, no element of R is an upper bound for X. However, co
is an upper bound for [—00, ], so is an upper bound for X; as it is the only upper bound

e None of the preceding cases is valid. Thus, there is some r € R such that x < r for all x € X.
Furthermore, X # 0 and X # {—oc0}. In this case co ¢ X (because oo £ r). Thus, X Z {—00, 0}, and
so X NR # Q. ris an upper bound for X N R, so by the completeness axiom X N R has a (real) least
upper bound s. If X = X N R we are done; otherwise, X "R = X ~ {—oc0}. s is an upper bound for X
because s > —o0, and is the least upper bound for X because it is the least upper bound for a subset
of X. This completes the proof.

1.2 THE NATURAL AND RATIONAL NUMBERS

[Definition: Inductive set] Suppose that F is a field and that E C F. Suppose furthermore that 1 € E and
that, if x € E, then x + 1 € E. Then we say that E is inductive.

[Definition: Natural numbers] If F is a field, we define the natural numbers N in F as the intersection of all
inductive subsets of F.

(Zach, Problem 140) If F is an ordered field, show that 1 € Ng and that f ¢ Ng for all f < 1.
Let S={x € F:x>1}. Then1le€ S. Furthermore, if x € F then x > 1. Because 1 > 0, we have that

x+1>x>1andsox+1€S. Thus S is inductive, and so Ng C S. Because > is a partial ordering, if
f<lthenf #1landsof ¢S5, sof ¢&Ng, as desired.

(Problem 141) If n, m € Ng, show that n + m € Ng. Phrase your proof in terms of inductive sets rather than
in terms of induction as done in undergraduate mathematics.

[Chapter 1, Problem 8] If F is an ordered field and n € Ng, then Ng N (n, n+ 1) = 0.
[Chapter 1, Problem 9] If F is an ordered field and n, m € Ng with n > m, then n — m € Ng.
Theorem 1.1. Let F be an ordered field and let E C Ng. Suppose that E # (. Then E has a smallest element.



(Juan, Problem 150) Prove Theorem 1.1. For bonus points, prove this in a general ordered field; the proof in
your book is only valid in complete ordered fields.

Corollary. Let Zg = {n—m:n,m € Ng}. If S C Zr and S is bounded above (respectively, below) then S
contains a maximal (respectively, minimal) element.

The Archimedean property. An ordered field F has the Archimedean property if, for every a € F, there is a
n € Ng with n > a.

(Micah, Problem 160) Let F be a complete ordered field. Prove that F has the Archimedean property.

Suppose that F does not have the Archimedian property. Then there is some a € F fuch that n < a for
all n € Ng.

Thus ais an upper bound for Ng. Because F is complete, there is a least upper bound ¢ of Ng. Consider
c—1. Then c—1 < ¢, and so ¢ — 1 is not an upper bound for Ng, and so there is some m € Ng such that
c—1< m. Butthen c < m+1, and so c is not an upper bound for Ng. This is a contradiction.

[Potential homework problem] Let F and R be two complete ordered fields. Show that there is a unique
bijection ¢ : F — R that satisfies

* p(a+b) =p(a) + ¢(b),

* p(ab) = p(a)p(b),

o If a < b then p(a) < ¢(b).
Thus (up to isomorphism) there is only one complete ordered field.

[Definition: Dense] Let F be an ordered field. A subset S of F is dense if, whenever a, b € F with a < b, there
isasc Switha<s<b.

Theorem 1.2. The rational numbers Q are dense in the real numbers R.
(Muhammad, Problem 170) Prove [Theorem 1.2

Since b—a > 0, we have that ;2 > 0. Thus thereis a g € N such that ¢ > ;= (and thus 1/q < b—a)
by the Archimedean property.

Let S={n € Z:n< gb}. Sis clearly bounded above, so by (the corollary to) [Theorem 1.1| we have
that S contains a maximal element p.

Thus p < gb. Because g € N, we have that g > 0 and so g < b. Furthermore, p+ 1is not in S and so
§+-le gb, that is, pTH > b. But then g:pTH—%Zb—%>b—(b—a):a, and so a < g < b, as
esired.

THE AXIOM OF DEPENDENT CHOICE
The axiom of countable choice. Let X be a set. For each n € N, let E, C X. Then there is a sequence
{xn}%2, such that, for each n € N, we have that x, € E,.

The axiom of dependent choice. Let X be a set and let R be a relation on X. Suppose that for each x € X,
there is at least one y € X such that xRy.

If x € X, then there is a sequence (a function from N to X) such that x; = x and such that x,Rx,. for all
neN.

The Bolzano-WeierstrauBl theorem. If {x,}°°, is a bounded sequence of points in R, then there is a subse-
quence {x,, }32, that converges.

(Bonus Problem 171) Use the axiom of dependent choice to prove the Bolzano-WeierstrauB theorem. Can you
do this using only the axiom of countable choice?

(Bonus Problem 172) Show that the axiom of dependent choice implies the axiom of countable choice.
(Bonus Problem 180) Use Zorn's lemma to prove the axiom of dependent choice.

(Problem 181) Choose a standard inductive proof from undergraduate analysis and rephrase it in terms of
inductive sets.



1.3 COUNTABLE AND UNCOUNTABLE SETS

[Definition: Finite] A subset of N is finite if it is bounded above. An arbitrary set S is finite if there is a bijection
f from S to a finite subset of N.

(Memory 190) If S is finite, then there is a m € N and a bijection f : S — {k € N: k < m}.

(Memory 200) If S is a set, T is a finite set, and there exists either

e An injection g: S — T,
e A surjection h: T — S,

then S is finite.

[Definition: Countable] A set S is countable if there exists an injection g : S — N.
(Memory 210) S is countable if and only if there exists a surjection h: N — S.

(Memory 220) All finite sets are countable.

[Definition: Countably infinite] A set S is countably infinite if it is countable but not finite.
(Memory 230) S is countably infinite if and only if there exists a bijection f : S — N.
(Memory 240) Q is countable.

(Memory 250) The countable union of countable sets is countable.

[Definition: Uncountable] A set is uncountable if it is not countable.

(Memory 260) The real numbers are uncountable. In fact, if I C R is an interval, then either I =0, I = {a} is
a single point, or I is uncountable.

(Anjuman, Problem 270) Let S be a set. Let 2° (or P(S)) denote the set of all subsets of S. Show that there
does not exist a bijection f : S — 2.

1.4 OPeN SETS AND CLOSED SETS OF REAL NUMBERS

[Definition: Open interval] A subset I of R is an open interval if there exist a, b € [—00, 00] with a < b such
that I = (a,b) ={reR:a<r < b}

(Problem 280) Is the empty set an open interval?
[Definition: Open set] A subset O of R is open if it is the union of open intervals.

Proposition 1.9. In R (but not in other metric spaces), every open set may be written as a union of countably
many open intervals that are pairwise-disjoint.

[Definition: Closed set] A set in R is closed if its complement is open.

[Definition: Closure] If E C R, then E = (.- dlosed,CF F-

(Memory 290) If £ C R then E is closed. If E C R is closed then E = E.

(Memory 300) If E C R then E = {r € R:if £ > 0 then there is an e € E with |r — e| < }.

The nested set theorem. If {F,}%, is a sequence of sets such that F, O F,.1, F, is compact, and F, # 0,
then (oo, Fn # 0.



1.4 BOREL SETS OF REAL NUMBERS

[Definition: o-algebra] Let X be a set and let A C 2X. We say that A is a o-algebra of subsets of X, or a
o-algebra over X, if

(a) D e A.
(b) If S€ Athen X ~ S € A.
(c) If B C A'is countable then Jscz S is in A.

(Problem 310) Show that 2% and {X, 0} are both o-algebras over X.

(Ashley, Problem 320) Suppose that A is a o-algebra and that B C A is countable. Show that (g3 S isin A.

(Problem 321) Let G be a collection of o-algebras over X. Let A = [z B. Show that A is also a o-algebra
over X.

(Problem 322) Is the same true for unions of o-algebras?
Proposition 1.13. Let F C 2X. Let
S={AC2X: FCA, Aisa o-algebra}.

Let Ax =\ ycsA- Then Az is a o-algebra.
Furthermore, 7 C A and if A is a o-algebra with 7 C A then Ax C A.
We call Ax the smallest o-algebra that contains F.

(Bashar, Problem 330) Prove [Proposition 1.13
(Dibyendu, Problem 340) Let A be a o-algebra on X and let {E,}; C A. Let
limsup E, = {x € X : x € E, for infinitely many values of n}.

n—oo

Show that limsup,_,., E, € A.

The statement that x € E, for infinitely many values of n is equivalent to the statement that, for all
m € N, there is a n > m such that x € E,,.

The statement that there is a n > m such that x € E,, is equivalent to the statment that x € U?;m E,.

Thus, the statement that x € E,, for infinitely many values of n is equivalent to the statement that, for
almeN, xe U2, E,.

But for any sequence of sets {5} ;, x € Sp,, for all m € N if and only if x € >_, Sp.

Thus, o
limsup E, = m [U E,,]

n—oo k=1 n=k

and the result that limsup,_ . E, € A follows immediately from the definition of a o-algebra and from
[Problem 320

iott, Problem et e a o-algebra on X and let {E,}2, C A. Let
Elli Probl 350) Let A b Igeb X and | E}e, CA L

liminf E, = {x € X : x ¢ E,, for at most finitely many values of n}.

n—oo

Show that liminf,_, E, € A.
A similar argument to that of the previous problem vyields that

it = U ]

k=1 n=k
and so again the result follows from the definition of a o-algebra and from

[Definition: Borel sets] The collection B of Borel subsets of R is the smallest o-algebra containing all open
subsets of R.



1.5 SEQUENCES OF REAL NUMBERS

[We will assume that all students saw all material in this section in advanced calculus or real analysis.]

1.6 CoNTINUOUS REAL-VALUED FUNCTIONS OF A REAL VARIABLE

[We will assume that all students saw all material in this section in advanced calculus or real analysis.]

2. LEBESGUE MEASURE

2.1 INTRODUCTION

[Definition: Characteristic function] Let £ C R be a set. The characteristic function of E is defined to be

(x) 1, x€E,
X) =
XE 0, xeR~E.

[Definition: Jordan content] Let E C R be a bounded set. If xg is Riemann integrable, then we say that E is
Jordan measurable and that its Jordan content is J(E) = ffooo XE-

(Irina, Problem 360) Suppose that {E,}7; is a finite collection of pairwise disjoint Jordan measurable sets.
Show that UpL; E, is also Jordan measurable and that

j(@ En) = ij(En)

(Zach, Problem 370) Find a bounded set E that is not Jordan measurable, but such that E = |J°°, E,,, where
{En}%, is a sequence of pairwise disjoint Jordan measurable sets.

Let E = QnNJ0,1]. Then E is countable and so is the union of countably many pairwise disjoint singleton
sets. It is an elementary real analysis argument to show that singleton sets are Jordan measurable but that
E is not.

[Definition: Measure] If X is a set and M is a o-algebra of subsets of X, then we call (X, M) a measurable
space. A measure on a measurable space (X, M) is a function u such that:

o i M — |0, 00].
e u(0) =0,
o If {Ex}2, C Mand ExNE; =0 for all j # k, then

}L(U Ek) = ZM(E[()
k=1 k=1
(Recall that if M is a o-algebra then @ € M.)

[Chapter 2, Problem 1] If y is a measure on a o-algebra M, and if A, B € M with A C B, then u(A) < u(B).

[Chapter 2, Problem 2] We may replace the second condition by the condition “w(E) < oo for at least one
EecM".

[Chapter 2, Problem 3] If 1 is a measure on a o-algebra M, and if {E(}%2; C M, then
u(U Ek) <> u(Ee).
k=1 k=1

[Chapter 2, Problem 4] Let (X, M) be a measurable space. If E € M, let ¢c(E) = oo if E is infinite and
c(E) = #E if E is finite. Then c is a measure on (X, M).

(Juan, Problem 380) Let (X, M) be a measurable space. There are functions from M to {0, 00} that are
measures. Find two of them. (These are the trivial measures on M.)



2.2 OUTER MEASURE
[Definition: Length] Let I C R be an interval, so I = (a, b), [a, b], [a, b), or (a, b] for some a, b € [—o0, 0]
with a < b. We define {(I) = b — a.

[Definition: Outer measure] Let A C R. The Lebesgue outer measure of A is

m*(A) = |nf{Z£ (Ix): AC U I, each I is a bounded open |nterva|}
— k=1

(Problem 390) Let A C B C R. Show that m*(A) < m*(B).

(Problem 391) Let S C R be a finite set. Show that m*(S) = 0.

(Micah, Problem 400) Let S C R be a countably infinite set. Show that m*(S) = 0. In particular, m*(Q) = 0.
Proposition 2.1. The outer measure of an interval in R is its length.

(Muhammad, Problem 410) Let I = [a, b] be a closed bounded interval (that is, a and b are both real numbers).
Show that m*(I) =4(I) = b — a.

(Anjuman, Problem 420) Prove [Proposition 2.1
Proposition 2.2. Outer measure is translation invariant: if E C R and r € R, then

m*(E)=m*({e+r:ec E}).

(Ashley, Problem 430) Prove

Let {Ix}%°, be a countable sequence of bounded open intervals that satisfies E C (Jy—, Ir. There are
real numbers ay, by with ax < by and Iy = (ak, bk).

Let Jy = (ax + 1, bk + r).

If fe E, ={e+r:ec E}, then f = e+ r for some e € E. Because E C Uf’:l I, we have that
e € I (that is, ax < e < by) for at least one value of k. Then ax +r <e+r < b+ r,sof € Ji. Thus
E, C Ure; Jk- But {Jk : k € N} is a countable collection of bounded open intervals, and so by definition
of Lebesgue outer measure

SZ Jk :Z bk—ak Ze(fk)
k=1 k=1 k=1
Taking the infimum of both sides over the set of all such {I;}%°, we see that
m*(E,) < m*(E).
But E = (E,)_,, and so by the previous argument m*(E) = m*((E,)—,) < m*(E,). Thus m*(E) = m*(E,),

as desired.

(Problem 431) If E C R and r € R, then
\r|m*(E) = m*({re: e € E}).

Proposition 2.3. If for each kK € N we have a set £, C R, then

(U ) Zm (Ek).

k=1



(Bashar, Problem 440) Prove [Proposition 2.3

If Y 22, m*(Ex) = oo we are done because m*(S) € [0, 00] for all S C R. Therefore we assume that
> vo . m*(Ex) < oo. In particular, m*(Ey) < oo for all k € N.

Let € > 0. By definition of infimum and by definition of m*, for each k, there is a sequence {Ij¢}72; of
bounded open intervals that satisfies

E, C UIk'g, ZK(IH) < m*(Ek) + 27 ke,
=1 =1

Now, B = {Ix4 : k,£ € N} is the union of countably many collections of countably many bounded open

intervals, and so by B is a countable set of bounded open intervals.
Furthermore, if x € UZo:1 Ey then x € Ej for some k, and so x € Iy 4 for some £. Thus E, C UIeB I
Thus by definition of m*,

By definition of B

By definition of Iy g,

o0 (o) o0
m*(U Ek> <3 (m*(E) +27%e) =g+ > m*(Eq).
k=1 k=1 k=1
Because this is true for all € > 0, we must have that
m*( Ek> S Zm*(Ek)
k=1 k=1

as desired.

[Chapter 2, Problem 9] If A, B C R and m*(A) = 0, then m*(AU B) = m*(A) + m*(B).

[Chapter 2, Problem 10] Let A, B C R be bounded. Suppose that inf{|a— b|:a € A, b € B} > 0. Show that
m*(AU B) = m*(A) + m*(B).

2.6 VITALI'S EXAMPLE OF A NONMEASURABLE SET

[Definition: Rationally equivalent] If r, s € R, we say that r and s are rationally equivalent if r — s € Q.

(Dibyendu, Problem 450) Show that rational equivalence is an equivalence relation.

Let R denote rational equivalence.
e Suppose rRs. Then r —s € Q. Because Q is a field, —(r —s) = s—r € Q and so sRr. Thus R is
symmetric.
e Suppose r € R. Then r —r =0 € Q and so rRr. Thus R is reflexive.
e Suppose rRs and sRt. Thenr—s e Qand s—t € Q. Because Qis a field, r—t = (r—s)+(s—t) € Q
and so rRt. Thus R is transitive.
Because R is symmetric, reflexive, and transitive, it is an equivalence relation.

(Problem 451) Let R denote rational equivalence. Let [—1,1]/R be the set of equivalence classes in [—1,1]
under R. This is a collection of (pairwise disjoint) sets.
If S € [-1,1]/R, is S finite, countably infinite, or uncountable?

Let x € S. Then S ={y € [-1,1] : xRy} ={y € [-1,1] : y = x + g for some g € Q}. S is clearly
infinite. Conversely, S C {x + g : ¢ € Q}. This set is countable because it has a natural bijection to the
countable set Q. Thus S is countably infinite.



(Problem 452) Is the collection of equivalence classes [—1, 1]/R finite, countably infinite, or uncountable?

We have that
11= [J S
Se[-11]/R
The right hand side is uncountable but each S on the left hand side is countable. The countable union of
countable sets is countable, and so we must have that [-1, 1]/R is uncountable.

(Problem 453) Let ¢ be a choice function on [-1,1]/R and let V = ¢([—1, 1]/R). Is V countable or uncountable?

The elements of [—1,1]/R are pairwise disjoint because R is an equivalence relation. Thus, if ¢(S) =
©(T), then o(T) € SNT because p is a choice function and so 9(S) € S, p(T) € T. Thus SNT # 0 and
so S=T. Thus @ is a bijection from [—1,1]/R to V. Because [—1,1]/R is uncountable, so is V.

(Elliott, Problem 460) If g is rational, define V; = {v+ g : v € V}. Show that if g, p € QN [-2, 2] then either
g=porV,NnV,=0.

Let p, g € QN [-2,2] and suppose that V, NV, # 0. Let x € V;NV,. Then x = v+ q =
some v, w € V by definition of V. We must have that v = ¢(S), w = ¢(T) for some S, T €
by definition of V.

Thus v—w =p—q € Q and so vRw. Because ¢ is a choice function, v = ¢(S) € S. Because vRw,
we must also have w € S. But w = ¢(T) € T. As in the previous problem this implies S = T, and so
v=¢(S)=¢(T)=w. Thus0=v—w =p—q and so p = q, as desired.

w + p for
[-1,1]/R

(Irina, Problem 470) Show that

-11c | wc<l-3.3.
q€[-2,2]NQ

(Zach, Problem 480) Show that m*(V) > 0.

By [Proposition 2.1] and [Problem 390, we have that

2= m*([-1,1]) < m*( [_92] qu).

roposition 2.5, an ecause e rational numbers are counta €, wWe have a
By [P T db the rational numb tabl have that
2< ) mr(V).

a€[=2.2]nQ
By [Proposition 2.2] we have that m*(V,) = m*(V;) for all p, g € Q. Thus
2< Y m(V).
q€[—2,2]NQ

The right hand side is either zero (if m*(V) = 0) or oo (if m*(V) > 0). The first possibility is precluded by
the positive lower bound, and thus we must have that m*(V) > 0.

(Juan, Problem 490) Let {qx}%° , be a sequence that contains each rational number in [—2, 2] exactly once and
contains no other numbers. Show that y >, m*(V,,) # m* (Uiozl qu).

(Micah, Problem 500) Show that there exist two disjoint sets A and B such that
m*(AU B) # m*(A) + m*(B).



2.3 THE 0-ALGEBRA OF LEBESGUE MEASURABLE SETS

[Definition: Measurable set] Let £ C R. We say that E is Lebesgue measurable (or just measurable) if, for all
A C R, we have that

m*(A) = m*(ANE)+ m*(A~ E).
(Problem 501) Show that E C R is measurable if and only if, for all A C R, we have that

m*(A) > m*(ANE)+ m*(A~ E).

This is an easy consequence of [Proposition 2.

(Problem 510) Show that the complement of a measurable set is measurable.
(Problem 520) Show that the empty set is measurable.

Proposition 2.10. Let E C R be a measurable set. Let y € R. Define E+y ={e+y: e € E}. Show that
E + y is also measurable.

(Muhammad, Problem 530) Prove [Proposition 2.10

(Problem 531) Let £ C R be a measurable set. Let r € R. Define rE = {re : e € E}. Show that rE is also
measurable.

Proposition 2.4. Let E C R. Suppose that m*(E) = 0. Then E is measurable.

(Anjuman, Problem 540) Prove [Proposition 2.4

Proposition 2.5. The union of finitely many measurable sets is measurable.
(Ashley, Problem 550) Prove [Proposition 2.5

Let S = {n € N :the union of n measurable sets is measurable}. It is trivially true that 1 € S. We will

now show that S is inductive and thus S = N; this will complete the proof.

Suppose that n € S. Let {E,}71] be a set of n+ 1 measurable sets. Let F = |J;_; Ex; because n € S

we have that F is measurable. Let G = E,1; by assumption G is measurable. We need only show that
FUG = UZE is measurable; because {E,}7 1} was arbitrary this will imply that n+1 € S, which will show
that S is inductive and thus complete the proof.

Let A C R. Applying the measurability of F yields that

m*(A) = m*(ANF) + m*(AN F©)
where the superscript C denotes the complement. Applying the measurability of G yields that
m*(A) = m*(ANF) + m*(GN(ANF))
+m*((ANFS) N GO).
Set intersection is associative and so (AN F¢)NGE = AN (FC N GS). Recall that F¢ =R ~ F. By De
Morgan's laws ([Problem 10)),
FENGC=R~F)N(R~G) =R~ (FUG)=(FUG) .
Thus
m*(A) = m*(ANF) + m*(GN(ANFC))
+ m* (AN (FUG)©).
By [Proposition 22
m*(ANF)+m*(GN(ANFC)) > m*((ANF)U(GN(ANFS))).
Again using associativity of intersection,
GN(ANFS) =AN(GNFO).



Because unions distribute over intersections,
(ANF)UAN(GNFS)=AN(FU(GNFO)).
But FU(GNF¢)=FUG and so
*(A) > m*(AN(FUG))+ m*"(AN(FUG)%).
By [Proposition 2.2] m* *(AN(FUG)) +m*(AN(FUG)®), and so we must have that
m*(A) =m*(AN(FUG))+ m* (AN (FUG)®)

for any set A. Thus F U G is measurable, as desired.

Proposition 2.6. If {E,}]_; is a collection of finitely many measurable pairwise disjoint sets, then
(U &) = 3 (£
k=1 k=1
More generally, if A C R then

m (U AﬂEk)> Zm (AN Ey).

(Bashar, Problem 560) Prove [Proposition 2.6

Let A C R. We prove by induction. The base case n = 1 is trivially true.
Suppose that the proposition is true for some n, that is, that

m (U AmEk) Zm (AN Ey)
k=1

whenever {E,}7_, is a collection of n measurable sets. Let {E,}71] be a collection of n+ 1 measurable
sets.
Because E, ;1 is measurable, we have that

n+1 n+1 n+1
m(An |J B = m* (A0 U Ex) N Eai) +m* (A0 | Ex) ~ Enia).
k=1 k=1 k=1
Now,
n+1 n+1
(Am U Ek) NEn1=AN (U ExN E,,+1> =ANEpi1
k=1 k=1
because the Es are pairwise disjoint.
Similarly,
n+1 n+1 n+1 n
(Am U Ek> ~ Epiy = (Am U Ek) NES, = AN (U EkmE,fH) — AN (U Ek>.
k=1 k=1 k=1 k=1
Thus
n+1
“(An | E) = m* (AN Ensa) + m* (Am (U Ek))
k=1 k=1
By our induction hypothesis, the second term is equal to
n
> m*(AnEy)
k=1
and so
n+1 n+1

m* (AN | J Ex) =>_m* (AN Ey).

A standard inductive argument completes the proof.



(Problem 561) Show that the intersection of finitely many measurable sets is measurable.

Let {Ex}7_, be a collection of finitely many measurable sets.
By |Problem 510} each Ef = R ~ Ej is measurable.

By [Proposition 2.4, |J]_, ES is measurable.

Again by [Problem 510, R ~ (lJ;_; Ef) is measurable.
Finally, by [Problem 10|

R~<U5k>ﬂR~E£)—ﬁEk
k=1 k=1

and so (), _; Ex is measurable.

Proposition 2.13. Let {E,}%2; be a sequence of pairwise disjoint measurable sets. Then

(U ) Zm (Ex)-

k=1

[Chapter 2, Problem 26]If A C R and {Ex}°, is as in [Proposition 2.13| then
[e9)
m (U AﬂEk)) Zm AN Ey).
k=1

The inequality

s Proposition 23
By [Problem 300 if n € N then
oo n

m*(U(Am Ek)> > m*(U(Am Ek)>.
k=1 k=1
By [Proposition 2.6 we have that

m (U AﬂEk)) Zm AN Ey).

k=1

8

Taking the supremum over n yields that

m (G AﬂEk> Zm (AN Ey)
k=1

as desired.

(Dibyendu, Problem 570) Let {E,}%2; be a sequence of measurable sets. For each n, let

n—1 n
Fo=En~|JE  Go=|JEw
k=1 k=1

Show that

e Each F, is measurable.
e If me N then G, =/, Fp.



By [Proposition 2.5} |J;_1 E is measurable. By the complement R ~ |Jj_1 E, is measur-
able. By |Problem 561 E, N <R ~ Uz;i Ek) is measurable. It is straightforward to establish that this final
expression Is equal to F,.

Because F, C E, C G,, whenever n < m, we have that G,, D Un'":1 F,. Conversely, let e € Gp,. Then
e € Ey for some k < m. Let n be the smallest natural number with e € E,. Then e ¢ |J;_] Ex, and so
e € F,. Thus G, C UL, F,. This completes the proof.

(Problem 580) Show that

Each G, is measurable.

If the E,s are pairwise disjoint then E, = F,,.
If n < mthen F,N Fp = 0.

If n < mthen G, C G,,.

U:il E,= Ui°=1 Fn = Uﬁil Gn.
Proposition 2.7. The union of countably many measurable sets is measurable.
(Elliott, Problem 590) Prove [Proposition 2.7

Let {Ex}%°, be a sequence of measurable sets and let F,, G, be as in the previous problem. It suffices
to show that E = [J2; F, is measurable.

Let ACR. By it suffices to show that
m*(A) > m*(ANE)+ m*(A~ E)
for all such A.
If m*(A) = oo there is nothing to prove, so assume that m*(A) < co. By [Problem 2.26

m* (AN E) = m* (A nUJ Fk> =S m'(ANF).
k=1 k=1

The left hand side is at most m*(A) < oo, and the right hand side is a sum of nonnegative real numbers,

and so the sum must converge. In particular, we must have that 3 }° ., m*(ANF,) — 0as n — co. Thus

m*(ANE) = nln;z m*(AN Fy).
k=1

By [Proposition 2.6 and by the previous two problems,
m*(ANE)= lim m* (AN G,).
n—oo
Because G, is measurable and m*(A) < oo,
m*(ANE)= lim m*(A) — m*"(A~ G,).
n—oo
But G, C Eandso A~ G, 2 A~ E, and so
m*(ANE) < m*(A) — m*(A~ E).

Rearranging completes the proof.

[Homework 2.1] The collection of Borel sets B is the smallest o-algebra that contains {(—o0, a) : a € R}.
[Homework 3.1] If A, B C R and sup A < inf B, then m*(AU B) = m*(A) + m*(B).

(Problem 591) If a € R then (—o00, a) is measurable. (Note that we use |Homework 3.1f to prove this, and so
you may not use this fact to do [Homework 3.1])

Theorem 2.9. The collection M of Lebesgue measurable subsets of R is a o-algebra on R and contains the
Borel sets.

(Problem 600) Show that the collection of Lebesgue measurable subsets of R is a o-algebra on R.

(Irina, Problem 610) Prove [Theorem 2.9



(Problem 611) Let M denote the collection of Lebesgue measurable subsets of R. Then (R, M) is a measurable
space, and m*|M is a measure on (R, M).

[Definition: Lebesgue measure] We let m = m*|M and refer to m as the Lebesgue measure.
2.4 FINER PROPERTIES OF MEASURABLE SETS

(Zach, Problem 620) Let E C R be measurable. Show that E = Uiil F,,, where each F, is bounded and
measurable and where F, N F,, =0 if n # m.

Let Ey =(—1,1) and let E, = (—n,n) ~ (1 —n,n—1) for all n > 2. Because the measurable sets form
a o-algebra and contain the Borel sets, we have that each E, is measurable. Clearly each E, is bounded.
Furthermore, the Es are pairwise disjoint. Let F, = E,NE. Then F, C E,, and so F, is bounded and the
F,s are pairwise disjoint. The fact that £ = U;";l F, follows from the fact that R = Uzozl E,, and the fact
that the F,s are measurable follows from the measurability of £ and from

[Definition: Gs-set] A set G C R is a Gs-set if there is a sequence {O,}5°; of countably many open sets such
that G = (o2 ; Oh.

Definition: F,-set] A set F C R is a F,-set if there is a sequence {C,}22; of countably many closed sets such
= n=1
that F = J2, Cp.

(Problem 630) Show that all F, sets and all Gs sets are measurable.

Theorem 2.11. Let E C R and let E€ =R ~ E. The following statements are equivalent:

(i) If € > 0, then there is an open set O containing E for which m*(O ~ E) < .
(ii) There is a Gg-set G with E C G and with m*(G ~ E) = 0.
(iii) If € > 0, then there is a closed set C with C C E€ and with m*(E€ ~ C) < ¢.
(iv) There is a F,-set F with E€ O F and with m*(E€ ~ F) = 0.

(v) E is Lebesgue measurable.

(vi) E€ is Lebesgue measurable.

Recall [Problem |Problem 510|: (v) and (vi) are equivalent.

(Juan, Problem 640) Show that (ii) and (iv) are equivalent.

(Problem 650) Show that (i) and (iii) are equivalent.

(Problem 651) Show that (v) implies (i) in the special case where m*(E) < oo.
(Micah, Problem 660) Show that (v) implies (i) in general.

(Muhammad, Problem 670) Show that (iii) implies (iv).

(Anjuman, Problem 680) Show that (iv) implies (vi).

Theorem 2.12. Let E C R be a measurable set with finite measure. Let € > 0. Show that there is a collection
of finitely many pairwise disjoint open intervals {Ix}}_; such that

m(Ew UIk>+m(UIk~E) < €.
k=1 k=1
(Ashley, Problem 690) Prove |Theorem 2.12
Let O be as in[Theorem 2.11|with £ replaced by £/3. By|Proposition 1.9} there is a sequence of pairwise

disjoint open intervals with O = [ J72 | Ix.
Observe that by [Problem 390] [Proposition 2.13] and [Proposition 2.7]

m(E) <m(0) =Y m(I) = &Ic) < m(E) + /2.

In particular each Iy is bounded. There is also an n € N such that 3, _, £(Ix) > m(E) — £/3.



Then

n n [oe]
E~Jnco~Jk= | K
k=1

k=1 k=n+1
and so
m(E ~ U Ik) < S ) =S Un) - > UL < mE) +¢/3— (m(E) —¢/3) = 2¢/3.
k=1 k=n+1 k=1 k=1
Conversely,
Uk~ECO~E
k=1
and so

m<U I ~ E) <m(O~E)<e/3,

This completes the proof.

(Problem 700) Why do we need the assumption that E has finite outer measure?

(Bashar, Problem 710) Give an example of a measurable set E C R with finite measure and a € > 0 such
that there is no collection {I;}7_; of finitely many pairwise disjoint open intervals with |J;_; Ix C E and with
m<E ~ Ui, Ik) < g. Note: The empty set is an open interval, and the empty collection is a finite collection of

open intervals.

Let E = [0,1] ~ Q. There are no nonempty open intervals that are subsets of E, and so m(E ~

Ui, Ik) = m(E) =1 for all finite collections {I,}_; of open intervals contained in E.

(Dibyendu, Problem 720) Give an example of a measurable set E C R with finite measure and a € > 0 such
that there is no collection {Ix}{_; of finitely many pairwise disjoint open intervals with |J;_; Ix 2 E and with

m*(UZZl I~ E) < E.

Let E =[0,1] N Q. Suppose E C UZ:l I, where each I, is an open interval. Then E C Uzzl I, =
U/_, Ix, where E denotes the closure of E. But E = [0,1] and Iy ~ I, contains exactly two points, so
U} _; Ix contains all but finitely many points of [0,1]. Thus 3 |_, £(Ix) > m*([0,1]) = 1. Because E has

measure zero and is measurable, m* (UZ:1 I ~ E) =m* (Ui Ik) > 1, and so no such collection can

have measure less than € for any € < 1.

[Chapter 2, Problem 19] Suppose that E is not measurable but does have finite outer measure. Show that
there is an open set O containing E such that E C O but such that m*(O ~ E) # m*(O) — m*(E).

[Chapter 2, Problem 20] In the definition of measurable set, it suffices to check for sets A that are bounded
open intervals; that is, E C R is measurable if and only if, for every a < b, we have that

b—a=m*((a,b)NE)+ m*((a, b) ~ E).



2.7 UNDERGRADUATE ANALYSIS

(Memory 721) Let X, Y be two metric spaces. Let f: X — Y and let f, : X — Y for each n € N. Suppose
that each f, is continuous and that f, — f uniformly on X. Then f is continuous.

(Memory 722) A sequence of functions f, : X — Y is uniformly Cauchy if, for every € > 0, thereis a K € N
such that if m, n € Nwith m > n > K, then d(f,(x), fn(x)) < € for all x € X. Suppose that {f,}22, is uniformly
Cauchy and that Y is complete. Then f, — f uniformly for some function f : X — Y.

(Memory 723) (The intermediate value theorem.) Suppose that a < b and that f : [a, b] — R is continuous. If
f(a) <y < f(b), then there is an x € [a, b] such that f(x) =y.

(Memory 724) (Definition of interval) A set I C R is an interval if, whenever a < b < c and a, ¢ € I, we also
have that b € I. Then {I CR: I is an interval} is the union of the following ten collections of sets:

o {0}

o {R}

o {(a,b):a< banda, beR}
o {[a,b:a<banda beR}
e {[a,b):a< band a beR}
o {(a,b]:a< band a beR}
e {(a,00):a€R}

o {[a,00):a€ R}

e {(—0,b): beR}

o {(—o0,b]: beR}

[Definition: Relatively open] Let (X, d) be a metric space and let Y C X. Then (Y, d‘YXY) is also a metric
space. If G C Y is open in (Y, d|YXy), then we say that G is relatively open in Y.

(Memory 725) If (X, d) is a metric space and G C Y C X, then G is relatively open in Y if and only if G = Y NU
for some U C X that is open in (X, d).

[Definition: Connected] Let (X, d) be a metric space. We say that (X, d) is disconnected if there exist two sets
A, B C X such that

A and B are both open in (X, d),

X=AUB,

0=AnNB,

A#0#B.

If no such A and B exist then we say that (X, d) is connected.

(Memory 726) Let (X, d) be a metric space and let Y C X. Then the metric space (Y, d|, ) is disconnected
if and only if there exist two sets A, B C X such that

A and B are both open in (X, d),
Y CAUB,

0=ANBSB,

ANY £0#BnNY.

(Memory 727) A subset of R is connected if and only if it is an interval.
(Memory 728) If (X, d) is a connected metric space and f : X — Y is continuous, then 7(X) is also connected.

2.7 AN UNCOUNTABLE SET OF MEASURE ZERO

(Memory 729) By |Problem 400| and [Proposition 2.4, if E C R is countable, then E is measurable and has
measure zero.

Proposition 2.19. There is a set of measure zero that is uncountable.



(Elliott, Problem 730) In this problem we begin the construction of an uncountable set of measure zero. We
define the points ax , and by p, for n € Ny and for 1 < k < 27, as follows.

a0 =0, bio=1,
2 1
ax—_1,n = agn—1, boy—1,n = 3301 + gbl,n—lv
1 2
a0 = 33n-1 + gbl,n—ly boe,n = bgn—1.

Show that:
(a) if 1 < k < 2" then by, —ak,=3"".
(b) if 1l <k < k+1<2"and k is even then axi1., — by > 37"
(c) ifl<k< k+1<2"and k is odd then axy1,, — bk, =37".

0 1
aig b1
0 1/3 2/3 1
a1 b1 a1 b2 1
0 1/9 2/9 1/3 2/3 7/9 8/9 )
a2 by a2 bo a3 b3 s ba >
0 % % 3 5 % 3 3 55 % § 5 %1
a13b1 3223023 a33b33343b4 3 as 3bs 336,306 3 a7 3b73a1,3bs 3

We prove by induction. Our base case is n = 0. In this case 2" = 1, so in (a) k must also be 1 and so (a)
is true by inspection. (b) and (c) are vacuously true as there are no k that satisfy 1 < k < k+1 <20 =1.
Now suppose that the statements are all true for some n—1 > 0. Let 1 < k < 2",
If k is even, then k = 2¢ for some 1 < £ < 2! and so
1

1 2
bi,n — ak,n = bogn — a2gn = bgn—1 — <33z,n—1 + 3b£,n—l> = g(bl,n—l —agn-1)

and thus (a) holds by the induction hypothesis. If in addition k+1 < 2", then £ < 2"~ and so £+1 < 21,
and so

ak+1,n — bikn = a2(e41)—1,n — b2e,n = 311,01 — bgn-1-

By assumption (b) and (c) hold for n — 1, and so
Ak+1,n — bk,n = dg+1,n—1 — be,n—l > 3ton >3

If k is odd, then k =2¢ — 1 for some 1 < £ < 2" Then

3 3
and thus (a) holds by the induction hypothesis. If in addition k + 1 < 2", then £ < 2"~! and so

1
bi,n — akn = by—1,n — an—1,n = <az,n—1 + be,n—1> —agn-1= g(bl,n—l — agn-1)

1 2 2 1 1
n_b n— n_bfn: =d9l,n— *bn, — | za¢n— 7bn, :*bn,— —1).
Ak+1, k, ayy, 201, <3ae, 1+ 3P 1) <3ae, 1+ 3be 1) 3( tn—1— ag,—1)

By assumption (a) holds for n — 1, and so this must equal 37". This completes the proof.



(Problem 731) If n € Ng and 1 < k < 2", let Fi, = [ak.n, bk.n] be the closed interval of length 37" with
endpoints at ax , and by ,. Show that Fj, N Fy, =0 if j # k.

0 1
Fio
1 2
0 3 3 1
Fi1 Fa1
1 2 1 2 7 8

0 9 9 3 3 9 9 1

Fi2 Fz2 F32 Fa2

121 2781 219207 8 2526
02727 9 9 2727 3 32727 9 92727 1
Fi3 F23 F33 Fa3 Fs3 Fe3 Fz3 Fg3

(Irina, Problem 740) Define F, = U2, [ak.n bin] = U2y Fin. Show that F, C F,_; for all n € N, and that
F,, ~ F,_1 may be written as the union of 27! open intervals each of length 37".

Let n > 1. Observe that

Fag—1,n U Fogn = [a24—1,n, b2g—1,n) U [a2¢,n, b2g, ]
- [al,n—lx b2£—1,n] U [32£,n, b{,n—l] C [al,n—ly be,n—l] = Fﬁ,n—l-

Thus, if 1 < £ < 2" then there are at least two distinct values of k, namely k = 2 — 1 and k = 2¢, that
satisfy 1 < k <2" and Fx, C Fgpn_1.

Because there are only 27 = 2 - 2"~! such values of k, and there are 2"~! such values of £, we must
have that each Fy , is contained in a Fy,—1. (This may also be seen by choosing £ = k/2 if k is even and

£ = (k+1)/2if k is odd, and observing that Fy , C Fz,—1 by the above analysis.) Thus F, = Uinzl Fin C

2n—1 .
4—1 Fen—1 = Fn_1, as desired.

Again because there are only 2" = 2. 27—1 such values of k, and there are 271 such values of £, we
must have that each F;,_; contains Fy , for exactly two values of k, namely k = 2¢ and k = 2{— 1. (This
may also be seen by observing that if 1 < j < 2" and j ¢ {2¢ — 1,2}, then either j > 2L or j <2{—1. In
the first case aj, > bogn = by n—1, while in the second case bj, < ax_1,n = azn—1; in either case [a;j», bj ]
is clearly disjoint from [azn—1, bgn—1]-)

Thus Fppno1 ~ Fn = Fgn_1 ~ (Fa—1,n U Fogrn), which by the above analysis is equal to the interval
(b2g—1.n, @2e.n). There are 2771 such intervals (one for each £) and by the above analysis, because 2£ — 1 is
odd we have that the interval is of length 37",

(Zach, Problem 750) Let C = (2, F,. The set C is called the Cantor set. Show that m(F,) = (2/3)" for all
n € Ny and that m(C) = 0.

Each Fy , is a closed interval, and so is closed. The union of finitely many closed sets is closed, and
so each F, is closed. The intersection of an arbitrary collection of closed sets is closed, and so C must be
closed.

For each n, C C F,, and so m*(C) < m*(F,). But each F , has length (thus measure) 37", the Fy ,s
are disjoint for distinct k, and there are 2" intervals Fy , in F,; thus m(F,) = > | _; m(Fk.n) = (2/3)".
Recalling from undergraduate analysis that (2/3)” — 0 as n — oo, we have that m*(C) = 0. Sets of

measure zero are measurable by [Proposition 2.4} and so m(C) exists and equals zero.

[Homework 3.1b] If E C R and m*(E) < o0, and if we define f by f(x) = m(E N (—o0, x)), then f : R - R is
continuous.



(Problem 751) Let Ay(x) = W Then A is continuous and nondecreasing. Sketch the graphs of A,
/\1, and /\2.
/\o(X) /\1(X)

N2 (x) As(x)

X X

(Juan, Problem 760) Suppose that x ¢ F,. Show that A(x) =27"|{k € {1,2,...,2"} : bn < x}|.

(Micah, Problem 770) Show that A,(R ~ F,) = {i27" : 0 < /i < 2",j € Z} and that, if m > n, then
An(x) = Am(x) for all x ¢ F,.

(Muhammad, Problem 780) Show that {A.}%°, is uniformly Cauchy.

[Definition: The Cantor function] Let A(x) = limy_,00 Ak(X).

(Ashley, Problem 790) Show that A exists and is continuous, nondecreasing, and surjective A : [0, 1] — [0, 1].

We have that Ay : R — R is uniformly Cauchy and R is complete. Thus by the sequence
{Ak}%2 4 converges uniformly to some function A : R — R. Thus A exists.

By [Homework 3.1B} each Ay is continuous, so by [Problem 721} A must also be continuous.
Suppose x < y. Clearly Ax(x) < Ak(y) for all k € N, and so we must have that Ac(x) < Ak(y) as well.

Finally, observe that A,(0) = 0 and Ax(1) = 1 for all k € N. Thus A(0) = 0 and A(1) = 1. By the

intermediate value theorem ([Problem 723)), if 0 < y < 1 then y = A(x) for some x € (0,1), and so A is
surjective [0, 1] — [0, 1].

[Definition: Almost everywhere] Suppose that E C R is a set. If a property P is true for every x € E ~ Eg,
where m*(Eg) = 0, we say that P is true almost everywhere on E.

(Bashar, Problem 800) Show that A’(x) = 0 for every x € R ~ C, and thus for almost every x € R.
(Dibyendu, Problem 810) Show that A([0, 1] ~ C) is countable.

Note that 0, 1 € C, and so [0,1] ~ C =(0,1) ~ C.
Because C is closed, we must have that (0,1) ~ C is open. Thus by |Proposition 1.9} (0,1) ~ C =

Uie, Ik, where the Iys are (possibly empty) open intervals. Because Iy C (0,1) ~ C C R ~ C, we have



that A" = 0 on I, and so A is constant on each I,. Because each A(Ix) is empty or a single point, and
there are countably many Ixs, we must have that A((0,1) ~ C) = Uy, A(Ix) is countable.

Alternatively, observe that if x ¢ C then x ¢ F, for some n. Then Ap,(x) = Ap(x) for all m > n, and so
A(x) = limpmyo0 Am(x) = Ap(x) € Af(R~ F,) ={i27":0 < i < 2", i €Z}. In particular A(x) is rational.
Thus A((0,1) ~ C) C Q and so must be countable.

(Elliott, Problem 820) Show that C is uncountable.

We know that A([0, 1]) = [0, 1] is uncountable. But A([0, 1] ~ C) is countable, and [0, 1] = A([0, 1]) =
A(C) UA(]0,1] ~ C). Thus A(C) must be uncountable, for if it were countable then A(C) U A(][0, 1] ~ C)
would be countable, which is a contradiction. But if C were countable then A(C) would also be countable,
so C must be uncountable.

2.6 VITALI'S EXAMPLE OF A NONMEASURABLE SET

Theorem 2.17. If E C R has positive outer measure, then there is an A C E that is not measurable.

(Irina, Problem 830) In this problem we begin the proof of [Theorem 2.17] Let F C [—1,1] and let V,, be as
in [Problem 490l Show that either F NV, is not measurable or m*(F NV, ) = 0.

(Zach, Problem 840) Suppose that m*(F) > 0. Show that we must have that m*(F NV, ) > 0 for at least one
value of k.

Recall that [-1,1] C ;2 , Ve, Thus F=FN[-1,1] = FNUre, Vo, = Ure FNV,.

Thus by |Proposition 2.3 we must have that m*(F) < 3 72, m*(F NV,,). Because the left hand side is

positive, at least one of the summands on the right hand side must be positive.

(Problem 841) Prove [Theorem 2.17

2.7 A NON-MEASURABLE SET THAT IS NOT A BOREL SET

Proposition 2.22. There is a measurable set that is not a Borel set.

(Juan, Problem 850) In this problem we begin the proof of [Proposition 2.22] Let A be the Cantor-Lebesgue
function and let f(x) = x + A(x). Show that f is continuous, strictly increasing, and surjective R — R.

[Chapter 2, Problem 47] If f : R — R is continuous and strictly increasing, and if B is a Borel set, then f(B)
is also a Borel set.

(Micah, Problem 860) Show that f(C) has positive measure.
(Muhammad, Problem 870) Prove |Proposition 2.22

Because m(f(C)) > 0, by [Theorem 2.17| there is an A C f(C) that is not measurable.
Let B=f"1(A)NC. Then B C C, and m*(C) = 0, so m*(B) = 0; thus B is measurable by
=24

We claim that f(B) = A. Because B C f~1(A), by definition f(B) C A. Conversely, suppose that
a€ A Then ac f(C) because A C f(C), so a = f(b) for some b € C. Then b € f~1(A) by definition,
sobe fY(A)NC = B. Thus b € B and so a = f(b) € f(B); because a was arbitrary we have that
AC f(B). Thus A= f(B).

If B were Borel, then by we would have that f(B) was Borel and therefore measurable.
But f(B) = A is not measurable, and so B is not Borel. We have seen that B is measurable, and so B
must be a set that is measurable but not Borel.



2.5 COUNTABLE ADDITIVITY AND CONTINUITY OF MEASURE AND THE BOREL-CANTELLI LEMMA

Theorem 2.15.
(1) Let {Ac}2, be such that Ay is measurable and Ay C Aiq for all k € N. Then

o)) - i i
k=1
(if) Let {Bk}%2; be such that By is measurable and By D By for all k € N. If m(B;) < oo for some £ € N,
then

m(()5) = jim, i)
k=1

(Ashley, Problem 880) Prove part (ii) of [Theorem 2.15| without using part (7).
(Problem 881) Prove part ().

Bashar, Problem 890) Find a sequence {By}%°; such that By is measurable and By O By, for all k € N,
k=1
but such that

m(()84) # im, i)

Take By = (k,00). Then m(B,) = oo for all k and so lim,_,cc m(B,) = oo, but 7~; Bx = 0 and so
m (N1 Bk) = 0.

The Borel-Cantelli Lemma. Let {E,}%°; be a sequence of measurable sets. Suppose that 3 >, m(Ex) < co.
Then [{k € N: x € Ex}| < oo for almost every x € R.

(Dibyendu, Problem 900) Prove the Borel-Cantelli lemma. Start by writing a formula for the set of x € R such
that [{k € N : x € Ex}| = oo using unions and intersections. Explain carefully why your formula is true.

We claim that |[{k € N: x € Ex}| = oo if and only if, for all n € N, there is a k € N with kK > n such
that x € E.

To prove the claim, we will prove that the two negations are equivalent. Suppose first that [{k € N :
x € Ex}| # oo. Then the set {k € N : x € E,} is finite, and so it contains a largest element K. Then
n= K +1€N, but there is no kK € N with kK > n such that x € E,.

Suppose to the contrary that for some n, there does not exist a k > n with x € Ex. Then x ¢ Ej for all
k > n. Thus x € Ej for at most n — 1 possible values of k, and so x € E, for only finitely many k.

Let

A={xeR:|{keN:xe€ E}| =}
={x € R:for all n € N there exists a k > n such that x € E}.

For any fixed n € N, the set

o0
{x € R: there exists a k > n such that x € Ex} = U E..
k=n

Thus

A:{XGR:forall neN, xekUnEk}:nﬂl(kUnEk).

Let B, = Uy, Ex. Then B, = E, U Byi1 2 Byyq for all n. Furthermore, m(By) <Y 2, m(Ex) < oo,
and so by [TReoem 2151

[e.e]

m(A) = m(O B,,) = nli_)moo m(Bp).



But

[e.e]

m(B,) < Z m(Ey).
k=n
Because Y ;2 m(Ex) < oo, and each m(Ex) > 0, we have that the series converges absolutely and so
liMp—oo 2 s, M(Ex) = 0. Thus m(A) =0, as desired.

3. LEBESGUE MEASURABLE FUNCTIONS

[Definition: Measurable function] Let E C R be measurable and let f : E — [—00, 00]. Suppose that for every
c € R the set

{x€E:f(x)>c}=Ff(c, 00])
is measurable. Then we say that f is a measurable function (or that f is measurable on E).

Proposition 3.3. Let E C R be measurable and let f : E — R be continuous. Then f is measurable.

(Elliott, Problem 910) Prove

(Irina, Problem 920) Let f : R — [—00, 00]. Suppose that lim,_,, f(y) = f(x) for all x € R. Show that f is
measurable.

[Chapter 3, Problem 24] A monotonic function defined on a measurable set is measurable.

Proposition 3.1. Let E C R be measurable and let f : E — [—00, 00]. The following statements are equivalent.

(i) If c € R, then {x € E : f(x) > ¢} = f!((c, ]) is measurable. (That is, f is a measurable function.)
(i) If c € R, then {x € E: f(x) > c} = f([c, o0]) is measurable.
(i) If c € R, then {x € E : f(x) < c} = f}([~00, ¢)) is measurable.
(iv) If c € R, then {x € E : f(x) < ¢} = f71([~o0, c]) is measurable.

Furthermore, if any of these conditions is true, then f~1({c}) is measurable for all ¢ € [—c0, 00].

(Zach, Problem 930) Prove

[Chapter 3, Problem 4] If f~1({c}) is measurable for all ¢ € [~00, 0], is it necessarily the case that f is
measurable?

(Problem 931) Let E C R be measurable and let f : E — [—00,00]. Suppose that, for all ¢ € R, the
set {x € E: f(x) > c} = f}((c,00)) is measurable. Is f necessarily measurable? If not, what additional
assumptions must be imposed to show that f is measurable?

f need not be measurable. Let A be a non-measurable set; such sets exist by |l heorem 2.17| Let
A
f(x) _ 0, X € A,
-0, x ¢ A.

Then f~1((c, 00)) = 0 is measurable for all ¢ € R, but f~1((0, 00]) = f1({o0}) = A is not measurable.
However, if for all ¢ € R, the set {x € E : f(x) > c} = f((c, 00)) is measurable, and if in addition
the set f~1({co}) is measurable, then f is measurable.

(Problem 932) Let A be a o-algebra over a set X, let Y € A, and define S ={SNY : S € A}. Show that S is
a o-algebra over Y.

(Juan, Problem 940) Let (X, .A) be a measurable space (that is, A is a o-algebra over X). Let f : X — Y be
a function and let F = {S C Y : f1(S) € A}. Show that F is a g-algebra over Y.

[Homework 2.1] The collection B of Borel sets is the smallest o-algebra containing {(—o0, a) : a € R.
Proposition 3.2. If f is measurable, then f~1(0) is measurable for all open sets O.

(Micah, Problem 950) Prove that in fact, if f is measurable, then then f~1(B) is measurable for all Borel
sets B.

(Muhammad, Problem 960) If g is measurable, is it true that g~!(E) is measurable for all measurable sets E?



(Ashley, Problem 970) If h is measurable, is it true that h=1(B) is Borel for all Borel sets B?

No. Let A be a set that is measurable but not Borel; such an A must exist by [Proposition 2.22] Let

={y 1

If E C [~00, 00], then h™1(E) is either 0 (if 0, L ¢ E), A(f LE E,0¢ E),R~A(if0€ E,1¢ E), or R
(if 0, 1 € E). In any case h~1(E) is measurable, and so h is a measurable function. However, h=1({1}) = A
is not Borel.

Proposition 3.5. Let E C R be measurable and let f : E — [—o0, o0].

(i) Suppose that g : E — [—00, 0] satisfies f = g almost everywhere on E and that g is measurable. Then
f is also measurable.
(i) Suppose that D C E, that f|D is measurable, and that f|E~D is measurable. Then f is measurable on E.

(Problem 971) Prove |Proposition 3.5} part (ii).
(Bashar, Problem 980) Prove [Proposition 3.5} part (i).

Let S ={x € E : f(x) # g(x)}. By assumption m*(S) = 0, and so by [Proposition 2.4 S and all of its

subsets are measurable.
Let c € R. Then
{xeE:f(x)>ct=({x€E:g(x)>ctU{xecE:f(x)>c>g(x)}) ~{xeE:g(x)>c>f(x)}

The first set S; = {x € E : g(x) > c} is measurable by assumption. The second set S, = {x € E : f(x) >
c>g(x)} C{x e E:f(x)#g(x)} =S has outer measure zero and thus is measurable. Thus S; U S, is

measurable by [Proposition 2.5| The third set S3 ={x € E: g(x) > c>f(x)} C{x € E: g(x) # f(x)} =
S also has outer measure zero and thus is measurable, and so (51U S2) ~ S3 is measurable by |Problem 510

and [Problem 561 Thus {x € E : f(x) > c} is measurable for all ¢ € R, and so f is a measurable function.

(Problem 981) Let E C R. Show that E is measurable if and only if the characteristic function x g is measurable.
[Chapter 3, Problem 6] Let £ C R be measurable. Let f : E — [—00, 00]. Show that f is measurable on E if

and only if the function

f(x), x€E,
is measurable.
(Problem 982) Did we need the condition that E was measurable?

Theorem 3.6. Let E C R be measureable, and let f, g : E — [—00, 00] be measurable functions that are finite
almost everywhere in E
If o, B € R, then fg and af + Bg are defined almost everywhere on E and are measurable on E in the sense

of [Proposition 3.5] that is, in the sense that any of the extensions of fg and af + Bg to E are measurable.
(Problem 983) If f is measurable and o € R, then af is measurable.

(Dibyendu, Problem 990) Suppose that f and g are measurable and finite almost everywhere. Show that f + g
is measurable.

First observe that D = {x € E : f(x) + g(x) does not exist} = {x € E : f(x) = 00, g(x) = —oc0}U{x €
E: f(x) = —00, g(x) = 0o} and so has measure zero.

Let ¢ € R. Observe that if f(x) + g(x) exists and is greater than c, then neither f(x) nor g(x) can
equal —oo. Thus E = {J,co{x € E: f(x) > q}.

Now, if f(x) > q and g(x) > ¢ — g, then f(x) 4+ g(x) > c. Conversely, if f(x) 4+ g(x) > c, then
f(x) > ¢ — g(x), the left hand side is not —oo, and the right hand side is not +o00. By density of the



rationals (if both sides are finite) or by the Archimedean property (if f(x) = oo or g(x) = oo or both),
there is a g € Q with f(x) > ¢ > ¢ — g(x) and so g(x) > ¢ — q. We thus have that

{xeE:f(x)+g(x)>c}t= U{XE E:f(x)>qg}n{xe€E:g(x)>c—q}
qeQ
Because f and g are measurable, the two sets {x € E : f(x) > q} and {x € E : g(x) > ¢ — q} are
measurable. Thus their intersection is measurable. The rationals are countable, and the union of countably
many measurable sets is measurable. Thus {x € E : f(x) + g(x) > c} is measurable for all ¢ € R, as
desired.

(Elliott, Problem 1000) Suppose that f is measurable. Show that f2 is measurable. Then prove
3.9

If f is measurable and ¢ € R, then
{XEE f(x?P<c={x€E:—/c<f(x)<Vc}={x€E:f(x)<Vc}n{x€E:f(x)>—/c}

is the intersection of two measurable sets, and so is measurable. Thus f2 is measurable by |Proposition 3.1
Now, observe that
(f+g)*—f—¢g
5 :
Each of the three elements of the numerator is measurable by the previous argument, while their sum is

measurable by Problem and so fg is measurable by Problem [Problem 983

fg=

(Irina, Problem 1010) Give an example a measurable function h and a continuous function g such that ho g
is not measurable.

Proposition 3.7. If D, E C R are measurable, if h: E — D is measurable, and if g : D — R is continuous, then
g o h is measurable.

[Chapter 3, Problem 8iv] More generally, if E C R is measurable, if D C R is a Borel set, if h: E — D is
measurable, and if g : D — R is such that {x € D : g(x) > c} is Borel for all c € R, then g o h is measurable.

(Zach, Problem 1020) Prove [Proposition 3.7}
(Problem 1021) If f is measurable, show that |f| is measurable.
(Problem 1022) Define
F(x) = {f(x), =0 ) {0, f(x) >0,
0, f(x) <0, <0.
If f is measurable, show that f* and f~ are measurable.

Proposition 3.8. Let £ C R be measurable and let fi, f,...,fx : E = [—00, 00] be finitely many measurable
functions. Then f(x) = max{fi(x), ..., fx(x)} is also measurable.

(Juan, Problem 1030) Prove

3.2 SEQUENTIAL POINTWISE LIMITS

[Definition: Pointwise convergence] Let E be a set and let f,, f : E — [—00,00]. If f,(x) — f(x) for all
x € E, then we say that f, — f pointwise on E.

[Definition: Almost everywhere convergence] Let £ C R be a set and let f,, f : E — [—o0,00]. If
fo(x) = f(x) for all x € E ~ D, where m(D) = 0, then we say that f, — f almost everywhere on E.

[Definition: Uniform convergence] Let £ C R be a set and let f,, f : E — R. Suppose that for all € > 0 there
is a m € N such that, if n > m, then |f,(x) — f(x)| < &. Then we say that f, — f uniformly on E.

(Problem 1031) Show that uniform convergence implies pointwise convergence and that pointwise convergence
implies almost everywhere convergence.

(Problem 1032) Show that none of the reverse implications hold.



Proposition 3.9. Let {f,}°, be a sequence of measurable functions on a measurable set E. Suppose that
f, — f almost everywhere on E for some f : E — [—00, 00]. Then f is measurable.

(Micah, Problem 1040) Prove by showing that {x € E : ¢ < f(x)} is measurable for all ¢ € R.

Be sure to explain why your proof works even if f,, f are allowed to be infinite.

3.2 SIMPLE APPROXIMATION

[Definition: Characteristic function] If A C R, then the characteristic function of A, denoted x4, is defined by

o= {i 264

[Definition: Simple function] A function ¢ is simple if its domain E C R is measurable, if ¢ is measurable
on E, and if {¢(x): x € E} is a set of of finitely many real numbers.

[Chapter 3, Problem 6] If E is measurable and f : E — R, then f is measurable on E if and only if

g(x) = {SFX)' i ; E

is measurable on R.

(Problem 1041) A function ¢ with domain E C R is simple if and only if ¢ = ¢|E for some simple function
P:R— R

(Problem 1042) The set of simple functions contains all of the characteristic functions and is closed under taking
finite linear combinations.

(Muhammad, Problem 1050) Suppose that ¢ : R — R is simple. Show that there is a unique list of numbers

1 < ¢ < ---< cpand a unique list of nonempty measurable sets Eq, Ej, ..., E, such that ¢ = ZJ'?II G XE;-
Furthermore, show that R = Ule E; and E; N E, = 0 for all j # k.

We may write p(R) = {cy, ..., c,} because ¢ takes on finitely many values. As ¢(R) is a set, we may
require the cxs to be distinct. Any finite set can be ordered, so we may require ¢; < ¢ < -+ < ¢,. Let
Ex = ¢ 1({ck}); the given properties are straightforward to check.

(Problem 1051) If ¢ and 9 are simple functions with the same domain, show that max(y, ¥) is also simple.

The simple approximation lemma. Let f : E — R be measurable and bounded. Let € > 0. Then there are
two simple functions ¢, and ¥, with

‘L/JE(X) —e< (ps(X) < f(X) < Ills(X) < (PS(X) +¢€
for all x € E.
(Ashley, Problem 1060) Prove the simple approximation lemma.

Let M be such that —M < f(x) < M for all x € E; such an M exists by definition of bounded function.
Let N € N be such that Ne > M; such an N exists by the Archimedean property.

For each k € Z, let Dy = f~Y([ke, (k+ 1)€)) and let Ex = f~1(((k — 1)e, ke]). If |k| > N +1, then Dy
and Ej are empty. Furthermore, E = UkNsz Dy = UszfN Exand D,ND; =0 =E NE;ifj#k.

Let . = ZQI:#V kexp, and let . = th,\, kexe,. These functions are simple by construction.

If f(x) = ke for some k € Z, then x € DN Ej and s0 pc(x) = ke = f(x) = 9(x), and thus the desired
inequalities hold.

Otherwise, ke < f(x) < (k + 1)e for some k € Z, and so x € D N Exy1. Thus ¢(x) = ke < f(x) <
(k4 1)e = 9e(x), and Pe(x) = we(x) + €, and so the desired inequalities are again satisfied.

The simple approximation theorem. Let f : E — [—00,00]. Then f is measurable if and only if there is a
sequence {p,}32, such that

(a) ¢, — f pointwise,



(b) Each ¢, is simple,
(c) {len(x)]}52; is nondecreasing for all x € E.

(Problem 1061) Prove the easy direction; that is, suppose that such a sequence {¢,}%°; exists and show that
f is measurable.

(Bashar, Problem 1070) Prove the simple approximation theorem.

ForeachneN, k€N, let E,x = {x € E : |f(x)| > k/2"}. Define
n2"

Z 2nXEnk

Then 9 is simple and nonnegative.
If x € Epk and k < n2", then 2k < nm2"*1 < (n+1)2""1, x € Epyi10k, and x € Epy106-1. Thus

(n+1)2" 4 . 2" 1 o
P 5arT XEni1 (X) has at least twice as many nonzero terms as 3 =, 5 Xk, (x), 50 {|¥n(x)|}52; is

nondecreasing.

Finally, for any x and n, either 9,(x) = n if [f(x)] > n, or |f(x)| = 1/2" < 9hn(x) < [F(x)] if [f(x)] < n.
It is clear that ¥,(x) — |f(x)| pointwise.

Now, define ¢,(x) = ¥(x) sgn(f(x)), that is,

oo ¥ =0
#nlx) = {—¢(x), F(x) < 0.

Then ¢, is also simple, |p,| = |¥n| so {|@a(x)|}32; is nondecreasing for all x € E, and ¢, — f pointwise.

(Dibyendu, Problem 1080) Let ¢ : R — R be a simple function and let ¢;, E; be as in |Problem 1050, What
do you expect thpdm to equal?

3.3. UNDERGRADUATE ANALYSIS

(Memory 1081) (Tietze's Extension Theorem in R). Let F C R be closed and let ¥ : F — R be continuous.
Then there is a function g : R — R that is continuous on all of R and satisfies g = f on F.

(Memory 1082) Let F and D be two disjoint closed sets and let f : FU D — R be a function. Suppose that
f}F and f|D are continuous on F and D, respectively. Then f is continuous on F U D.

3.3 EGOROFF'S THEOREM AND LUSIN'S THEOREM

Egoroff’s theorem. Let E C R be measurable with m(E) < oco. Let {f,}%, be a sequence of measurable
functions on E that converges pointwise almost everywhere to some function f that is finite almost everywhere.
Then for every € > 0 there is a closed set F C E with m(E ~ F) < € and such that f,, — f uniformly on F.

Lemma 3.10. Under the conditions of Egoroff’s theorem, if u > 0 and & > 0, then there is a measurable set
A C E and a k € N such that m(E ~ A) < § and such that |f,(x) — f(x)| < u for all x € A and all n > k.

(Elliott, Problem 1090) Prove [Lemma 3.10, (Note that we will use [Lemma 3.10|to prove Egoroff’s theorem,
and so you may not use Egoroff's theorem to prove [Lemma 3.10})

(Zach, Problem 1100) Use [Lemma 3.10|to prove Egoroff's theorem.

Let Eg = {x € E : |f(x)] < o0, fo(x) = f(x)}. By assumption {x € E : |f(x)| = oo} and {x € E :
fa(x) # f(x)} have measure zero, so Ej is measurable and m(Eq) = m(E).

If£ €N, let u=1/Land let § = g/2*% and let A = Ay and k = kg be as in [Lemma 3.10 Then
Ar CE, m(E ~ Ap) < g/2 and |f,(x) — f(x)| < 1/£ for all x € Ag and all n > k,.
Let B = ﬂzl A;. Then B is measurable because the sets A, are measurable. Then B C E and

m(E ~ B) ( ﬂAg>_m<UE AZ) i (E~ A) < g




We claim that 7, — f uniformly on B. Let 5 > 0. There is a £ € N with 1/ < n. If n > kg, then
|fa(x) — f(x)] < 1/€ < m for all x € Ag, and thus all x € B because B C Ay. Thus f,, — f uniformly on B.

Finally, by |Theorem 2.11} there is a closed set F with F C B and m(B ~ F) < /2. Then FC BCE
so FCE, mE~F)=m(E~B)+mB~ F)<eg, and f, — f uniformly on F because F C B and
f, — f uniformly on B. This completes the proof.

(Irina, Problem 1110) Give an example of a sequence of measurable functions on an unbounded measurable
set E that converges pointwise almost everywhere to some function f that is finite almost everywhere, but such
that the conclusion of Egoroff’s theorem fails.

[Chapter 3, Problem 16] Let I C R be a closed, bounded interval and let £ C I be measurable. Show that,
for each € > 0, there exists a step function h: I — R and a measurable set F C I such that h = xg on F and
such that m(I ~ F) < ¢.

Proposition 3.11. Let ¢ : R — R be a simple function and let € > 0. Then there is a continuous function
g : R — R such that m*({x € R: g(x) # p(x)}) < .

(Juan, Problem 1120) Prove [Proposition 3.11]

Lusin’s theorem. Let E C R be a measurable set and let f : E — [—00, 00] be measurable and finite almost
everywhere. If ¢ > 0, then there is a continuous function g : R — R and a closed set F C E such that f = g
on F and such that m(E ~ F) < &.

(Micah, Problem 1130) Prove Lusin’s theorem in the case m(E) < oo.

Let {9}, be as in the simple approximation theorem, so ¢, — f pointwise. For each n, apply
[Proposition 3.11]to obtain a continuous function g, : R — R such that m({x € R : g, # ¢n}) < 1.

Let A, ={x € R: g, # @n}. Then m(lU2, An) < €/2, and g, = pn on E ~ J2, A, Thus g, —
on E ~ Uy, An.

By Egoroff's theorem, there is a closed set F C E ~ |J72, A, such that g, — f uniformly on F and
such that m((E ~ U2, An) ~ F) < &/2. Thus, F C E is closed and m(E ~ F) < &, and because f is the
uniform limit of a sequence of continuous functions, f is continuous on F.

By Tietze's extension theorem, there is a continuous function g : R — R such that f = g on F. This
completes the proof.

(Problem 1131) Prove Lusin's theorem.

By the previous result, for each n € Z, there is a closed set F,, C (n,n+ 1) N E such that f is continuous
on F, and such that m(E N (n,n+1) ~ F,) < g/2"+2,

It is elementary to show that f is continuous on {J,c; Fn, and m(E ~ (U, 5 Fn) < €. The conclusion
follows from Tietze's theorem.

4. LEBESGUE INTEGRATION
4.1 COMMENTS ON THE RIEMANN INTEGRAL
[Definition: Step function] If [a, b] C R is a closed and bounded interval, we say that ¢ : [a, b] — R is a step

function if there are finitely many points a = xp < x3 < --- < X, = b such that ¢ is constant on each of the
intervals (xx_1,xx) for all 1 < k < n.

[Definition: Integral of a step function] If ¢ : [a, b] — R is a step function and xg, Xy, ..., X, are the numbers
in the definition of step function, we define

b - Xk -+ Xk
— — 17
/a 14 kE l(Xk Xkl)‘P( 5 >



[Definition: Riemann integrable] Let [a, b] C R be a closed and bounded interval and let f : [a, b] — R be
bounded. We say that f is Riemann integrable on [a, b] if

b
sup{/ ® ’ @ : [a, b] = R is a step function and ¢(x) < f(x) for all x € |a, b]}

b
= inf{/ P ’ P : [a, b] — R is a step function and ¥(x) > f(x) for all x € [a, b]}

If f is Riemann integrable we define
b b
/ f:sup{/ © ‘ @ :[a, b] = R is a step function and ¢ < f}.
a a

4.2 THE INTEGRAL OF A BOUNDED, FINITELY SUPPORTED, MEASURABLE FUNCTION

[Definition: Integral of a simple function] Let E C R be measurable with m(E) < oo and let ¢ : E — R be

simple. Let ¢(E) ={c1,c, ..., cn}; as in[Problem 1050, ¢ = 3 | _, ck Xk, where Ex = ¢~ *({ck}). We define
/ p= Z ck m(Ek).
E k=1

(Problem 1132) Let E be a measurable set. Let {Dy, ..., D¢} be a partition of E: E = Ule D;jand DiNDx =0
if j # k. Suppose furthermore that each D; is measurable. Let ¢ : E — R and suppose that ¢ is constant on
each Dj. Then ¢ takes on at most £ values, so is simple. Let b; be such that p(x) = b; for all x € D;. Show that

L
/ p=> bym(D)
E st
even if the Djs are not as in [Problem 1050

Let n, ck, and Ej be as in [Problem 1050 If 1 < j < ¢, then either D; = @ or D; contains at least one
point x € E. But then x € Ej for some k, and so b; = ¢(x) = ¢, because x € D; and x € Ex. Thus

bj = ¢, and so D; C Ex. Thus if D; is not empty then D; C Ej for some k. Conversely, the Exs are
pairwise disjoint and so if D;j C Ej then D;NE, CE,NE, =0 if k # r.
Thus we may write
n

L
ij m(D;) = Z b; m(Dj)+Z Z bj m(D;).

1<j<e k=1 1<j<t
D;=0 D; 70
D;CEy

If Dj = 0 then m(D;) = 0. Thus

n

4
> bym(D;) = > bym(D)).
j=1

k=1 1<j<t
D;CEx
But if Dj C Ej then bj = ¢. So
£ n
> bmD)=> a »_ m(D)).
=1 k=1 1<j<t
D;CEy

Because the Djs are pairwise disjoint and measurable,

Z m(Dj):m( U DJ-).

1<j<¢ 1
D;CEy

a
miA

S5
IN
x



By assumption Ui<j<¢ D; C Ex, while Ex € E = [J;_; D;j and so Ex = J5_;(D; N Ex). But either
D;CEx
D;j N Ex =0 or D; C Ey, and so Ur<j<¢ D = Ex. Thus
D;CEx

L n
Z b; m(D;) = Z cem(Eg)

as desired.

(Muhammad, Problem 1140) Suppose that E = [a, b] and that @ is a step function. Show that ¢ is also a
simple function and that [ ¢ = fablp.

Lemma 4.1. If Eq, E,, ..., E, are measurable, ¢1, ¢, ...,ch €R, o =3 | _; ckxE., and U, _, Ex C E for some
measurable set E, then fE 0 =Y, _; ck m(Ex) even if the Eys and cs are not as in [Problem 1050
(Ashley, Problem 1150) Prove [Lemma 4.1

Let S ={1,2,...,n}. Recall that 2° is the set of all subsets of S. Observe that 2° is also a finite set.
If x€ E, let o(x) ={k € S: x € E}; then o is a well defined function.

For each AC S, let
D = (ﬂ Ek>m< N ENEk).
keA keS~A

Then each D4 is measurable and x € D) for each x € E.

Furthermore, we claim that A # B then Do N Dg = 0. To see this, observe that if k € A and k ¢ B,
then Da C Ex and Dg C E ~ Ey, and so DaN Dg = 0. Similarly if k € B and k ¢ A then DaN Dg = 0.
If A # B there is at least one such k.

Thus {Da : A € 2%} is a partition of E. Furthermore, observe that

p(x) = Z ck XE(X) = Z Ck
k=1

k€o(x)

and so p = ZkeA ¢k on Dy, and in particular is constant on Da.

Thus by [Problem 1132
/(p = Z chm(DA).
E

A€25 keA
Changing the order of summation, we see that

/E<P = ick Z m(Da).

k=1 Ae2®
ASk

The Das are a partition of E, and each D, is either a subset of Ex or a subset of E ~ E (that is, disjoint

from Ey); thus Ex = J acos Da and m(Ex) = 3_acos m(Da). Thus
DACEk ASk

/E<P = kZ;Ckm(Ek)

as desired.

Proposition 4.2. Let ¢, ¥ be simple functions defined on a set of finite measure E.

(i) Ifa, BER, then [(ap+BY)=afo+B [ .
(i) f o <9 on E, then Lo < [ 9.



(Bashar, Problem 1160) Prove [Proposition 4.2} part (i).

Because ¢ and 9 are simple, we may write ¢ = >, axXp, and ¥ = Zizl bk xs, for some real
numbers ay, b, and some measurable sets Dy, S, C E.

Define

- ax, 1<k<n, ~ 0, 1< k<n, Dy, 1< k<n,
kg = bk = Ek =

0, n+1<k<n+i{, bi_p, n+1< k<n+ld, Sk—n, n+1< k<n+4.
Then ¢ = Zzg 3k XE, Y = Zzg bi XE., and ap + By = ZZii(aé'k —&-ﬁgk)xgk, and so by |Lemma 4.1

n+ nte ntt ~
af b [v=aY amE) sy bem(E) =Y (od+ F)m(E) = [ (av + BY)
E E k=1 k=1 k=1 E

as desired.

(Dibyendu, Problem 1170) Prove [Proposition 4.2] part (ii).

Let n = ¥ — . Then n > 0 on E. Furthermore, n is simple. Let {c1,...,c,} = n(E) and let
Ex = n1({ck}). Then by part (i) and by definition

/‘E¢—/‘E<P=/E(ll’—w):/En:ngm(Ek)-

But each m(E) > 0 by definition of measure, and each ¢, > 0 because n > 0 and so n(E) C [0, 00). Thus
Y hoickm(Ex) >0, 50 [o9 > [, as desired.

[Definition: Integral of a bounded function over a bounded set] Let £ C R be measurable with m(E) < oo
and let f : E — [—M, M] be a bounded function. We say that f is Lebesgue integrable over E if

sup{/Etp ‘ @ : [a, b] = R is a simple function and ¢(x) < f(x) for all x € E}
= inf{/E¢ ’ P : [a, b] — R is a simple function and ¥(x) > f(x) for all x € E}.
If f is Lebesgue integrable we define
/Ef = sup{/E<p ‘ ¢ : [a, b] = R is a simple function and ¢(x) < f(x) for all x € E}.
(Problem 1171) Let E C R be measurable with m(E) < oo and let 8 : E — R be simple. Show that
/EG = sup{/Ew ‘ ¢ : [a, b] = R is a simple function and ¢(x) < 6(x) for all x € E}
= inf{/Ezp ‘ P : [a, b] — R is a simple function and ¥(x) > 6(x) for all x € E}.

Thus all simple functions with domains of bounded measure are integrable and there is no ambiguity in using fE 0
to denote both the integral of a simple function and of an arbitrary Lebesgue integrable function.

Theorem 4.3. If f is Riemann integrable on [a, b], then f is Lebesgue integrable over [a, b] and fab f=Junf



(Elliott, Problem 1180) Prove [Theorem 4.3|and give an example of a bounded measurable function defined on
an interval [a, b] that is Lebesgue integrable over [a, b] but is not Riemann integrable.

Assume that f : [a, b] — R is bounded and Riemann integrable. By |Problem 1140} if ¢ is a step function
on [a, b], then ¢ is a simple function and fab<p = f[a’b] @. Thus,

b
sup{/ ® ’ ¢ : [a, b] = R is a step function and ¢(x) < f(x) for all x € |a, b]}

= sup{/ ® ‘ ¢ :[a, b] = R is a step function and ¢(x) < f(x) for all x € [a, b]}
[a,b]

Because all step functions are simple functions, by definition of supremum

sup{/ %) ’ ¢ : [a, b] = R is a step function and ¢(x) < f(x) for all x € [a, b]}
[a.b]

< sup{/ P ‘ ¢ : [a, b] = R is a simple function and ¢(x) < f(x) for all x € [a, b]}
[a.5]

Now, if ¢ and 1 are simple functions and ¢ < f < 9, then ¢ < 1 and so by|Proposition 4.2 f[a b P < f[a b] P.

Thus, again by definition of supremum and infimum,

sup{/ ® ‘ ® : [a, b] = R is a simple function and ¢(x) < f(x) for all x € |a, b]}
[a.b]

<

Again by [Problem 1140] and because all step functions are simple functions,

¥ : [a, b] — R is a simple function and ¥(x) > f(x) for all x € [a, b]}

inf{/[ y P ' P : [a, b] — R is a simple function and ¥(x) > f(x) for all x € [a, b]}

b
< inf{/ P ’ P : [a, b] — R is a step function and ¥(x) > f(x) for all x € [a, b]}

But because f is Riemann integrable, we have that

b
inf{/ Y l ¥ : [a, b] — R is a step function and 9¥(x) > f(x) for all x € |[a, b]}

b
—SUP{/ 7
a

Thus the chain of inequalities collapses and we must have that all of the above quantities are equal. In
particular,

¢ :[a, b] = R is a step function and ¢(x) < f(x) for all x € [a, b]}

sup{/ ® ‘ @ :[a, b] = R is a simple function and p(x) < f(x) for all x € [a, b]}
[a,b]

S

This is the definition of Lebesgue integrability. This completes the proof.

Now let f = xqgn[o,1) be the characteristic function of the rationals restricted to [0, 1]. By [Problem 370
f is not Riemann integrable. However, f is simple (the set Q is measurable because it has outer measure

zero), and so is Lebesgue integrable by [Problem 1171

P : [a, b] — R is a simple function and ¥(x) > f(x) for all x € [a, b]}

Theorem 4.4. Let E C R be measurable with m(E) < oo and let f : E — [—M, M] be bounded and measurable.
Then f is Lebesgue integrable.

(Irina, Problem 1190) Prove [Theorem 4.4]



Let

L= sup{/ 7 ‘ ¢ : E — R is a simple function and ¢(x) < f(x) for all x € E
E

U= inf{/ P ’ 1 : E — R is a simple function and 9(x) > f(x) for all x € E}.
E

As before, by [Proposition 4.2} L < U.
By the simple approximation lemmal if € > 0, then there exist simple functions ., ¥, : E — R such
that

¢£(X) —e< ‘Pe(x) < f(X) < 1;l’s(x) < (pg(X) +e

LZ/%
E
u< [ b
E
OSU*LS/"/JS*/(ps
E E

osu—LsAwg—%y§Ae=sME)

foralle > 0. Thus U— L <0 and so U— L = 0. By definition of U, L, and Lebesgue integrablility, we
have that f is Lebesgue integrable, as desired.

forall x € E.
Thus, if € > 0, then

and

Thus

and so by [Proposition 4

Theorem 5.7. Let E C R be measurable with m(E) < oo and let f : E — [-M, M] be bounded. Then f is
measurable if and only if it is Lebesgue integrable. (You may not use this result until we prove it in Chapter 5,
but you may find it interesting at this point.)

Theorem 4.5. Let f and g be bounded measurable functions defined on a set of finite measure E.

(i) Ifa, BER, then [ (af +Bg)=a [+ B 8.
(i) If f < gon E, then [ f < [ g.

(Zach, Problem 1200) Prove [Theorem 4.5, part (i).
(Juan, Problem 1210) Prove [Theorem 4.5} part (ii).

Because f and g are measurable, we have that g — f is measurable by andso g — f is
integrable by [Theorem 4.4] By part (i),
/g—/f=/(g—f)-
E E E

But ¢ = 0 is a simple function with ¢ < g — f on E, so

Oz/wgsup{/w‘w:E%Risasimple function and ¢(x) < g(x)—f(x) for aIIXGE}:/(gf):/g/f
E E E E E

adSO
/]S/g
E E

Corollary 4.6. If A and B are two disjoint measurable sets of finite measure and f : AU B — R is bounded and
measurable, then [, - f = [, f+ [5f.

as desired.



(Micah, Problem 1220) Prove [Corollary 4.6

Corollary 4.7. If E C R is measurable and has finite measure, and if f : E — R is bounded and measurable,

then
E E

Proposition 4.8. If E C R is measurable and has finite measure, if f, : E — R is bounded and measurable for

each n, and if f, — f uniformly on E, then
lim / f, = / f.
n—oo E E

(Muhammad, Problem 1230) Prove [Proposition 4.8

(Ashley, Problem 1240) Give an example of a sequence of measurable functions {f,}%2,, each of which is
bounded, defined on a common measurable domain E of finite measure, such that f, — f pointwise on E for
some bounded measurable function f : E — R, but such that

/Efnﬁ/Ef.

(The failure can be either because lim,_ fE f, does not exist, or because it exists but is not equal to fE f.)

The bounded convergence theorem. If E C R is measurable and has finite measure, if f, : E — R is
measurable for each n, if there is a M such that |f,(x)| < M for all x € E and all n € N, and if f, — f pointwise

on E, then
lim /f,,:/f.
n—oo E E

(Bashar, Problem 1250) Prove the Bounded Convergence Theorem. Hint: Use [Egoroff’s theorem|

Choose some € > 0.

Let F C E be as in [Egoroff’s theorem| so F is closed, m(E ~ F) < g, and f, — f uniformly on F. Thus,
there is a N € N such that, if n > N, then |f,(x) — f(x)| < & forall x € F.

If n > N, then by |[Theorem 4.5(i), |Corollary 4.7, and |Corollary 4.6)

Lo Lr= -0 < [n-n= -+ [ 1n-n
E E E E F E~F
Then by [Theorem (i)

/|fn—f\—|—/ |fn—f\§/s+/ 2M = m(F)e +2Mm(E ~ F) < m(E)e + 2Mse.
F E~F F E~F

Thus, if n > N then

/f,,/f’gm(E)erM/ls.
E E

This suffices to show that [ f, = [ f.

4.3 THE INTEGRAL OF A NON-NEGATIVE MEASURABLE FUNCTION

[Definition: Finite support] Let E C R be measurable and let h: E — R. Suppose that there is a measurable
set Eg C E with m(Ep) < oo and such that h(x) = 0 for all x € E ~ Ey. Then we say that h has finite support;
if h is also bounded then we define [ h= [ h.

[Definition: Integral of a nonnegative function] Let E C R be measurable and let f : E — [0, o0] be
measurable. We define

/ f= sup{/ h ‘ h is bounded, measurable, of finite support, and 0 < h < f on E}.
E E

(Problem 1251) Show that if m(E) < oo and f : E — [0, M] is measurable, nonnegative, and bounded, then
the above definition coincides with that in Section 4.2.



Chebychev’s inequality. Let f be a nonnegative measurable function on a measurable set E. Let A > 0. Then

m({x € E: f(x) > A}) < /f

(Dibyendu, Problem 1260) Prove Chebychev's Inequality.

Let Exn = {x € EN[=N,N] : f(x) > X}. Because f is measurable, so is Ex n. Let hy = AxE, »-
Because f is nonnegative, hy(x) = 0 < f(x) for all x € E ~ Ej y; by definition of Ex n, hy(x) = X < f(x)
for all x € Ex n.

Furthermore, hy is clearly a set of finite support.

Thus by definition of [ f, [ f > [z hy = Am(Exn) and so m(Exn) < 5 [¢ f.

Observe that {x € E : f(x) > X} = Uy, Exn- Thus

m({x € E: f(x) > \}) = m( fj EM,).

N=1
The sets Ex, y are nondecreasing in N, so by [Theorem 2.15]

m({x € E: f(x) > A\}) = m(G EA,N) = lim m(Exn).

Because the sets Ey y are nondecreasing in IV, the right hand side is the limit of a nondecreasing sequence
of real numbers, and so

m({x € E: f(x) > A}) = sxlp m(Ex n).

But m(Exn) < 3 [ f for each N, and so supy m(Exn) < & [; f, as desired.

Proposition 4.9. Let f be a nonnegative measurable function on a measurable set E. Then fE f =0if and only
if f(x) =0 for almost every x € E.

(Elliott, Problem 1270) Prove

Suppose that f >0 and [ f =0. Let £, = {x € E: f(x) > 1}. Then {x € E: f(x) > 0} = U,cn En
by the Archimedean property of the real numebrs. By Chebychev's inequality, m(E,) < nf f =0 for each
n € N, and so by the subadditivity of Lebesgue measure (Proposition 2.3 ({x € E:f(x) >0} <
> > m(E,) =0, as desired.

We now come to the converse. If ¢ is a simple function that is nonpositive almost everywhere, then
J& © < 0 by definition of integral of a simple function.

If his a bounded measurable function of finite support, then h is Lebesgue integrable by
and so

/hzsup{/w’w:E—>Rissimp|e,<p§h}.
E E

If h <0 almost everywhere, then ¢ < 0 almost everywhere for all such ¢, and so fE h <0.
Finally, if f > 0 is measurable and f = 0 almost everywhere, then

/ f= sup{/ h ‘ h: E — R is bounded measurable and finitely supported, h < f}.
E E

All of the terms on the right hand side are nonnegative, so fE f <0. But h =0 is a bounded measurable
finitely supported function, and so [ f > [.0=0; thus [ f =0, as desired.

Theorem 4.10. Let f and g be nonnegative measurable functions defined on a measurable set E.

(i) fa>0and B >0, then [(af +Bg)=a [ f+B[r8.
(i) If f < gonE, then [(f< [ g



(Irina, Problem 1280) Prove |Theorem 4.10} part (i).
(Problem 1281) Prove [Theorem 4.10} part (ii).

Theorem 4.11. If A and B are two disjoint measurable sets and f : AU B — R is measurable and nonnegative,
then [, gf = J,f+ Jgf. In particular, if m(Eq) =0 and Eq C E for a measurable set E, then [ f = fE~E0 f
for every nonnegative measurable function f : E — [0, c0].

(Juan, Problem 1290) Prove |[Theorem 4.11

Fatou’s lemma. Let E C R be measurable and let {f,}5°; be a sequence of nonnegative measurable functions
fo: E —[0,00]. Then

/ liminf f, <liminf [ f,.
E

n—oo n—oo E

(Zach, Problem 1300) Prove Fatou's lemma.

The monotone convergence theorem. Let £ C R be measurable and let {£,}52; be a sequence of nonnegative
measurable functions f, : E — [0, co]. Suppose in addition that 7,(x) < fr11(x) for all x € E. Then

/ lim f, = lim /fn.
EI‘IA)OO n—o00 E

(Micah, Problem 1310) Prove the monotone convergence theorem.

Corollary 4.12. Let E C R be measurable and let {f,}%°, be a sequence of nonnegative measurable functions

fo: E —[0,00]. Then
/Eifn = sum,j“;l/Ef,,.
(Problem 1311) Prove [Corollary 4.12]
[Definition: Integrable function] A nonnegative measurable function f on a measurable set E is said to be

integrable, integrable over E, or in L}(E), if

f < 0.
E

Proposition 4.13. If f is integrable then f is finite almost everywhere.
(Muhammad, Problem 1320) Prove [Proposition 4.13

4.4 THE GENERAL LEBESGUE INTEGRAL
Proposition 4.14. Let E C R be measurable and let f : E — [—00, 00] be measurable. Then |f] is integrable
(thatis, [ |f| < o) if and only if both f* and f~ are integrable.

[Definition: General Lebesgue integral] Suppose that f : E — [—00, 00] is measurable and that |f] is integrable.

Then we say that f is integrable and that
[e=[r[r
E E E

(Problem 1321) Show that if f is integrable over E and nonnegative, then the above definition of [ f coincides
with that in Section 4.3.

Proposition 4.15. If f is integrable over E, then f is finite almost everywhere on E and fE f= fENEU f whenever

(Problem 1322) Prove

Proposition 4.16. (The integral comparison test.) Suppose that g is nonnegative and integrable over E and
that |f| < g on E. If f is measurable, then f is also integrable and | [ f| < [ |f| < [ g.

(Ashley, Problem 1330) Prove

Theorem 4.17. Let f and g be functions integrable over a measurable set E.



(i) If « € R and B € R, then af + Bg is integrable over E and [(af +Bg)=a [ f+B [ g
(i) If f <gon E, then [ f < [ g.

(Bashar, Problem 1340) Prove [Theorem 4.17] part (i).

(Elliott, Problem 1350) Prove [Theorem 4.17] part (ii).

Corollary 4.18. If A and B are two disjoint measurable sets and f : AU B — R is integrable over AU B, then
fAuBf:fAf+fo'

(Dibyendu, Problem 1360) Prove [Corollary 4.18]

The Lebesgue dominated convergence theorem. Let E C R be measurable and let f, f,, and g be measurable
functions with domain E. Suppose that g is nonnegative and integrable, that |f,(x)| < g(x) for all n € N and all
x € E, and that f, — f pointwise almost everywhere on E. Then [_f, — [ f.

(Zach, Problem 1370) Prove the Lebesgue dominated convergence theorem.

4.5 COUNTABLE ADDITIVITY AND CONTINUITY OF INTEGRATION

Theorem 4.20. Let {E,}%°, be a countable sequence of pairwise disjoint measurable sets. Let E = |J72; E,. If
f: E — [—00, 0] is integrable (that is, measurable and [, |f| < 00), then

f= / f.
=2
(Irina, Problem 1380) Prove [Theorem 4.20

Theorem 4.21. Let {E,}2°, be a countable sequence of measurable sets, let E = [J2, E,, and suppose that
f: E — [—00, 0] is integrable (that is, measurable and [, |f| < o).
Suppose that either:
e E,CEpqforallnand D=E =2, En.
e £, D E,q forallnand D=, E,.
Then

f= lim / f.
D n—oo fp
[Chapter 4, Problem 39] Prove [Theorem 4.21}

4.6 UNIFORM INTEGRABILITY: THE VITALI CONVERGENCE THEOREM

Lemma 4.22. Let E C R be measurable and suppose m(E) < co. Let § > 0. Then there isa n € N and a list
of pairwise disjoint sets Ej, Ej, ..., E, such that m(Ey) < ¢é for all k and such that E = UZ:1 Ey.

(Micah, Problem 1390) Prove [Lemma 4.22

Proposition 4.23. Let E C R be measurable and let f be a measurable function on E.

(a) Suppose that [ |f| < oo (that is, f is integrable) and that £ > 0. Then there is a § > 0 such that, if
A C E is measurable and m(A) <4, then [, |f| <e.

(b) Suppose that m(E) < oo and that, for at least one € > 0, there is a § > 0 such that, if A C E is
measurable and m(A) < §, then [, |f| <&. Then [ |f| < co.

(Muhammad, Problem 1400) Prove [Proposition 4.23] part (a).
(Juan, Problem 1410) Prove [Proposition 4.23] part (b).

[Definition: Uniformly integrable] Let £ C R be measurable and let F be a family of measurable functions
on E. We say that F is uniformly integrable over E if, for each £ > 0, there is a § > 0 such that, for all f € F,
we have that if A C E is measurable and m(A) <4, then [, |f| <e.

(Ashley, Problem 1420) Let E C R be measurable and let g be integrable over E. Show that F = {f|f : E —
[—00, 0] is measurable and |f(x)| < |g(x)] for all x € E} is a uniformly integrable family.

Proposition 4.24. Any finite collection of integrable functions over a common domain E is uniformly integrable.



(Bashar, Problem 1430) Prove [Proposition 4.24

Proposition 4.25. Let E C R be measurable and assume m(E) < oo. Let {f,}°, be a sequence of measurable
functions on E and suppose that F = {f, : n € N} is uniformly integrable. Suppose that f, — f pointwise almost
everywhere on E for some f. Then f is measurable.

(Elliott, Problem 1440) Prove [Proposition 4.25
(Dibyendu, Problem 1450)

(a) Provide a counterexample to show that the condition that m(E) < oo is a necessary condition; that is,
give a sequence of uniformly integrable functions that converge pointwise on a set of infinite measure to
a function that is not integrable.

(b) Provide a counterexample to show that the condition that F = {f, : n € N} be uniformly integrable is a
necessary condition; that is, give a sequence of integrable functions that converge pointwise to a function
that is not integrable.
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