Math 2584, Spring 2018

The final will occur on Monday, May 4. Final exam questions will be available on WebAssign at 12:45
p.m. on Monday, May 4. Please write your answers (by hand) on paper, a whiteboard, or a tablet, then
scan, photograph or export your answers and upload them to Blackboard by 3:00 p.m. on Monday, May 4.

The exam is open book, open note, and open calculator; however, you are not allowed to discuss the
exam in any way with any person other than Professor Barton while taking it.

You will need a table of Laplace transforms. You can write one by hand, use the one in your book, or
print out the one provided on Blackboard.

Please complete the online course evaluation at
https://courseval.uark.edu/etw/ets/et.asp’nxappid=wWCl&nxmid=start |
on or before Friday, May 1. If at least 80% of the class completes the course evaluation before the deadline,
I will drop your 2 lowest lab scores; otherwise, I will drop your 1 lowest lab score.

(AB 1) Is y = e! a solution to the differential equation dtQ + %%’ — —y =07

2y 4t dy

(AB 2) Is y = ¢* a solution to the differential equation $# + 25 % — 2=y = 07

(AB 3) Is y = €*' a solution to the initial value problem % =2y, y(0) =17

(AB 4) Is y = €* a solution to the initial value problem % =3y, y(0) =27

(AB 5) Is y = €* a solution to the initial value problem % =3y, y(0) =17

(AB 6) Is y = ¢3! a solution to the initial value problem % =2y, y(0) =27

(AB T7) For each of the following initial-value problems, tell me whether we expect to have an infinite family
of solutions, no solutions, or a unique solution. Do not find the solution to the differential equation.
(a) % + arctan(t)y = e, y(3) =T.

b Hltz 4 — 1%y = cos(6t), y(2) = —1, ¢/(2) = 3,
c (flté’ Ssin(t)y = t, y(1) =2, y/'(1) =5, y"(1) = 0.
d) e dtg+3(t— 4B 4445y =2, y(3) =1, y/(3) = 1.

e Cflté’—kcos()dy—k?)ln(l—th)y—O y(2) = 3.

)
)
)
)
£) =T+ W+ Ssin(t)y = £, y(1) = 2, y/(1) =5, y"(1) = 0,y"(1) =3
) / —
)
)

o~ o~ I~ —~ —~

(
g (1+t2)dt3 3223 +5% 42y =13, y(3) =9,y (3) =7,y"(3) = 5.
h (cily edtzy—i_efdy—"_es*y_e 7y( 1):1ay/(_1):3
(i) (2 —|—smt)m+cost(flt§+ +5sin(t)y =13, y(7) = 2.

P

(AB 8) A lake initially has a population of 600 trout. The birth rate of trout is proportional to the number
of trout living in the lake. Fishermen are allowed to harvest 30 trout/year from the lake. Write an initial
value problem for the fish population. Specify your independent and dependent variables, any unknown
parameters, and your initial condition.

(AB 9) Five songbirds are blown off course onto an island with no birds on it. The birth rate of songbirds on
the island is then proportional to the number of birds living on the island, and the death rate is proportional
to the square of the number of birds living on the island. Write an initial value problem for the bird
population. Specify your independent and dependent variables, any unknown parameters, and your initial
condition.


https://courseval.uark.edu/etw/ets/et.asp?nxappid=WCQ&nxmid=start

(AB 10) A tank contains hydrogen gas and iodine gas. Initially, there are 50 grams of hydrogen and 3000
grams of iodine. These two gases react to form hydrogen iodide at a rate proportional to the product of the
amount of iodine remaining and the amount of hydrogen remaining. The reaction consumes 126.9 grams of
iodine for every gram of hydrogen. Write an initial value problem for the amount of hydrogen in the tank.
Specify your independent and dependent variables, any unknown parameters, and your initial condition.

(AB 11) According to Newton’s law of cooling, the temperature of an object changes at a rate proportional
to the difference between its temperature and that of its surroundings. Suppose that a cup of coffee is
initially at a temperature of 95°C and is placed in a room at a temperature of 25°C. Write an initial value
problem for the temperature of the cup of coffee. Specify your independent and dependent variables, any
unknown parameters, and your initial condition.

(AB 12) Suppose that an isolated town has 300 households. In 1920, two families install telephones in
their homes. Write an initial value problem for the number of telephones in the town if the rate at which
families buy telephones is jointly proportional to the number of households with telephones and the number of
households without telephones. Specify your independent and dependent variables, any unknown parameters,
and your initial condition.

(AB 13) A large tank initially contains 600 liters of water in which 3 kilograms of salt have been dissolved.
Every minute, 2 liters of a salt solution with a concentration of 5 grams per liter flows in, and 3 liters of
the well-mixed solution flows out. Write an initial value problem for the amount of salt in the tank. Specify
your independent and dependent variables, any unknown parameters, and your initial condition.

(AB 14) I want to buy a house. I borrow $300,000 and can spend $1600 per month on mortgage payments.
My lender charges 4% interest annually, compounded continuously. Suppose that my payments are also
made continuously. Write an initial value problem for the amount of money I owe. Specify your independent
and dependent variables, any unknown parameters, and your initial condition.

(AB 15) A hole in the ground is in the shape of a cone with radius 1 meter and depth 20 cm. Initially,
it is empty. Water leaks into the hole at a rate of 1 cm?® per minute. Water evaporates from the hole at a
rate proportional to the area of the exposed surface. Write an initial value problem for the volume of water
in the hole. Specify your independent and dependent variables, any unknown parameters, and your initial
condition.

(AB 16) According to the Stefan-Boltzmann law, a black body in a dark vacuum radiates energy (in the
form of light) at a rate proportional to the fourth power of its temperature (in kelvins). Suppose that a planet
in space is currently at a temperature of 400 K. Write an initial value problem for the planet’s temperature.
Specify your independent and dependent variables, any unknown parameters, and your initial condition.

(AB 17) According to the Stefan-Boltzmann law, a black body in a vacuum radiates energy (in the form
of light) at a rate proportional to the fourth power of its temperature (in kelvins). If there is some ambient
light in the vacuum, then the black body absorbs energy at a rate proportional to the effective temperature
of the light. The proportionality constant is the same in both cases; that is, if the object’s temperature is
equal to the effective temperature of the light, then its temperature will not change.

Suppose that a planet in space is currently at a temperature of 400 K. The effective temperature of its
surroundings is 3 K. Write an initial value problem for the planet’s temperature. Specify your independent
and dependent variables, any unknown parameters, and your initial condition.

(AB 18) A ball is thrown upwards with an initial velocity of 10 meters per second. The ball experiences a
downwards force due to the Earth’s gravity and a drag force proportional to its velocity. Write an initial value
problem for the ball’s velocity. Specify your independent and dependent variables, any unknown parameters,
and your initial condition.



(AB 19) A ball of mass 300 g is thrown upwards with an initial velocity of 20 meters per second. The ball
experiences a downwards force due to the Earth’s gravity and a drag force proportional to the square of
its velocity. Write an initial value problem for the ball’s velocity. Specify your independent and dependent
variables, any unknown parameters, and your initial condition.

(AB 20) Here is a grid. Draw a small direction field (with nine slanted segments) for the differential equation
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(AB 21) Consider the differential equation % = (y* — 22)/3. Here is the direction field for this differential
equation. Sketch, approximately, the solution to
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(AB 22) Consider the differential equation % = 23y2' Here is the direction field for this differential

equation. Sketch, approximately, the solution to

dy 2
de 2 —y?’

y(1) =0.

Based on your sketch, what is the (approximate) domain of definition of the solution to this differential
equation?
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AB 23) Consider the differential equation y y5. Here is the direction field for this differential equation.
dx
Sketch, approximately, the solution to

dy 5
2 =Y y(1)

Based on your sketch, what is the (approximate) domain of definition of the solution to this differential
equation?
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(AB 24) Consider the differential equation % = 1/y?. Here is the direction field for this differential

equation. Sketch, approximately, the solution to

dy 1
A =2.
i g y(3)

Based on your sketch, what is the (approximate) domain of definition of the solution to this differential
equation?
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(AB 25) Consider the autonomous first-order differential equation 3% = (y — 2)(y + 1)?. By hand, sketch
some typical solutions.

(AB 26) Find the critical points and draw the phase portrait of the differential equation % = siny. Classify
each critical point as asymptotically stable, unstable, or semistable.

(AB 27) Find the critical points and draw the phase portrait of the differential equation % =y (y — 2).
Classify each critical point as asymptotically stable, unstable, or semistable.

(AB 28) I owe my bank a debt of B dollars. The bank assesses an interest rate of 5% per year, compounded
continuously. I pay the debt off continuously at a rate of 1600 dollars per month.
(a) Formulate a differential equation for the amount of money I owe.
(b) Find the critical points of this differential equation and classify them as to stability. What is the
real-world meaning of the critical points?

(AB 29) A large tank contains 600 liters of water in which salt has been dissolved. Every minute, 2 liters
of a salt solution with a concentration of 5 grams per liter flows in, and 2 liters of the well-mixed solution
flows out.
(a) Write the differential equation for the amount of salt in the tank.
(b) Find the critical points of this differential equation and classify them as to stability. What is the
real-world meaning of the critical points?

(AB 30) A skydiver with a mass of 70 kg falls from an airplane. She deploys a parachute, which produces
a drag force of magnitude 2v? newtons, where v is her velocity in meters per second.

(a) Write a differential equation for her velocity. Assume her velocity is always downwards.

(b) Find the (negative) critical points of this differential equation. Be sure to include units.

(¢) What is the real-world meaning of these critical points?



(AB 31) A tank contains hydrogen gas and iodine gas. Initially, there are 50 grams of hydrogen and 3000
grams of iodine. These two gases react to form hydrogen iodide at a rate proportional to the product of the
amount of iodine remaining and the amount of hydrogen remaining. The reaction consumes 126.9 grams of
iodine for every gram of hydrogen.

(a) Write a differential equation for the amount of hydrogen left in the tank.

(b) Find the critical points of this differential equation. Be sure to include units.

(¢) What is the real-world meaning of these critical points?

(AB 32) Suppose that the population y of catfish in a certain lake, absent human intervention, satisfies the
logistic equation % =ry(1 — y/K), where r and K are constants and ¢ denotes time.
(a) Assuming that » > 0 and K > 0, find the critical points of this equation and classify them as to
stability. What is the long term behavior of the population?
(b) Suppose that humans intervene by harvesting fish at a rate proportional to the fish population. Write
a new differential equation for the fish population. Find the critical points of your new equation and
classify them as to stability. What is the long term behavior of the population?
(c) Suppose that humans intervene by harvesting fish at a constant rate. Write a new differential equation
for the fish population. Find the critical points of your new equation and classify them as to stability.
What is the long term behavior of the population?

(AB 33) For each of the following differential equations, determine whether it is linear, separable, exact,

homogeneous, a Bernoulli equation, or of the form dy = f(At+ By+C). Then solve the differential equation.
(a) dy __ t+cost

dt siny—y

(b) my+y+t+(L+t)% =0

(c) (BP+1)% =ty —12 -1

(d) 2% =2+ —ty

(e) 4ty® +6t° + (3+6t2y% +¢°) % =0
(f %:—ytanZt—y?’coth

(g) (t+y)%¥ =5y—3t

(h) G = serayer

4ty fl# = 3y? — 2t2

(k) t9 =3y — &
(I (Cig:csc (y—t).

H=8y—y°

dy,
tg; = —cost —3y

)
)
)
)
)
)
)
(i) % = —y3 cos(2t)
)
)
)
)
)
) W = cot(y/t) + y/t
) W=ty + 12/ 38y
(AB 34) The differential equation e cosy + (e”siny + 1) 32 9y — 0 is not, exact.
(a) Find an integrating factor u(y) depending only on y such that, upon multiplying by u(y), the equation
becomes exact.
(b) Solve the differential equation.

(AB 35) The differential equation 322 + 2sin 2y + x cos Zy% = 0 is not exact.
(a) Find an integrating factor u(x) depending only on x such that, upon multiplying by u(x), the equation
becomes exact.
(b) Solve the differential equation.



(AB 36) For each of the following differential equations, determine whether it is linear, separable, exact,
homogeneous, Bernoulli, or a function of a linear term. Then solve the given initial-value problem.
(a) cos(t + y3) + 2t + 3y%cos(t +y )dy =0,y(r/2)=0
) 2ty —4t2—y L y(1) =3.
) Z§?=—1— y(1) =1
d) éﬁ = (2y + 2t — 5)2, y(0) = 3.
) =2y 5, y(0)=T.
) % = -3y —sinte 3, y(0) =2
(AB 37) Solve the initial-value problem % = =5 4(0) = 3 and determine the range of ¢-values in which
the solution is valid.

(AB 38) Solve the initial-value problem % =42, y(0) = 1/4 and determine the range of ¢-values in which
the solution is valid.

(AB 39) The function y;(t) = €’ is a solution to the differential equation tdt2 (1+ 2t)% +(t+1)y=0.
Find the general solution to this differential equation on the interval ¢t > 0.

(AB 40) The function y; (t) = ¢ is a solution to the differential equation ¢22 dtQ — (2 +2)% 4+ (t+2)y =0.
Find the general solution to this differential equation on the interval ¢ > 0.

(AB 41) The function y; (z) = 2 is a solution to the differential equation 2 d Y+ (22 tanx — 6x) + (12—
3ztanz)y = 0. Find the general solution to this differential equation on the interval 0 < z < 7/ 2

(AB 42)
(a) What is the largest interval on which the problem

2

d dy
Y o oy —0, y0)=2, y(0)=7

(t=3)(2t = 3) = + 2=

is guaranteed a unique solution?
(b) What is the largest interval on which the problem

Ay dy
+2u =0, y2)=2 y@2)=7

(t=3)(2t = 3) = + 2=

is guaranteed a unique solution?
(¢) What is the largest interval on which the problem

Ay dy ,
(t — 3)(2t — 3)ﬁ+2td —2 =0, y6)=2 ¢ (6)=7

is guaranteed a unique solution?

(d) You are given that y; =t is a solution to the differential equation (¢ — 3)(2¢ — 3) S+ dy -2y =0.
Use the method of reduction of order to find the general solution.

(e) On what intervals are all of the the solutions you found in part (d) continuous?

(f) How many solutions are there to the initial value problem

2
Ty ot _ 2y=0, y(3/2)=2 y(3/2) =17

(t-3)2t-3) 2] + 21



(AB 43) You are given that y; =t — 3 and yo = i are both solutions to the differential equation

(t—3)2L8 4 (¢t —3)% 4y = 0 for all ¢.

(a) How many solutions are there to the initial value problem

d? d
(=32 S+ (=3 +y=0, y3) =1, y@E) =0

(b) How many solutions are there to the initial value problem

2

d d
(=372 +(t=3) +y=0, y(3)=0, y(3)=17

(AB 44) You are given that y; = t3 + 4t + 4t and yo = t> + 4t + 4 are both solutions to the differential

equation (t+ 2)2% — (4t + 8)% + 6y =0 for all ¢.

(a) What are the maximal intervals on which the general solution to (¢t + 2)2% — (4t + 8)%’ +6y =0
may be written y = C; (2 + 4t + 4t) + Co(t? + 4t + 4)?
(b) Find a function y3(¢) that is continuous and has continuous first and second derivatives for all ¢, that

satisfies (¢ + 2)2 d;t%B — (4t + 8)%3 + 6ys = 0 for all ¢, but such that there do not exist constants C;
and Cy such that y3(t) = C1y1(t) + Caya(t) = C1(#3 + 4t% + 4t) + Co(t? + 4t + 4) for all ¢.

(¢) Find numbers a, b, and ¢ such that the initial value problem

d? d
(t+2) 20 — (@t +8)2 +6y =0, yla)=b yla)=c

has no solutions.
(d) Find numbers a, b, and ¢ such that the initial value problem
d?y

(t+2)2ﬁ — (4t +8)

dy

o T6u=0, yla)=b, y'(a)=c

has at least two solutions.

(AB 45) Find the general solution to the following differential equations.
(a) L4 +12% 1 85y — 0.
(b) L4 +4% 42y =0.
(c) % + 7% — 144y = 0.
(d)

4 2
d) %4 — 8% + 16y = 0.

(AB 46) Solve the following initial-value problems. Express your answers in terms of real functions.
2
(a) 954 + 6% +2y =0, y(0) =3, /' (0) = 2.
2
(b) T +10% + 25y =0, y(0) = 1, y'(0) = 4.

(AB 47) An object weighing 5 lbs stretches a spring 4 inches. It is attached to a viscous damper with
damping constant 16 1b-sec/ft. The object is pulled down an additional 2 inches and is released with initial
velocity 3 ft/sec upwards.

Write the differential equation and initial conditions that describe the position of the object.



(AB 48) A 2-kg object is attached to a spring with constant 80 N/m and to a viscous damper with damping
constant 3. The object is pulled down to 10cm below its equilibrium position and released with no initial
velocity.

Write the differential equation and initial conditions that describe the position of the object.

If =20 N-s/m, is the system overdamped, underdamped, or critically damped? Do you expect to see
decaying oscillations in the solutions?

If 8 =30 N-s/m, is the system overdamped, underdamped, or critically damped? Do you expect to see
decaying oscillations in the solutions?

(AB 49) A 3-kg object is attached to a spring with constant k and to a viscous damper with damping
constant 42 N-sec/m. The object is set in motion from its equilibrium position with initial velocity 5 m/s
downwards.

Write the differential equation and initial conditions that describe the position of the object.

If Kk =100 N/m, is the system overdamped, underdamped, or critically damped? Do you expect to see
decaying oscillations in the solutions?

If £ = 200 N/m, is the system overdamped, underdamped, or critically damped? Do you expect to see
decaying oscillations in the solutions?

(AB 50) A 4-kg object is attached to a spring with constant 70 N/m and to a viscous damper with damping
constant 8. The object is pushed up to 5ecm above its equilibrium position and released with initial velocity
3 m/s downwards.

Write the differential equation and initial conditions that describe the position of the object. Then find
the value of § for which the system is critically damped. Be sure to include units for 5.

(AB 51) An object of mass m is attached to a spring with constant 80 N/m and to a viscous damper with
damping constant 20 N-s/m. The object is pulled down to 5cm below its equilibrium position and released
with initial velocity 3 m/s downwards.

Write the differential equation and initial conditions that describe the position of the object. Then find
the value of m for which the system is critically damped. Be sure to include units for m.

(AB 52) Five objects, each with mass 3 kg, are attached to five springs, each with constant 48 N/m. Five
dampers with unknown constants are attached to the objects. In each case, the object is pulled down to
a distance 1 cm below the equilibrium position and released from rest. You are given that the system is
critically damped in exactly one of the five cases.

Here are the graphs of the objects’ positions with respect to time:

Damper A Damper B Damper C Damper D Damper E

For which damper is the system critically damped?

For which dampers is the system overdamped?

For which dampers is the system underdamped?

Which damper has the highest damping constant? Which damper has the lowest damping constant?

(a
(b
(c
(d

)
)
)
)



(AB 53) Consider the following system of tanks. Tank A initially contains 200 L of water in which 3 kg
of salt have been dissolved, and Tank B initially contains 300 L of water in which 2 kg of salt have been
dissolved. Salt water flows into each tank at the rates shown, and the well-stirred solution flows between the
two tanks and is drained away through the pipes shown at the indicated rates.

4 L/mi
2 L/min /min 6 L/min
5g/L pure water
5 L/min 4 L/min
mixture mixture

3 L/min
Write the differential equations and initial conditions that describe the amount of salt in each tank.
(AB 54) Find the solution to the initial-value problem

dx dy
i 6x + 8y, pri —2z — 2y, z(0) = =5, y(0)=3.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(AB 55) Find the solution to the initial-value problem

dx dy
i o= ety 2(0)=-3 y(0)

Express your final answer in terms of real functions (no complex numbers or complex exponentials).
(AB 56) Find the solution to the initial-value problem

dz 9 dy
S (T o 18— 1 = =1.
pria Oy s o 8z — 17y,  x(0) =0, y(0)

Express your final answer in terms of real functions (no complex numbers or complex exponentials).
(AB 57) Find the solution to the initial-value problem

dx dy
— =13z — = =122 -2 = =2
o = 13T — 3%, o v—23y,  x(0)=5, y(0)

Express your final answer in terms of real functions (no complex numbers or complex exponentials).
(AB 58) Find the solution to the initial-value problem

dx dy
> — g —~ =_5 6 0)=1 0) =-3.
T z + 9y, % r+6y, z(0)=1, y(0)

Express your final answer in terms of real functions (no complex numbers or complex exponentials).
(AB 59) Find the solution to the initial-value problem

dz dy 1
- = 4 Z=—"x—4 =1 =4.
= 6x + 4y, o 12 z(0) . y(0)

Express your final answer in terms of real functions (no complex numbers or complex exponentials).



(AB 60) Find the solution to the initial-value problem

dx dy
g T + 2y, ot x — 5y, x(0) , y(0)=0

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(AB 61) Find the solution to the initial-value problem

d d
d—lelx—l—y—z, d—i{:x—&—ély—z, d—j=4z—m—y, x(0)=3, y(0)=9, z(0)=0.
Express your final answer in terms of real functions (no complex numbers or complex exponentials).
4—m 1 -1
Hint: det 1 4—-m -1 = —(m —3)%(m — 6).
—1 -1 4—m

(AB 62) Find the solution to the initial-value problem

d d d
—I=3x—|—y, —y:2x—|—3y—2z, —z—y—|—3z, z(0)=3, y(0)=2, 2(0)=1.

dt dt dt
Express your final answer in terms of real functions (no complex numbers or complex exponentials).
3—m 1 0
Hint: det 2 3—m =2 = —(m —3)3.
0 1 3—m

(AB 63) Find the solution to the initial-value problem

d d d
d—f:z—l—y—kz, d—i:x—k?)y—z, d—j:2y—|—22,x(0):4, y(0) =3, =z(0)=5.
Express your final answer in terms of real functions (no complex numbers or complex exponentials).
1-m 1 1
Hint: det 1 3—-m -1 = —(m—2)3.

0 2 2—m
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(AB 64) Here is a direction field and phase plane corresponding to the system (dy/dt) = (c d) (y)

What can you say about the matrix <Z Z), eigenvalues of the matrix Z , or the solutions to the
system?
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(AB 65) Here is a direction field and phase plane corresponding to the system (dy/dt> = (c d) (y >

What can you say about the matrix (Z Z), eigenvalues of the matrix Z , or the solutions to the
system?
y Yy
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(AB 66) Here is a direction field and phase plane corresponding to the system (dy/dt> = (c d> (y)

What can you say about the matrix (OCL Z>7 eigenvalues of the matrix Z , or the solutions to the
system?
y Yy
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(AB 67) Here is a direction field and phase plane corresponding to the system (

What can you say about the matrix <Z Z), eigenvalues of the matrix

system?

(AB 68) Here is a direction field and phase plane corresponding to the system (
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o e . . . . de/dt\ [(a b\ [z
(AB 70) Here is a direction field and phase plane corresponding to the system (dy/dt) = (c d) (y)

or the solutions to the

What can you say about the matrix <Z Z), eigenvalues of the matrix Z ,

system?
y Yy
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(AB 71) An isolated town has a population of 9000 people. Three of them are simultaneously infected
with a contagious disease to which no member of the town has previously been exposed, but from which
one eventually recovers and which cannot be caught twice. Each infected person encounters an average of
8 other townspeople per day. Encounters are distributed among susceptible, infected, and recovered people
according to their proportion of the total population. If an infected person encounters a susceptible person,
the susceptible person has a 5% chance of contracting the disease. Each infected person has a 17% chance
of recovering from the disease on any given day.
(a) Set up the initial value problem that describes the number of susceptible, infected, and recovered
people.
(b) Use the phase plane method to find an equation relating the number of susceptible and infected
people.
(c) Use the phase plane method to find an equation relating the number of resistant and susceptible
people.
(d) Ast — oo, I — 0 and the number of people who never contract the disease approaches a limit. Find
an equation for S,,, where S, is the limiting number of people who never contract the disease.
(e) What is the maximum number of people that are infected at any one time?
(f) When is the peak infection time, that is, the time at which the number of infected people is at its
maximum? You need not simplify your answer.

(AB 72) Suppose that a disease is spreading through a town of 5000 people, and that its transmission in the

apr e o ; dS _ _ 0.2 dl _ 0.2
z;’lgsence of vaccination is given by the Kermack-McKendrick SIR model &7 = — 5551, G = #5555 — 0.11,

& = 0.1 where t denotes time (in days), S denotes the number of susceptible people, I denotes the number
of infected people, and R denotes the number of recovered, disease-resistant people.
Suppose we modify the model by assuming that 15 susceptible people are vaccinated each day (and thus
become resistant without being infected first).
(a) Set up the system of differential equations that describes the number of susceptible, infected, and
recovered people. You may use the same variable names as before. (You may let R denote all
disease-resistant people, both vaccinated and recovered.)



(AB 73) Suppose that a disease is spreading through a town of 5000 people, and that its transmission in the
absence of vaccination is given by the Kermack-McKendrick SIR model % = 5000 2297 flif = 5%020 SI—0.11,
% = 0.1 where t denotes time (in days), S denotes the number of susceptible people, I denotes the number
of infected people, and R denotes the number of recovered, disease-resistant people.

Suppose we modify the model by assuming that 15 people are vaccinated each day (and thus become
resistant without being infected first). No testing is available, and so vaccines are distributed among sus-
ceptible, resistant, and infected people according to their proportion of the total population. A vaccine
administered to an infected or resistant person has no effect.

(a) Set up the system of differential equations that describes the number of susceptible, infected, and
recovered people. You may use the same variable names as before. (You may let R denote all
disease-resistant people, both vaccinated and recovered.)

(b) Assume that there are initially no recovered or vaccinated people and 7 infected people. Use the
phase plane method to find an equation relating S and I.

(¢) What is the maximum number of people that are infected with the virus at any one time? (Round

to the nearest whole number.)

(AB 74) Here is another way to model vaccination. Suppose that a disease is spreading through a town of
8000 people. Initially there are 10 infected people, 3000 vaccinated people, and no recovered people.

No other persons are vaccinated during the disease’s spread. Thus, the population should be divided
into four groups: people who are vaccinated, susceptible, infected, and recovered.

Each infected person encounters 10 people per day, who are distributed among susceptible, vaccinated,
recovered and infected people according to their proportion of the total population. Each time an infected
person encounters a susceptible person, there is a 4% chance that the susceptible person becomes infected.
The vaccine is not perfect; each time an infected person encounters a vaccinated person, there is a 1% chance
they become infected. (Once a vaccinated person becomes infected, they are identical to an infected person
who was never vaccinated.) Each infected person has a 20% chance per day of recovering. A recovered
person can never contract the disease again.

(a) Set up the initial value problem that describes the number of susceptible, infected, and recovered
people.
(b) Use the phase plane method to find an equation relating S and V.
(c) Use the phase plane method to find an equation relating I and V.
(d) What is the maximum number of people that are infected with the virus at any one time? (Round
to the nearest whole number.)
(e) At what time does the peak number of infected people occur?
(AB 75) Consider the system of differential equations ”C% = 3z — 4y, % = 4z — 3y. Use the phase plane
method to find an equation relating x and y.
(AB 76) Consider the system of differential equations ‘fi—f = 3y — 2xy, % = 4zxy — 3y. Use the phase plane
method to find an equation relating x and y.

dy

(AB 77) Consider the system of differential equations & = 3z — 4zy, -

s = bxy — 2y. Use the phase plane

method to find an equation relating x and y.

(AB 78) Using the definition £{f(t)} = [;° e~ f(t)dt (not the table in your notes, on Blackboard, or in

your book), find the Laplace transforms of the following functions.

(a) f(t) et

( f)=t

£(t) = 3et, 0<t<4,
0 4 <t.



(AB 79) Find the Laplace transforms of the following functions

Blackboard, or in your book.
(a) f(t)=t*+5t2+4

(b) f(t)=(t+2)°
(c) f(t)=9et*7
(d) f(t)=—e"2)
(e) f(t) = (e +1)
(f) fit)= 851}1(375) — 4 cos(3t)
(g) f(t) =t
(h) f(t)="T7e3 cos4t
(i) f(t) =4e 'sinbt
o so={g 5y
0, t <1,
(k) 1) = {t2—2t+2, o1
0, t<1,
() f@t)= {t—Q, 1<t<2,
0, )
) £ = {5 158
O RS F
@ s0={ i 27
0, t<m/2,
(p) f(t)= {Cost, w/2 <t<m,
0, t>m

(q) f(t) =tetsint
(r) f(t) =t*sinbt

(s) You are given that £{Jo(t)} =

1

Vs241°

. You may use the table in your notes, on

Find £{t Jo(t)}. (The function Jy is called a Bessel function

and is important in the theory of partial differential equations in polar coordinates.)
(t) You are given that L‘,{%e‘l/t} = %6—2\/5. Find £{Vte 1/}

(AB 80) For each of the following problems, find y.

(a E{y} = 522—5-82—23-5
(b) {y} =27

(c) £{y} = (::12)4’
(d) £{y} = %=3
(
(

)
)
)
)

¢) L{y} = iy

£) £ly) = 2t
)
)
)
)
)
)

8) LU} = ey
h) c{y} = %
ciyy = 52

() £y} = =iy

(k) c{y} = m

(AB 81) Sketch the graph of y =2 — t24(t — 1) + (2 — ) U(t — 1).



(AB 82) Solve the following initial-value problems using the Laplace transform. Do you expect the graphs

of y, E, or dt? to show any corners or jump discontinuities? If so, at what values of ¢7
(a) Zdig — 9y =sin3t, y(0) =1
(b) Gt =2y = 3¢%, y(0) =2
(c) % +5y=1t*y(0)=3
2
(d) G =A% +4y =0, y(0) =1, y/(0) = 1
(e) ‘;273 2% +2y=e", y(0) =0, y'(0) =1
(f) Z%—?dulzy—e ,y(0) =2, y/(0) =3
2
(8) 3Ty — 69 + 8y = t2e, y(0) =3, y'(0) =2
(h) ‘(117;/ — 4y = et sin(3t), y(0) = 0, ' (0) = 0
(i) G + 9y = cos(2t), y(0) = 1, ¥/(0) = 5
o 2, 0<t<4,
2 sint, 0<% <2m,
(k) 2 +4y:{07 or et u(0)=0.y(0)=0
) 1, 0<t<10,
(l)féé’+3‘é?+2y:{0, o<t o YO=0y0=0
. 0, 0<t<2,
2y 0, 0<t<2, _ ’ _
(n) T4 4+ 4% 4 4y {3, 52t ,y(0)=2,9(0)=1
(0) 5+ 9y = tsin(3), y(0) = 0, y/(0) = 0
(p) 3273 + 9y = sin(3t), y(0) = 0, y'(0) =0
(@) T¥ +5% 16y =it y(0)=2¢(0)=1
(r) y(t) + fyry(t —r)dr =t.
(s) y(t) = te' + fy(t = r)y(r)dr.
(t) (fg—l—smt fo r)dr, y(0) = 0.
(w) G +2y+10f0 y(t —r)dr=0,y(0) =17
(v) 6?#%’ +5% +y=4uU(t—2),y(0) =0, y(0) = 1.
(w) & +9y—75(t* 2), y(0) = 3.
(X) dt2 +4y——25(t—477) ():1/2 y/():O
(v) Gt +4% +3u= 26(t — 1) + U(t - 2), y(0) = 1, ¥'(0) = 0
(2) G — 25¥ + % — 2y =56(t — 4), y(0) = 1, y'(0) = 0, y(0) = 2.

(AB 83) At time ¢t = 0, a group of 7 birds, all 1 year old, are blown onto an isolated island. A bird that
is ¢ years old on average produces te~! chicks per year. Let B(t) be the birth rate at time ¢ years. Find an
integrodifferential equation (and, if necessary, an initial condition) for the birth rate.

(AB 84) At time ¢t = 0, a group of 11 birds, all 2 years old, are blown onto an isolated island. A bird that
is ¢ years old on average produces te™! chicks per year. Let B(t) be the birth rate at time ¢ years. Find an
integrodifferential equation (and, if necessary, an initial condition) for the birth rate.

(AB 85) Let I be the number of people with a rare infections disease. Suppose that 300 people simul-
taneously contract the disease at time ¢t = 0. Each infected person infects three new people per day on
average. A person who was infected r days ago has a probability of 4r2e~2" of recovering on day r. Write
an integrodifferential equation (and, if necessary, an initial condition) for the number of infected people.



(AB 86) Find the solution to the initial-value problem

d d
Y 6x+ 9y — 15, d—i:—5x+6y—8, 2(0) =2, y(0) = 5.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(AB 87) Find the solution to the initial-value problem

d d
d—f = 6z + 8y + e, d—i{ = —2:-2y, 2(0)=0, y(0)=0.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(AB 88) Find the solution to the initial-value problem

d d
ditc = by + €*' cost, CTZZ =-z+4y, 2(0)=0, y(0)=0.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(AB 89) Find the solution to the initial-value problem

d d
d;f =2z + 3y + sin(et)7 % =—4dr — 5y7 (E(O) = 07 y(O) =0.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(AB 90) Find the general solution to the equation 9W - 6dy 4+ =9¢/31Int on the interval 0 < t < oo.

(AB 91) Find the general solution to the equation 44y dtg + 4 sty = 8e~t/2 arctan t.

(AB 92) Find the general solution to the equation 221”32’ + 3% +y = sin(e!/?).

(AB 93) Solve the initial-value problem 9%y S +y =sec?(t/3), y(0) = 4, y'(0) = 2, on the interval —37/2 <
t < 3m/2.

(AB 94) The general solution to the differential equation tzw -2z =0,t>0,is 2(t) = C1t> + Cot L.

Solve the initial-value problem 2 —2y =9vt, y(1) = 1, ¥/'(1) = 2 on the interval 0 < ¢ < cc.

dt2

(AB 95) The general solution to the differential equation tQ‘flT;‘ —t4r 33 =0,t>0,is z(t) = Ot + Ot 1.

Find the general solution to the differential equation t2W - tﬁ — 3y =6t1.



(AB 96) Find the general solution to the following differential equations.
2
6—?#%’ + 5%"; +y = 3e*t.

t/4

16% —y=-e"'*sint.

)

) 2

) LY 4 49y = 3tsinTt.

) &y 4% = 4e3t.

) ©4 41298 4 85y = tsin(31).

) Ly 439 10y = 75

) 16%¢ — 24% 1 9y = 62 + cos(21).

) Ly _6dy 425y — (263,

(i) L4 +10% + 25y = 3¢5
) % +5% 4 6y = 3cos(2t).
)
)
)
)
)
)
)

(k) L4+ 6% 1 9y = 5sin(4t).
(1) L4 + 9y = 5sin(3t).

, ds _ 642
@4'2724'9_% .
Y+ 2% =3¢,

2

% _7%+12y:5t+cos(2t).
?_9y:26t+e*t+5t+2.
M_4%+4y:362t+5cost.

(AB 97) Solve the following initial-value problems. Express your answers in terms of real functions.
a) 1654 —y =3¢, y(0) = 1, 4/(0) = 0.
b) L4 449y = sin7t, y(m) = 3, y/(7) = 4.
)
)

¢) Ly 439 10y =252, y(2) = 0, y'(2) = 3.

d) Ty — 49 — 463t y(0) = 1, y/(0) = 3.

(
(
(
(
(AB 98) A 3-kg mass stretches a spring 5 cm. It is attached to a viscous damper with damping constant 27
N-s/m and is initially at rest at equilibrium. At time ¢ = 0, an external force begins to act on the object;
at time ¢ seconds, the force is 3 cos(20t) N upwards.
Write the differential equation and initial conditions that describe the position of the object.

(AB 99) An object weighing 4 lbs stretches a spring 2 inches. It is initially at rest at equilibrium. At time
t = 0, an external force begins to act on the object; at time ¢ seconds, the force is 3 cos(wt) pounds, directed
upwards. There is no damping.

Write the differential equation and initial conditions that describe the position of the object. Then find
the value of w for which resonance occurs. Be sure to include units for w.

(AB 100) A 4-kg object is suspended from a spring. There is no damping. It is initially at rest at
equilibrium. At time ¢ = 0, an external force begins to act on the object; at time ¢ seconds, the force is
7sin(wt) newtons, directed upwards.
(a) Write the differential equation and initial conditions that describe the position of the object.
(b) It is observed that resonance occurs when w = 20 rad/sec. What is the constant of the spring? Be
sure to include units.



(AB 101) A 1-kg object is suspended from a spring with constant 225 N/m. There is no damping. It
is initially at rest at equilibrium. At time ¢ = 0, an external force begins to act on the object; at time
t seconds, the force is 15 cos(wt) pounds, directed upwards. Illustrated are the object’s position for three
different values of w. You are given that the three values are w = 15 radians/second, w = 16 radians/second,
and w = 17 radians/second. Determine the value of w that will produce each image.

System A System B

System C




Answer key

(AB 1) Is y = ¢! a solution to the differential equation < dtQ + %% — —y =07
(Answer 1) No, y = ¢! is not a solution to the differential equation dt Y+ %d—;{ — —y =0.

(AB 2) Is y = €% a solution to the differential equation W + A Ay =07

dt
2
(Answer 2) Yes, y = e? is a solution to the differential equation ‘(ij% + %% — —Qty 0.

dy — 9y 4(0) =17

(AB 3) Is y = €% a solution to the initial value problem

(Answer 3) No.
(AB 4) Is y = €% a solution to the initial value problem ‘(%’ = 3y, y(0) =27
(Answer 4) No.

(AB 5) Is y = ¢3! a solution to the initial value problem %’ =3y, y(0) =17

(Answer 5) Yes.

(AB 6) Is y = ¢3! a solution to the initial value problem % =2y, y(0) = 27

(Answer 6) No.

(AB 7) For each of the following initial-value problems, tell me whether we expect to have an infinite family
of solutions, no solutions, or a unique solution. Do not find the solution to the differential equation.
(a) @ +arctan(t)y = et, y(3) = 7.
We expect a unique solution.
d
(b) 1J:t2 Y- oy = cos(6t), y(2) = —1, ¥/'(2) = 3.
We do not expect any solutions.

(c) % —b5sin(t)y=t,y(l) =2,y (1) =5, y"(1) =0.
We do not expect any solutions.
(d) " S¥ +3(t— 4)% +4t% =2, y(3) = 1, ¢/ (3) = —1L.
We expect a unique solution.
2
(e) L¥ +cos(t) +3In(1+12)y =0, y(2) = 3.
We expect an inﬁnite family of solutions.
3
(F) 4% — 1754 + % 4 5sin(t)y = 12, y(1) = 2, y'(1) =5, y"(1) = 0, y""(1) = 3.
We do not expect any solutions.
(8) (1+12)%4 3‘flté’ +5% +2y=1%y(3) =9,y/(3) =7, y"(3) = 5.
We expeet a unique solutlon
3
(h) % — "G 4 2 My = e y(—1) = 1, y/(~1) = 3,
We expect an mﬁmte famlly of solutions.
(i) (2 +sint)< =4 —|—costdt2 + 4 Y+ 5sin(t)y =t*, y(7) = 2.
We expect an infinite family of solutions.

(AB 8) A lake initially has a population of 600 trout. The birth rate of trout is proportional to the number
of trout living in the lake. Fishermen are allowed to harvest 30 trout/year from the lake. Write an initial
value problem for the fish population. Specify your independent and dependent variables, any unknown
parameters, and your initial condition.



(Answer 8) Independent variable: ¢ = time (in years).

Dependent variable: P = Number of trout in the lake

Initial condition: P(0) = 600.

Parameters: a = birth rate (in 1/years).

Differential equation: %3 = aP — 30.
(AB 9) Five songbirds are blown off course onto an island with no birds on it. The birth rate of songbirds on
the island is then proportional to the number of birds living on the island, and the death rate is proportional
to the square of the number of birds living on the island. Write an initial value problem for the bird
population. Specify your independent and dependent variables, any unknown parameters, and your initial
condition.

(Answer 9) Independent variable: ¢ = time (in years).

Dependent variable: P = Number of birds on the island.

Parameters: « = birth rate parameter (in 1/years); 5 = death rate parameter (in 1/(bird-years)).

Initial condition: P(0) = 5.

Differential equation: % =aP — P2
(AB 10) A tank contains hydrogen gas and iodine gas. Initially, there are 50 grams of hydrogen and 3000
grams of iodine. These two gases react to form hydrogen iodide at a rate proportional to the product of the
amount of iodine remaining and the amount of hydrogen remaining. The reaction consumes 126.9 grams of
iodine for every gram of hydrogen. Write an initial value problem for the amount of hydrogen in the tank.
Specify your independent and dependent variables, any unknown parameters, and your initial condition.

(Answer 10) Independent variable: ¢ = time (in minutes).

Dependent variable: H = Amount of hydrogen in the tank (in grams).

Parameters: « = reaction rate parameter (in 1/second-grams).

Initial condition: H(0) = 50.

Differential equation: % = —aH(126.9H — 3345).
(AB 11) According to Newton’s law of cooling, the temperature of an object changes at a rate proportional
to the difference between its temperature and that of its surroundings. Suppose that a cup of coffee is
initially at a temperature of 95°C and is placed in a room at a temperature of 25°C. Write an initial value
problem for the temperature of the cup of coffee. Specify your independent and dependent variables, any
unknown parameters, and your initial condition.

(Answer 11) Independent variable: ¢ = time (in seconds).
Dependent variable: T' = Temperature of the cup (in degrees Celsius)
Initial condition: T'(0) = 95.
Differential equation: 2L = —a(T — 25), where « is a positive parameter (constant of proportionality)

dt
with units of 1/seconds.

(AB 12) Suppose that an isolated town has 300 households. In 1920, two families install telephones in
their homes. Write an initial value problem for the number of telephones in the town if the rate at which
families buy telephones is jointly proportional to the number of households with telephones and the number of
households without telephones. Specify your independent and dependent variables, any unknown parameters,
and your initial condition.

(Answer 12) Independent variable: ¢ = time (in years).
Dependent variable: T'= Number of telephones installed in the town.

Initial condition: 7(1920) = 2.
Differential equation: % = aT'(300 — T'), where « is a positive parameter (constant of proportionality)

with units of 1/year - telephone.



(AB 13) A large tank initially contains 600 liters of water in which 3 kilograms of salt have been dissolved.
Every minute, 2 liters of a salt solution with a concentration of 5 grams per liter flows in, and 3 liters of
the well-mixed solution flows out. Write an initial value problem for the amount of salt in the tank. Specify
your independent and dependent variables, any unknown parameters, and your initial condition.

(Answer 13) Independent variable: ¢ = time (in minutes).
Dependent variable: @ = amount of dissolved salt (in kilograms).
Initial condition: Q(0) = 3.

Differential equation: 42 = 0.01 — -3¢

600—t "

(AB 14) I want to buy a house. I borrow $300,000 and can spend $1600 per month on mortgage payments.
My lender charges 4% interest annually, compounded continuously. Suppose that my payments are also
made continuously. Write an initial value problem for the amount of money I owe. Specify your independent
and dependent variables, any unknown parameters, and your initial condition.

(Answer 14) Independent variable: ¢ = time (in years).
Dependent variable: B = balance of my loan (in dollars).
Initial condition: B(0) = 300,000.

Differential equation: % =0.04B — 12 - 1600

(AB 15) A hole in the ground is in the shape of a cone with radius 1 meter and depth 20 cm. Initially,
it is empty. Water leaks into the hole at a rate of 1 cm?® per minute. Water evaporates from the hole at a
rate proportional to the area of the exposed surface. Write an initial value problem for the volume of water
in the hole. Specify your independent and dependent variables, any unknown parameters, and your initial
condition.

(Answer 15) Independent variable: ¢ = time (in minutes).

Dependent variables:

h = depth of water in the hole (in centimeters)

V = volume of water in the hole (in cubic centimeters); notice that V = L7 (5h)%h

Initial condition: V' (0) = 0.

Differential equation: 4 =1 — am(5h)% = 1 — 25a7(3V/257)?/3, where « is a proportionality constant
with units of cm/s.

(AB 16) According to the Stefan-Boltzmann law, a black body in a dark vacuum radiates energy (in the
form of light) at a rate proportional to the fourth power of its temperature (in kelvins). Suppose that a planet
in space is currently at a temperature of 400 K. Write an initial value problem for the planet’s temperature.
Specify your independent and dependent variables, any unknown parameters, and your initial condition.

(Answer 16) Independent variable: ¢ = time (in seconds).

Dependent variable: T = object’s temperature (in kelvins)

Parameter: o = proportionality constant (in 1/(seconds-kelvin®))

Initial condition: T'(0) = 400.

Differential equation: % = —oT™.
(AB 17) According to the Stefan-Boltzmann law, a black body in a vacuum radiates energy (in the form
of light) at a rate proportional to the fourth power of its temperature (in kelvins). If there is some ambient
light in the vacuum, then the black body absorbs energy at a rate proportional to the effective temperature
of the light. The proportionality constant is the same in both cases; that is, if the object’s temperature is
equal to the effective temperature of the light, then its temperature will not change.

Suppose that a planet in space is currently at a temperature of 400 K. The effective temperature of its
surroundings is 3 K. Write an initial value problem for the planet’s temperature. Specify your independent
and dependent variables, any unknown parameters, and your initial condition.



(Answer 17) Independent variable: ¢ = time (in seconds).

Dependent variable: T = object’s temperature (in kelvins)

Parameter: o = proportionality constant (in 1/(seconds-kelvin®))

Initial condition: T'(0) = 400.

Differential equation: % = —0oT* +8lo.
(AB 18) A ball is thrown upwards with an initial velocity of 10 meters per second. The ball experiences a
downwards force due to the Earth’s gravity and a drag force proportional to its velocity. Write an initial value
problem for the ball’s velocity. Specify your independent and dependent variables, any unknown parameters,
and your initial condition.

(Answer 18) Independent variable: ¢ = time (in seconds).

Dependent variable: v = velocity of the ball (in meters/second, where a positive velocity denotes upward
motion).

Parameters: « = proportionality constant of the drag force (in newton-seconds/meter)

m = mass of the ball (in kilograms)

Initial condition: v(0) = 10.

Differential equation: % = —9.8 — (a/m)v.
(AB 19) A ball of mass 300 g is thrown upwards with an initial velocity of 20 meters per second. The ball
experiences a downwards force due to the Earth’s gravity and a drag force proportional to the square of
its velocity. Write an initial value problem for the ball’s velocity. Specify your independent and dependent
variables, any unknown parameters, and your initial condition.

(Answer 19) Independent variable: ¢ = time (in seconds).
Dependent variable: v = velocity of the ball (in meters/second, where a positive velocity denotes upward
motion).
Parameter: o = proportionality constant of the drag force (in newton-seconds/meter).
Initial condition: v(0) = 20.
. . . —9.8 - (a/0.3)v%, v>0
Differential equation: % = —9.8 — (a/0.3)v|v]|, or ‘é—z = { 98+ ono.?,gu?: - 0?

(AB 20) Here is a grid. Draw a small direction field (with nine slanted segments) for the differential equation
dy 4

dt Y-
24 - ... . @ . . .@. .
Y ‘
14 e ° °
04 @ ® °




(Answer 20) Here is the direction field for the differential equation %% = ¢ — y.

2NN —
N —
R Ry e

T T T

0 1 2

(AB 21) Consider the differential equation % = (y? — 22)/3. Here is the direction field for this differential
equation. Sketch, approximately, the solution to

Yo 9=
34> 2 rrrrrrrz-,o-
N> AN
24N N —> A S = NN
A N A A S U VR
T4V VN~ — = 22— N )
VLY N S = o = ) )
014V VN N> —= = —= >SN\ |\
L N s T A e S UL VIRR VIR
—14V vV NS N
VN N e )
29N N = A = NN
NS SN
3 A=~ 7rrrrr oo
3 2 1 0 1 2 3



(Answer 21)

34> 2 rrrrrrrszso-
NS SN
29\ -2 = NN
\ N = A A s N )
14V Y A i S VN VIR
VoL N = — — = =~ N\ )
04V LV v N > — — — =5 V) )
I N e T i SN VoL
—14) vV N~ = = 22— N\ )
VN N o s N
29N N = A S = NN
NN
3 A= 2r 7r s -
T R
(AB 22) Consider the differential equation j—g = 2fy2. Here is the direction field for this differential
equation. Sketch, approximately, the solution to
%:2_2y2, y(1) = 0.

Based on your sketch, what is the (approximate) domain of definition of the solution to this differential
equation?

L/ =S N N N S ey
LAl v v e~ NN NS =/
I /=N NN N e/
Ldd /v =~ N NN S e
/=N NN =/
o/ / /=S NN NN — v/
L/ =N N N S e
4/ /Y =~ N NN N e
L/ = N N N N e
N N A T e a

()
Ll /v =~ NN~ v /Y
J /=~ N NN e/
wH/) /=~ N NN N e/



(Answer 22)

I/ =N NN N =
L4y /v s NN N S e/
/= N NN S e
4l /v =~ NN N~ v
/=~ N NN S =
o4l / /o=~ N N NS —

o
LAl / v =~ N NN~/

]/ /o=~ N NN N
w4/ /= N NN N =

o4/ /S = N NN N

The domain of definition of the solution appears to be 0 <t < 2.

(AB 23) Consider the differential equation g—g = . Here is the direction field for this differential equation.
Sketch, approximately, the solution to

dy 5
A 1) = —1.
2 =Y y(1)

Based on your sketch, what is the (approximate) domain of definition of the solution to this differential
equation?

T 1 1 T T
T T 1 T T
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/ / /
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N N\ N\
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T

1

SHe———— v | | | N—=- - —
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WHe— — —— v | | ] N= == —

-3 -2 -1



(Answer 23)

= T I O O A A A B B
L I A A B B B
P2 R
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04— - - =5 5 5 5 5 5 — — — —
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a2 R R A A A A A
L
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The domain of definition of the solution appears to be approximately ¢t < 1.3.

(AB 24) Consider the differential equation % = 1/y?. Here is the direction field for this differential

equation. Sketch, approximately, the solution to

dy 1
dr  y?’

y(3) = 2.

Based on your sketch, what is the (approximate) domain of definition of the solution to this differential
equation?
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(Answer 24)

3A—/)—/)—/)—/)—/)—/)—/)—'}—'}—'}—'}—H—H
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The domain of definition of the solution appears to be % < t.

AB 25) Consider the autonomous first-order differential equation % = (y — 2)(y + 1)2. By hand, sketch
dz
some typical solutions.

(Answer 25)

A~
~

~

AB 26) Find the critical points and draw the phase portrait of the differential equation % = siny. Classify
dx

each critical point as asymptotically stable, unstable, or semistable.



(Answer 26)
Critical points: y = k7 for any integer k.

Ce e e e e

27" -7 0 ™ 2

If k is even then y = k7 is unstable.
If £ is odd then y = kw is stable.

(AB 27) Find the critical points and draw the phase portrait of the differential equation % =y (y — 2).
Classify each critical point as asymptotically stable, unstable, or semistable.

(Answer 27)
Critical points: y = 0 and y = 2.

0 2
y = 0 is semistable. y = 2 is unstable.

(AB 28) I owe my bank a debt of B dollars. The bank assesses an interest rate of 5% per year, compounded
continuously. I pay the debt off continuously at a rate of 1600 dollars per month.
(a) Formulate a differential equation for the amount of money I owe.
‘2—? = 0.05B — 19200, where ¢ denotes time in years.
(b) Find the critical points of this differential equation and classify them as to stability. What is the
real-world meaning of the critical points?
The critical point is B = $384,000. It is unstable. If my initial debt is less than $384,000, then I
will eventually pay it off (have a debt of zero dollars), but if my initial debt is greater than $384,000,
my debt will grow exponentially. The critical point B = 384,000 corresponds to the balance that will

allow me to make interest-only payments on my debt.

(AB 29) A large tank contains 600 liters of water in which salt has been dissolved. Every minute, 2 liters
of a salt solution with a concentration of 5 grams per liter flows in, and 2 liters of the well-mixed solution
flows out.
(a) Write the differential equation for the amount of salt in the tank.
% =10 — /300, where @ denotes the amount of salt in grams and ¢ denotes time in minutes.
(b) Find the critical points of this differential equation and classify them as to stability. What is the
real-world meaning of the critical points?
The critical point is @ = 3000. It is stable. No matter the initial amount of salt in the tank, as time
passes the amount of salt will approach 3000 g or 3 kg.

(AB 30) A skydiver with a mass of 70 kg falls from an airplane. She deploys a parachute, which produces
a drag force of magnitude 2v? newtons, where v is her velocity in meters per second.
(a) Write a differential equation for her velocity. Assume her velocity is always downwards.
If v < 0 then 709 = —70 % 9.8 4+ 2v%. (If v > 0 then 709 = —70 % 9.8 — 2v?.)
(b) Find the (negative) critical points of this differential equation. Be sure to include units.
v = —v/343 meters/second.
(¢) What is the real-world meaning of these critical points?
As t — 00, her velocity will approach the stable critical point of v = —+/343 meters/second.



(AB 31) A tank contains hydrogen gas and iodine gas. Initially, there are 50 grams of hydrogen and 3000
grams of iodine. These two gases react to form hydrogen iodide at a rate proportional to the product of the
amount of iodine remaining and the amount of hydrogen remaining. The reaction consumes 126.9 grams of
iodine for every gram of hydrogen.

(a)

(b)
(¢)

Write a differential equation for the amount of hydrogen left in the tank.

48 — —oH(126.9H — 3345), where H is the amount of hydrogen remaining (in grams), ¢ denotes
time in minutes, and « is a positive parameter.

Find the critical points of this differential equation. Be sure to include units.

H =0 grams and H = 26.36 grams.

What is the real-world meaning of these critical points?

As t — oo, the amount of hydrogen in the tank will tend towards 26.36 grams. The H = 0 critical
point is not physically meaningful, as if H = 0 grams then the model predicts —3345 grams of iodine

in the tank.

(AB 32) Suppose that the population y of catfish in a certain lake, absent human intervention, satisfies the

dy _

logistic equation %7 = ry(1 —y/K), where r and K are constants and ¢ denotes time.

(a)

(b)

Assuming that » > 0 and K > 0, find the critical points of this equation and classify them as to
stability. What is the long term behavior of the population?

The critical points are y = 0 (unstable) and y = K (stable). If any positive number of fish are present,
then eventually the population will approach a level of y = K.

Suppose that humans intervene by harvesting fish at a rate proportional to the fish population. Write
a new differential equation for the fish population. Find the critical points of your new equation and
classify them as to stability. What is the long term behavior of the population?

% =ry(l —y/K) — Ey, where E is a proportionality constant. The critical points are y = 0 and
y=K—KE/r.

If E <7, then y = 0 is unstable and y = K — K E/r is stable, and the population will approach a level
ofy=K—KE/r.

If E > r, then y = —KE/r + K is unstable (but has no physical significance) and 0 is stable. If E =r,
then y = 0 is the only critical point and is semistable. If £ < r, then the population will eventually tend
towards extinction.

(c)

Suppose that humans intervene by harvesting fish at a constant rate. Write a new differential equation
for the fish population. Find the critical points of your new equation and classify them as to stability.
What is the long term behavior of the population?

% = ry(1 — y/K) — h, where h is the harvesting rate. If h < Kr/4, then the critical points are

y=K/2—/(K/2)? — Kh/r (unstable) and y = K/2+ /(K /2)? — Kh/r (stable). Notice that both
critical points are positive (i.e., correspond to the physically meaningful case of at least zero fish in the
lake.) If h = Kr/4, then there is one critical point at y = K/2; it is semistable. Finally, if h > Kr/4,
then there are no critical points and the fish population will decrease until it goes extinct.



(AB 33) For each of the following differential equations, determine whether it is linear, separable, exact,
homogeneous, a Bernoulli equation, or of the form Z’{ = f(At+ By+C). Then solve the differential equation.

(a)

dy t+cost

dt siny—y

dy __ t+cost : ; 1,2 — 142

dt = gy 18 separable and has solution 5y + cosy = —5t° —sint + C.

ny+y+i+(L+1)% =0

lny+y—|—t+( +t)dy = 0 is exact and has solutiontlny—i—ty—i—%ﬁ:C.
(t2+1)dy—ty 2 -1

(t? + 1)dy =ty — t? — 1 is linear and has solution y = —v/#2 + Lln(t + /12 + 1) + CV/12 + 1.
28 =2 12—t

dt_y Y

tg% = y? +t? — ty is homogeneous and has solution y = ﬁnlt\ + t.

Aty® + 613 + (3 + 62y + y°) W =
4ty + 612 + (3 + 6t2y% + y )dy = 0 is exact and has solution 2ty + 3t* + 3y + £y° = C.

% = —ytan2t—y cos 2t

‘Cift’ = —ytan 2t — y> cos 2t is Bernoulli. Let v =1y"2 Then % = 2vtan2t+2cos2t,so v = %sin(2t) +
tsec(2t) + C'sec(2t) and y =

\/é sin(2t)+t sec(2t)+C sec(2t) ’
(t+y)% =5y -3¢
(t +y)% = 5y — 3t is homogeneous and has solution (y — 3t)% = Ct3(y — t).

dy _

@ = T2

If 9 = spr, then 252050 — 200 3¢ 4 2y 4 74 2/3| = Inft| + C.
CC%! = —y3cos(2t)

[ . R B

s y° cos(2t) is separable and has solution y = + ST

Aty % = 3y? — 2t
Aty% = 3y — 2¢? is homogeneous (and also Bernoulli) and has solution 21In(y? /¢ +2) = — In|t| + C.

dy __ 2
2 «
t% = 3y — 45 is a Bernoulli equation. Let v = y°. Then 4 = 18v — 6t2, so v = Ct'® + 3¢? and

y= {/Ct18 + 342,
‘é—? = csc?(y — t).
Tf du — cSC2(y t), then tan(y —t) —y = C.

dy =8y — y

Lfff{ = 8y—y® is Bernoulli (and also separable, but separating variables results in an impossible integral).
Make the substitution v = y~7. Then % = —56v+ 7,50 v=Ce " + % and y = 77#‘“/8
t‘fjt/ = —cost — 3y

t‘f;t’ = —cost — 3y is linear and has solution y = + blnt + 2 cost — 2 sint —|—

Zdz = cot(y/t) + y/t

% = cot(y/t) + y/t is homogeneous and has solution sec(y/t) = Ct.

W=ty +2/Bly | 2
% =ty + t2 \ﬂ?u]y is Bernoulli. Make the substitution v = y?/3. Then v = —t — % + Ce'”/3 and so

y=/(~t—§+Ce/p.




(AB 34) The differential equation e” cosy + (e*siny + 1) % 4¥ — () is not, exact.
(a) Find an integrating factor u(y) depending only on y such that, upon multiplying by p(y), the equation
becomes exact.
puly) = sec? y.
(b) Solve the differential equation.
esecy + tany = C.

(AB 35) The differential equation 322 + 2sin 2y + x cos Zy% = 0 is not exact.
(a) Find an integrating factor u(x) depending only on x such that, upon multiplying by u(x), the equation
becomes exact.
w(x) = 3.
(b) Solve the differential equation.
%x‘l sin 2y + %.%‘6 =C.

(AB 36) For each of the following differential equations, determine whether it is linear, separable, exact,
homogeneous, Bernoulli, or a function of a linear term. Then solve the given initial-value problem.
(a) cos(t + y3) + 2t + 3y% cos(t +y )dy =0,y(7/2)=0
If cos(t + y?) + 2t + 3y? cos(t + y*) ¥ = 0, y(r/2) = 0, then sin(t + ¢*) + 2 = 1 + 72/4.
(b) 2ty % =412 — 42, y(1) = 3.

If 2tydy =4t — y2, y(l) = 3, then Y= \/m

(0) 9 =—1—y2 y(1) =1
Iftdy - 11— y2 y(l) — 1’ then Y = tan(ﬂ'/4 — hlt).
(d) dy—(2y+2t—5) y(0) = 3.
If % = (2y +2¢ — 5)%, y(0) = 3, then y = § tan(2t +7/4) + 5 — 1.
(e) dy—zy—— y(0) =7.
If‘fl”:2y——(() , then y = V/340e6% + 3.
(f) zlft/:fSyfsmte 3t y(O) 2
If d” = -3y —sinte 3, y(0) =2, then y = e 3 cost + =3¢

(AB 37) Solve the initial-value problem ‘é—zt’ = =5 4(0) = 3 and determine the range of ¢-values in which

v
the solution is valid.

(Answer 37) y=/(t —5)2 —16 = /(t — 1)(t — 9) = V2 — 10t + 9. The solution is valid for all ¢ < 1.

(AB 38) Solve the initial-value problem % =42, y(0) = 1/4 and determine the range of ¢-values in which
the solution is valid.

(Answer 38) y = 1. The solution is valid for all ¢ < 4.

(AB 39) The function y;(t) = € is a solution to the differential equation tdt2 (1+26)% 4 (t+ 1)y =0.
Find the general solution to this differential equation on the interval ¢t > 0.

(Answer 39) y(t) = Cy et + Oy t2el.

(AB 40) The function y;(t) =t is a solution to the differential equation tQ% — (2 + 2t)% +(t+2)y=0.
Find the general solution to this differential equation on the interval ¢t > 0.

(Answer 40) y(t) = Cy t + Cyte'.



(AB 41) The function y; (z) = 22 is a solution to the differential equation x%% + (2% tanz — 6:6)% + (12—
3z tanx)y = 0. Find the general solution to this differential equation on the interval 0 < z < 7/2.

(Answer 41) y(z) = Cy 2° + Cy 2 sin .

(AB 42)
(a) What is the largest interval on which the problem
2 d2y dy ’

is guaranteed a unique solution?
(—00,3/2).
(b) What is the largest interval on which the problem

24y

d
- (4t + )Y Ley=0, y@2)=2 ¢(2) =T

(t+2) 7

is guaranteed a unique solution?
(3/2,3).
(¢) What is the largest interval on which the problem

2
(t+ 2)2‘%/ — (4t + 8)@ +6y=0, y(6)=2 y'(B)=7
dt dt
is guaranteed a unique solution?
(3,00).
(d) You are given that y; =t is a solution to the differential equation (¢ + 2)2% — (4t + 8)% + 6y =0.
Use the method of reduction of order to find the general solution.
y(t) = Crt+ 2.
(e) On what intervals are all of the the solutions you found in part (d) continuous?
On the intervals (—o0, 3) and (3, 00).
(f) How many solutions are there to the initial value problem
d*y

d
(t+2)P 20 — (4t + 8)d—@t’ Y6y =0, y(3/2)=2 y(3/2)=T7

This initial value problem has no solutions.



(AB 43) You are given that y; = t3 + 4t% + 4t and yo = t? + 4t + 4 are both solutions to the differential
equation
(t+2)2%8 — (4t +8)% + 6y = 0 for all ¢.

(a) How many solutions are there to the initial value problem

& d
(t+2)2%g—(4t+8)d—zt/+6y:0, y(3) =1, ¢'(3)=07

There are no solutions to this problem.
(b) How many solutions are there to the initial value problem

Py
dt?

dy

2
(t+2) I

(4t+8)— +6y=0, y(3)=0, y(3)=17?

There is one solution (a unique solution). Any solution must satisfy y = Cy(t — 3) + % forall t > 3
and y = C3(t — 3) + g—“g for all ¢ < 3. If y/(3) exists, then y must be continuous at ¢ = 3, and so

_ P 03(t73)7 t§3a
02—04. Thus’y{Cl(t—3), t> 3.
y(t) = Cy(t —3) for all ¢; if y/(3) =1 then y = ¢ — 3.

In order for y'(3) to exist, we must have C; = C3 and so

(AB 44) You are given that y; = 3 + 4t? + 4t and yo = t? + 4t + 4 are both solutions to the differential
equation (£ +2)2%4 — (41 +8)% + 6y = 0 for all ¢.
(a) What are the maximal intervals on which the general solution to (¢ + 2)2‘2% — (4t + 8)% +6y =0
may be written y = Cy (t3 + 4t? + 4t) + Co(t? + 4t + 4)?
(=00, —2) and (—2,00).
(b) Find a function y3(t) that is continuous and has continuous first and second derivatives for all ¢, that

satisfies (¢ + 2)26515423 — (4t + 8)%3 + 6ys = 0 for all ¢, but such that there do not exist constants C;
and Cy such that y3(t) = C1y1(t) + Coya(t) = C1(t3 + 412 + 4t) + Co(t? + 4t + 4) for all t.
There are many possible answers. They include:
o(t) = {t3+4t2+4t, t<2,
—2t2 -8t -8, t>2,
o(t) :{2t28t8, t <2,
344t 44t t>2,
y(t) = {t3+6t2+12t+8, t<2,
0, t>2.
(¢) Find numbers a, b, and ¢ such that the initial value problem

d2
(t+ 2)253 — (4t +8)

dy

= :b ! =
o T =0, y(a) =b, y'(a)=c

has no solutions.
We must choose a = —2, as (t + 2)?, —(4t + 8), and +6 are continuous for all ¢ and (¢ + 2)? = 0 only
for t = —2. There is no solution if ¢ # 0 or if b # 0.

(d) Find numbers a, b, and ¢ such that the initial value problem

d?y

d
(t+2)2 25 - (4t+8)d—7i +6y=0, yla)=b, y'(a)=c

has at least two solutions.
As before, a = —2. If we choose b = ¢ = 0, then y(t) = 0, y(t) = t3 + 4t + 4t and y(t) = > + 4t + 4
are all solutions.



(AB 45) Find the general solution to the following differential equations.
(a) 44 +12% + 85y = 0.
If ‘Zﬁy + 12dy + 85y = 0, then y = C1e=% cos(7t) + Cae % sin(7t).
(b) ¢ dtQ Y +4% 2y =0.

If it;/+4dy + 2y =0, then y = Cre~ 2+f)t+cp( 2-V2)t.

(c) L4 47y dtz — 144y = 0.

I &y 4 7dt2 — 144y = 0, then y = C1e% + Cae 73! + C3cos 4t + Cy sin 4t.
(d) L4 8%y 16y = 0.

If thf - Sité’ + 16y = 0, then y = C1e% + Oyte® + Cye 2 4 Cyte 2.

(AB 46) Solve the following initial-value problems. Express your answers in terms of real functions.
(a) 9% + 6% + 2y =0, y(0) = 3, y/(0) = 2.
If 9th 6d” +2y =0, y(0) =3, /(0) = 2, then y = 3e/3 cos(t/3) + 9e~*/3sin(t/3).
(b) L4 +10% 4 25y = 0, y(0) = 1, '(0) = 4.
If ‘jg + 10‘” +25y =0, y(0) = 1, /(0) = 4, then y = e + 9te 5!

(AB 47) An object weighing 5 lbs stretches a spring 4 inches. It is attached to a viscous damper with
damping constant 16 1b-sec/ft. The object is pulled down an additional 2 inches and is released with initial
velocity 3 ft/sec upwards.

Write the differential equation and initial conditions that describe the position of the object.

(Answer 47) Let t denote time (in seconds) and let 2 denote the object’s displacement above equilibrium
(in feet). Then
5 d*x dz

sy g L6 F e =0, x(0)=

(AB 48) A 2-kg object is attached to a spring with constant 80 N/m and to a viscous damper with damping
constant 5. The object is pulled down to 10cm below its equilibrium position and released with no initial
velocity.

Write the differential equation and initial conditions that describe the position of the object.

If =20 N -s/m, is the system overdamped, underdamped, or critically damped? Do you expect to see
decaying oscillations in the solutions?

If 5 =30 N-s/m, is the system overdamped, underdamped, or critically damped? Do you expect to see
decaying oscillations in the solutions?

(Answer 48) Let ¢ denote time (in seconds) and let z denote the object’s displacement above equilibrium
(in meters). Then
d2
dt2
If 5 =20 N-s/m, then the system is underdamped, and we do expect to see decaying oscillations.
If 8 =30 N-s/m, then the system overdamped, and we do not expect to see decaying oscillations.

+ 6 + 80z =0,  x(0)=-0.1, 2/(0)=0.



(AB 49) A 3-kg object is attached to a spring with constant k and to a viscous damper with damping
constant 42 N-sec/m. The object is set in motion from its equilibrium position with initial velocity 5 m/s
downwards.

Write the differential equation and initial conditions that describe the position of the object.

If £ =100 N/m, is the system overdamped, underdamped, or critically damped? Do you expect to see
decaying oscillations in the solutions?

If £ = 200 N/m, is the system overdamped, underdamped, or critically damped? Do you expect to see
decaying oscillations in the solutions?

(Answer 49) Let ¢t denote time (in seconds) and let « denote the object’s displacement above equilibrium
(in meters). Then
d*z dx ,
If kK = 100 N/m, then the system is overdamped, and we do not expect to see decaying oscillations.
If kK =200 N/m, then the system underdamped, and we do expect to see decaying oscillations.

(AB 50) A 4-kg object is attached to a spring with constant 70 N/m and to a viscous damper with damping
constant 8. The object is pushed up to 5cm above its equilibrium position and released with initial velocity
3 m/s downwards.

Write the differential equation and initial conditions that describe the position of the object. Then find
the value of § for which the system is critically damped. Be sure to include units for 5.

(Answer 50) Let t denote time (in seconds) and let x denote the object’s displacement above equilibrium
(in meters). Then
P 2(0) = 0.05, 2/(0) = —3
dt? dt 7 - T

Critical damping occurs when = 4/70 N -s/m.

(AB 51) An object of mass m is attached to a spring with constant 80 N/m and to a viscous damper with
damping constant 20 N-s/m. The object is pulled down to 5¢m below its equilibrium position and released
with initial velocity 3 m/s downwards.

Write the differential equation and initial conditions that describe the position of the object. Then find
the value of m for which the system is critically damped. Be sure to include units for m.

(Answer 51) Let ¢ denote time (in seconds) and let = denote the object’s displacement above equilibrium
(in meters). Then
d*z dx B B fey
M + 205 + 80z =0, x(0) = —0.05, 2'(0) = —3.

Critical damping occurs when m = g kg.



(AB 52) Five objects, each with mass 3 kg, are attached to five springs, each with constant 48 N/m. Five
dampers with unknown constants are attached to the objects. In each case, the object is pulled down to
a distance 1 cm below the equilibrium position and released from rest. You are given that the system is
critically damped in exactly one of the five cases.

Here are the graphs of the objects’ positions with respect to time:

System D System E System F System G System H

0 1 2 0 1 2 0 1 2 0 1 2 0 1 2
(a) For which damper is the system critically damped?

The system is critically damped for Damper F.
(b) For which dampers is the system overdamped?

The system overdamped for Dampers H and D.
(¢) For which dampers is the system underdamped?

The system underdamped for Dampers E and G.
(d) Which damper has the highest damping constant? Which damper has the lowest damping constant?
Damper D has the highest damping constant. Damper G has the lowest damping constant.

(AB 53) Consider the following system of tanks. Tank A initially contains 200 L of water in which 3 kg
of salt have been dissolved, and Tank B initially contains 300 L of water in which 2 kg of salt have been
dissolved. Salt water flows into each tank at the rates shown, and the well-stirred solution flows between the
two tanks and is drained away through the pipes shown at the indicated rates.

4 L /mi
2 L/min /min 6 L/min
5g/L pure water
5 L/min 4 L/min
mixture mixture

3 L/min

Write the differential equations and initial conditions that describe the amount of salt in each tank.

(Answer 53) Let ¢t denote time (in minutes).
Let = denote the amount of salt (in grams) in tank A.
Let y denote the amount of salt (in grams) in tank B.
Then z(0) = 3000 and y(0) = 2000.
If ¢t < 50, then

dx 9z 3y dy 4x Ty

— =10- = = - .
dt 200 —4¢ 300 +3t  dt 20047 300+ 3

(AB 54) Find the solution to the initial-value problem

d d
& 6x + 8y, CTZZ = —2:-2y, 2(0)=-5 y(0)=3.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).



(Answer 54) If

then

(AB 55) Find the solution to the initial-value problem

dx dy
—_— = _— = — 4 = — = 2.
it 0 z+4y,  x(0)=-3, y(0)

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(Answer 55) If

dx dy
—_ = . — = — 4 = — - 2
o = o, o = ety 2(0)=-3, y(0)

x(t) _ o2 —3cost+ 16sint
y(t) ) 2cost+ Tsint ) -

(AB 56) Find the solution to the initial-value problem

then

dx 9 dy
i Tr — JY: i —18z — 17y, z(0) =0, y(0)=1.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(Answer 56) If

dx 9 dy
o =T 5y, 0 8vr — 17y,  z(0)=0, y(0)

()= ) e ()

(AB 57) Find the solution to the initial-value problem

then

dx dy
o = 13z — 39y, o r—23y,  x(0)=5, y(0)

Express your final answer in terms of real functions (no complex numbers or complex exponentials).
(Answer 57) If

d
& 132 — 39y, d—? =120 - 23y,  2(0)=5, y(0)=2

x(t)\ _ o5t 5cos 12t 4 sin 12¢
y(t) ) 2cos12t +2sin12¢ ) -

then



(AB 58) Find the solution to the initial-value problem

dx dy
i —6x + 9y, e —b5x + 6y, z(0)=1, y(0)=-3.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(Answer 58) If

dx dy _ ——
¥ 6rt Y srg 1
= 6z + 9y, o 5z + 6y, z(0) , y(0) 3

z(t)) _ cos 3t — 11sin 3t .
y —3cos 3t — sin
< (t) ) ( 3cos3t — (23/3) 3t>

(AB 59) Find the solution to the initial-value problem

then

dx dy 1
= _6r+4 Z =—"x—4 =1 =4.
dt 6z Y, dt 4x Y, z(0) , y(0)

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(Answer 59) If

dx dy 1
i —6x + 4y, i 4y, z(0)=1, y(0)=141

(33) = (i)

(AB 60) Find the solution to the initial-value problem

then

dx dy
p T + 2y, pm x — 5y, x(0) , y(0)=0

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(Answer 60) If

dx dy
o op 49 Yo -1 —
pn T+ 2y, g = 2e—5,  2(0)=1 y0)=0

()= () (),

(AB 61) Find the solution to the initial-value problem

then

dx dy dz
E—4x+y—z, E—m—&—ély—z, E—4z—x—y, x(0)=3, y(0)=9, z(0)=0.
Express your final answer in terms of real functions (no complex numbers or complex exponentials).
4—m 1 -1
Hint: det 1 4—-m -1 = —(m — 3)*(m — 6).
-1 -1 4-m



(Answer 61) If

d d d
d—f:4x+y—z, d—:;/:w—i-ély—z, d—jzélz—x—y, z(0)=3, y(0)=9, =z(0)=0
then
2(t) -1 4
yt) | =¥ | 5 | +e5| 4
z(t) 4 —4

(AB 62) Find the solution to the initial-value problem

d d d
ey, Yoowazy-2:  L—yi3. 2(0)=3, y0)=2 20) =1

dt dt dt
Express your final answer in terms of real functions (no complex numbers or complex exponentials).
3—m 1 0
Hint: det 2 3—m =2 = —(m —3)3.
0 1 3—m

(Answer 62) If

d d d
d—f:3x+y, d—z;:?w+3y—2z7 d—i:y+3z7 2(0)=3, y(0)=2, =2(0)=1
then
x(t) 202 + 2t +3
y(t) | =e* 4t + 2
2(t) 202 + 2t + 1

(AB 63) Find the solution to the initial-value problem

d d d
d—f:x—i—y—i—z, d—?t/:x—i—?)y—z, d—i:2y—|—2z7m(0)=4, y(0) =3, z(0)=5.
Express your final answer in terms of real functions (no complex numbers or complex exponentials).
1—-m 1 1
Hint: det 1 3—m -1 =—(m —2)3.
0 2 2—m

(Answer 63) If

d d d
d—jzw—&—y—i—z, d—i:x—i—&y—z, d—§:2y+22, z(0) =4, y(0)=3, =z2(0)=5

then
x(t) 4 + 4t + 2t2

y(t) | =e* 2t +3
) 5 + 6t + 2t



e . . . . de/dt\ [(a b\ [z
(AB 64) Here is a direction field and phase plane corresponding to the system (dy/dt) = (c d) <y>

What can you say about the matrix <CCL Z), eigenvalues of the matrix Z , or the solutions to the
system?
y Y
NN A AT
N S N
SININCN G g g
&>\-\\\\N fﬂvﬂ//ﬂ
$~$4$&‘\\ﬂ)l29e
x X
<« ey N >
sy ) N N Y S
SV 8V 83N ERRETEUR VRN
£/ ) I NN Y
£/ VI N Y

(Answer 64) This is a star. Every vector is an eigenvector. There is only one eigenvalue and it is positive.

We must have that (i 2) = <8 2) for some positive number r.

(AB 65) Here is a direction field and phase plane corresponding to the system (32;3;) = (a b> (x )

c d Y
What can you say about the matrix (i Z>7 eigenvalues of the matrix Z , or the solutions to the
system?
y Yy
A e NN T SR
VR A N N N NN
fﬂ/»xx\\\\x\
NS NN
. VINIA A INININ NN
NORIRININGZ iy
NONINCNC N s Y
NN NN NS ey Yy
NONCNN N S sy
\’\‘\\\&$><—"(Z

(Answer 65) This is a center. The eigenvalues are purely imaginary. The solutions consist of sines and
cosines (no exponentials or powers of t).



e . . . . de/dt\ [(a b\ [z
(AB 66) Here is a direction field and phase plane corresponding to the system (dy/dt) = (c d) (y)

or the solutions to the

What can you say about the matrix <Z Z), eigenvalues of the matrix d)

system?
y Yy

NORNNRTR AT A
NIRRT
ORI TR Ry
<IN R AT
e = NS gT
Lok A AN > T
U VNN RS
T VNN NS
VU VNN
VTV

has two distinct real positive eigenvalues. The solutions

b
d

(Answer 66) This is a node. The matrix

take the form <:> = (e (é) + Chest <?), where r and s are the eigenvalues and 0 < r < s.

. — . de/dt\ [(a b\ [z
(AB 67) Here is a direction field and phase plane corresponding to the system (dy/dt) = (c d) (y)

. b . . b .
What can you say about the matrix (CCL d)’ eigenvalues of the matrix q)°r the solutions to the
system?
Y Y
NN NNV
NONINCNINN TNy )y
NONININCNGN TV ) s
NININININEN Y T e
D N A \[/ i S
x : T
NS S > ﬂ\ XN N NN
et N BTN NN
A R NN RN R
7R IR INININININGY
FIRIRONIN NINININCN
(Answer 67) This is a node. The matrix 2 Z has two distinct real negative eigenvalues. The solutions

take the form (z) = (et (?) + Chest (11 ), where r and s are the eigenvalues and s < r < 0.



e . . . . de/dt\ [(a b\ [z
(AB 68) Here is a direction field and phase plane corresponding to the system (dy/dt) = (c d) (y)

What can you say about the matrix <Z Z), eigenvalues of the matrix Z , or the solutions to the
system?
y Yy
A AA A AT J PN N
TA A A AT PN =<
A A AT AT N e
/>/-//‘f/ﬂx'e(g
x X
77T TNy e
7N Y Y v s s e
SN Yy v r e e
) >N\ Y Ve e
» \NV VAV Y AY Yy

(Answer 68) This is a saddle point. The matrix (3 Z) has two real eigenvalues, one positive and one

1

negative. The solutions take the form <Z) = Cre™ ( 9

and s <0 <r.

> + Cye®t <:1))), where r and s are the eigenvalues

. L . de/dt\  (a b x
(AB 69) Here is a direction field and phase plane corresponding to the system (dy/dt> = (c d) (y >

What can you say about the matrix (Z fl)’ eigenvalues of the matrix Z , or the solutions to the
system?
y y

NONCNCRCN N A R
RORCONIRCN R
SONCONONIN IR A TppA
AR SR NP S S R
<~ < <<\l giA 77
%L/KK¢.\X$99
Vb VN s s
SN
T R T N Y
IR IR T TR R R T T AN

(Answer 69) This is a degenerate node. The matrix has only one eigenvalue and it is positive.

d
If C is a constant then (5) = (e (;) where r > 0 is the eigenvalue. The general solution is (z) =

Crem (;) + Coe™ <2tt—:—AB>’ where A and B are constants.



e . . . . de/dt\ [(a b\ [z
(AB 70) Here is a direction field and phase plane corresponding to the system ( dy/d t) = (c d) (y)

What can you say about the matrix <Z Z), eigenvalues of the matrix

Z , or the solutions to the

system?

Y Y

R R R AR N A
Pip A AN
P A A =ININ N
L R N A e N
A R R R
LSS S S N R R
NORNNs
NONINISI— /iy gy
NININIS 2/
NININIs =iy

(Answer 70) This is a spiral point. The eigenvalues are complex and take the form p 4 Ai, where u > 0 is
real and A is real. The solutions are exponentials multiplied by sines and cosines.

(AB 71) An isolated town has a population of 9000 people. Three of them are simultaneously infected
with a contagious disease to which no member of the town has previously been exposed, but from which
one eventually recovers and which cannot be caught twice. Each infected person encounters an average of
8 other townspeople per day. Encounters are distributed among susceptible, infected, and recovered people
according to their proportion of the total population. If an infected person encounters a susceptible person,
the susceptible person has a 5% chance of contracting the disease. Each infected person has a 17% chance
of recovering from the disease on any given day.

(a)

Set up the initial value problem that describes the number of susceptible, infected, and recovered
people.

Let t denote time (in days), let S denote the number of susceptible people (who have never had the
disease), let I denote the number of infected people (who currently have the disease), and let R denote
the number of recovered people (who now are resistant, that is, cannot get the disease again). Then

45 — — L-SI, 4 = LST—0.171, 28 = 0.171, S(0) = 8997, 1(0) = 3, R(0) = 0.

Use the phase plane method to find an equation relating the number of susceptible and infected
people.

dI _ 3825

4l — 3825 1 50| =9000 — S — 38251n 327,
Use the phase plane method to find an equation relating the number of resistant and susceptible
people.

dR _ _ 3825 _ 8997
95 = 5>, 50 | R =3825In =&+.

Ast — 0o, I — 0 and the number of people who never contract the disease approaches a limit. Find
an equation for S, where S, is the limiting number of people who never contract the disease.

9000 — Soo — 38251n % = 0. | If you have access to wolframalpha.com or another numerical solver

during the exam, you can solve this equation by typing solve(9000-S-3825*%1n(8997/S)=0,3) and
discover that | Soo = 1158 | (when rounded to the nearest whole number).
What is the maximum number of people that are infected at any one time?

The maximum occurs when S = 3825, at which time | I = 9000 — 3825 — 38251In gg%g.

When is the peak infection time, that is, the time at which the number of infected people is at its
maximum? You need not simplify your answer.

/8997 59500 h
3825 S(9000 — S — 38251In 8927)




(AB 72) Suppose that a disease is spreading through a town of 5000 people, and that its transmission in the
absence of vaccination is given by the Kermack-McKendrick SIR model % = —%SI , % = %Sl —0.11,
% = 0.1 where t denotes time (in days), S denotes the number of susceptible people, I denotes the number
of infected people, and R denotes the number of recovered, disease-resistant people.
Suppose we modify the model by assuming that 15 susceptible people are vaccinated each day (and thus
become resistant without being infected first).
(a) Set up the system of differential equations that describes the number of susceptible, infected, and
recovered people. You may use the same variable names as before. (You may let R denote all
disease-resistant people, both vaccinated and recovered.)

s _ 0.2 dl _ 0.2 dR __
ds — 02 g7 15, 4 — 0267 (.17, 4B = 0.1] + 15.

(AB 73) Suppose that a disease is spreading through a town of 5000 people, and that its transmission in the

311){sence of vaccination is given by the Kermack-McKendrick SIR model % = —%SI , % = %S’I —0.11,

& = 0.1 where t denotes time (in days), S denotes the number of susceptible people, I denotes the number
of infected people, and R denotes the number of recovered, disease-resistant people.

Suppose we modify the model by assuming that 15 people are vaccinated each day (and thus become
resistant without being infected first). No testing is available, and so vaccines are distributed among sus-
ceptible, resistant, and infected people according to their proportion of the total population. A vaccine
administered to an infected or resistant person has no effect.

(a) Set up the system of differential equations that describes the number of susceptible, infected, and
recovered people. You may use the same variable names as before. (You may let R denote all
disease-resistant people, both vaccinated and recovered.)

ds _ _ 0.2 S dl _ 02 dR _ s

(b) Assume that there are initially no recovered or vaccinated people and 7 infected people. Use the
phase plane method to find an equation relating S and I.

ar — 025500 T 50 ] —0.2(I = 7) —15In(1/7) = 0.2(S — 4993) — 5001n(S/4993). \
(¢) What is the maximum number of people that are infected with the virus at any one time? (Round
to the nearest whole number.)
The maximum [ value occurs when S = 2500. The maximum I value then satisfies
’ —0.2(I —7) —15In(1/7) = 0.2(2500 — 4993) — 500 In(2500/4993). ‘ Were you given this problem on
the exam, you would be allowed to either stop there or to use wolframalpha.com, which would let

you solve the equation and see that the maximum I value is | [ = 457 |.




(AB 74) Here is another way to model vaccination. Suppose that a disease is spreading through a town of
8000 people. Initially there are 10 infected people, 3000 vaccinated people, and no recovered people.

No other persons are vaccinated during the disease’s spread. Thus, the population should be divided
into four groups: people who are vaccinated, susceptible, infected, and recovered.

Each infected person encounters 10 people per day, who are distributed among susceptible, vaccinated,
recovered and infected people according to their proportion of the total population. Each time an infected
person encounters a susceptible person, there is a 4% chance that the susceptible person becomes infected.
The vaccine is not perfect; each time an infected person encounters a vaccinated person, there is a 1% chance
they become infected. (Once a vaccinated person becomes infected, they are identical to an infected person
who was never vaccinated.) Each infected person has a 20% chance per day of recovering. A recovered
person can never contract the disease again.

(a) Set up the initial value problem that describes the number of susceptible, infected, and recovered
people.
Let t denote time (in days). Let V' denote the number of never-infected vaccinated people, S denote
the number of never-infected susceptible people, I denote the number of infected people, and R denote
the number of recovered, disease-resistant people. Then

ds 0.4 dv 0.1 dl 0.4 0.1 dR
dt _SOOOIS’ dt 80000 dt 800015+ sooo!V ~02L gy =02

and
S(0) =4990, V(0)=3000, I(0)=10, R(0)=0.

(b) Use the phase plane method to find an equation relating S and V.

s _ 48 — 4990 /4
v = 47,805 = 55505 V"

(¢) Use the phase plane method to find an equation relating I and V.

dr _ _ AVI4990/3000°+V -16000 o | T — — 990 V4 42000 + V' — 16000 In(V/3000) |

(d) What is the maximum number of people that are infected with the virus at any one time? (Round
to the nearest whole number.)
The maximum I value occurs when 43409090% V44V —16000 = 0. According to wolframalpha.com this
occurs when V' = 2710. Thus, the maximum number of infected people is is

(e) At what time does the peak number of infected people occur?

If ¢ denotes the time at which 2710 people are vaccinated, then
. /3000 80000 dV/
* Jario V(=50 V4 + 2000 + V — 16000 In(V/3000))

(AB 75) Consider the system of differential equations ’Zl—f = 3z — 4y, % = 4z — 3y. Use the phase plane
method to find an equation relating x and y.
(Answer 75) The trajectories of solutions to %% = 3z — 4y, Z—‘t = 4z — 3y satisfy 4y? — 6zy + 422 = C for

constants C.

(AB 76) Consider the system of differential equations % = 3y — 2xy, % = 4xy — 3y. Use the phase plane
method to find an equation relating x and y.

(Answer 76) If % = 3y — 2y, %/ = dzy — 3y, then y = =22 — 2In|z — 3/2| + C.

(AB 77) Consider the system of differential equations ‘fi—f = 3z — 4dzy, %’ = bxy — 2y. Use the phase plane
method to find an equation relating x and .

(Answer 77) If %% = 3z — 4xy, % = 5xy — 2y, then 31In |y| + 2In|z| — 4y — 5z = C.



(AB 78) Using the definition £{f(¢)} = [;° e~ f(t)dt (not the table in your notes, on Blackboard, or in
your book), find the Laplace transforms of the following functions.

(a) f(t) = 6_11t
(b) fH=t
© = {3 gt

(AnSWer 78)
(a) £{t} = %.
(b) Lie™'} = s+111' .
(c) L{f(t)} = 3=




(AB 79) Find the Laplace transforms of the following functions. You may use the table in your notes, on
Blackboard, or in your book.
(a) f(t)=t*+5t2+4
c{tt+5t2 44} =% + 1944
(b) f(t) = (t+2)°
L{t+23y=c{t?+62+12t +8} = & + 12 4 12 4 &
(c) f(t)=9et7
L{9e4HT) = £{9e7et} = 27
(d) f(t) =¥
E{_e3(t—2)} _ ﬁ{—e_ﬁe?’t} —
(e) f(t)=(e"+1)
c{(e' +1)%} = c{e* + 2 +1} = 5 + 2, + 1.

6
3"

e
S—

S— s—1
(f) f(t) = 8sin(3t) — 4 cos(3t)
L{8sin(3t) — 4cos(3t)} = 5 — =5
(g) f(t) =t
E{t2€5t} = ﬁ
(h) f(t) = T7e3 cos4t
£{7e* cosdt} = Tt
(i) f(t) =4e 'sinbt
£{4€_t Sin 5t} == (S‘FIQ)%.
. 0, t<3,
o so={g 5y
07 t < 33 6—3.963
If f(t) = {et, 1>3 then £{f(t)} = .
0, t <1,
(k) fit) = {t22t+2, t>1,
0, t<1, s, 2
If f(t) = {t2 Coti2 t>1. then £{f(t)} =e <§ + 53>'
0, t<1,
0, t>2
0, t <1, B B .
Iff(t):{t—2, 1<t<2, thenc{f(t)}:%_%_%
0, t>2
[ Be?, t<3,
w 0= {5 13
Se2t, t <3, 5 6,—3s
IO =0, " ¢z then IO} =25 =255
[ Tt2et, t< 3,
w s ={ 3 153
7t267t, t <3, e—35—3 o353 =353
o= {0, i> 3 then {0} = ime — G — e~ Ve
cos3t, t<m,
(0) f(t) = {sin3t, t>n
Cos 3ta < T, s —Ts__S —Ts
1050 = {55 15T then (70 = i + e g T
0, t< /2,
(p) f(t) = q cost, m/2<t<m,
0, t>m
0, t<m/2,

If f(t) =< cost, w/2<t<m, then L{f(t)} = —e‘”s/zﬁ +e S
0, t>m,



(q) f(t) =telsint

L{tetsint} = %

(r) f(t) =t2sinbt
: 40s®—10(s>+25
,E,{tz S1n 5t} - W
(s) You are given that £{Jy(t)} = 2+ . Find £{t Jo(t)}. (The function Jy is called a Bessel function
and is important in the theory of partial differential equations in polar coordinates.)

L{t Jo(t)} = iy

T

(t) You are given that ﬁ{iefl/t} =YI *2\[ Find £{vte 1/t}.
ﬁ{\/ie—l/t} _ f(218+28f) —2/s

(AB 80) For each of the following problems, find y.
(a) L{y} = 22j§88+5
If £{y} = m, then y = 2e~" cos(2t) + 3e~ " sin(2t).

(b) Liy} =27
If c{y} = 554 , then y = 3¢ — 13

©) £iv) =
If £{y} = S+1)4, then y = %th—t + %t3e_t_
(d) £{y} = iS*Z
I £(y) = 3, then = (/)6 + (1/)e
(e) L{y} = m
If £{y} = mrgp then y = 3 + 51 — e + Jt e,
" £ = ity
If £{y} = 5(52+4)a then y = % - % s(2t) + 5 Sln(2t)
(&) Ly} = mme
If £{y} = (=157 79y, then y = g cost — g cos 3t.
() £y} =B
If £{y} = @00 then y = 2 1(t —2) € cos(t — 2) + U(t — 2) 2 sin(t — 2).
0 ) = s
If £{y} = Sz e theny = S2(t — 1)) + Lyt — 1) et
() £iy} = (s2+9)
If £{y} = 2+9)2, then y = fot % sin 3r cos(3t — 3r) dr = §tsin(3t).
() £{0} = iy
If £{y} = m, then y = e~ 2 fot sin(2r) sin(2t — 2r) dr = e~ ?'sin(2t) — Se~?"t cos(2t).
() c{y} = 2% £{Vt}
If £{y} = w25 £{VE}, then y = [] <2 \/F =7 dr.

(AB 81) Sketch the graph of y =2 — t27/(t — 1) + (2 — t) Y(t — 1).




(Answer 81)

2

L\




olve the following initial-value problems using the Laplace transform. Do you expect the graphs
AB82SI he following initial-val bl ing the Lapl f D h h
of y, dt, or dt%’ to show any corners or jump discontinuities? If so, at what values of ¢?
(a) & % —9y =sin3t, y(0) =1
If % — 9y =sin3t, y(0) = 1, then y(t) = — 45 sin 3t — g5 cos 3t + e
(b) G —2y =3¢, y(0) =2
If & — 2y =3e?, y(0) = 2, then y = 3te + 22,
(c) % +5y=1t%y(0) =3
If2 Ly 5y =13, y(0) =3, then y = 113 — 24> 4+ St — O 4 B85
M)%%— @ tay=0y(0)=14(0)=1
If 44 — 4dy +4y =0, y(0) =1, y/(0) = 1, then y(t) = * — te*.
(@%%— W+2y=cy(0)=0y(0)=1
If Zté’ - 2@ +2y=e"', y(0) =0,y (0) =1, then y(t) = t(e~" — €' cost + Te' sint).
(F) % - 7%+1%—e,wm 2,/(0) =3
Hm2fﬁ%+my:e,mm:QJAm:3¢mnmw:4&t4&%4éﬁ
@)%%— G+ 8y =17, y(0) =3, y'(0) =2
fi§—6@+ﬂy t2e%, y(0) = 3, y/(0) = 2, then y(t) = — 126t 4 392t — 1ye2t _ 142e2 _ ¢3¢2,
(h) &4 — 4y = e'sin(3t), y(0) = 0, y'(0) =0
If jtg 4y = e'sin(3t), y(0) = 0, y'(0) = 0, then y(t) = j5e* — He=2" — Lel cos(3t) — e’ sin(3t).
(i) 4 S +9y = cos(2t), y(0) =1, y
It Ly 4 9y = cos(2t), y(0) =1
dt? )

)
. 2, 0<t<4,
0 #={5 15170 -2 v0 -

2, 0<t<A4,

The graph of y has a corner at t = 4. The graph of Y has a jump at t = 4.

sint, 0<t<2m,
W = {3 ST w0 =000 =0
int, 0<¢t< 2,
f%+@={? or et s y(0)=0,y(0) =0, then

y(t) = (1/6)(1 —U(t — 2m))(2sint — sin 2t).

The graph of ¥ has a corner at ¢t = 27.

dt?
1, 0<t<10,
(Ddﬁ+3ﬁ+2 {Q <t o ¥0)=0y(0)=0
1, 0<t<10
d? y _ ) = 5 o , o
If & Y42y = {O, 10<t , 4(0) =0, ¥'(0) =0, then

L 11
y(t) = 5 + 5@*% —et— U(t _ 10) 5 + 5672(%10) _ ef(tfl()) )

The graph of Y has a corner at t = 10. The graph of 4

0, 0<t<2,
(m)ﬁyﬁyﬁ+3 +y—{4 9 <t y(0) =3, 4(0) =1, y"(0) = 2.

%% has a jump discontinuity at ¢ = 10.



0, 0<t<2,

_ / _ " o

)

If 2% 4398 4 3% +y—{

y(t) =3e "+ 5te™t +4t?e Tt F Ut —2)(4 — 4e*7F — 4t — 2(t — 2)%e2 7).

The graph of 4 %% has a corner at t = 2. The graph of 4 S+ has a jump discontinuity at ¢ = 2.

0, 0<t<2,
(n) &4 4498 4 4y {3 9 <y ,y(0)=2,y(0)=1
0, 0<t<2,
Ifit§’+4‘$+4y{3’ o<t ,y(0) =2, 4/(0) = 1, then

3 3 3
y(t) = 2% + 5te 2" + Zug(t) - 16_2”41@(15) - §(t —2)e 2y, (t).
The graph of Y has a corner at t = 2. The graph of 4 dt2 has a jump at ¢ = 2.
(0) ¢ dt2 +9y = tsm(3t) y(0) =0,4'(0) =0
If Zté’ + 9y = tsin(3t), y(0) = 0, ¥/ (0) = 0, then y(t) = 1 fot 7 sin 3r sin(3t — 3r) dr.
(p) %¥ + 9y =sin(3t), y(0) =0, y'(0) =0
If flit;’ + 9y = sin(3t), (0) 0, (0) =0, then y(t) = f sin 3rsin(3t — 3r) dr = & sin3t — 1t cos 3t.
(a) dtz+5 +6y—\/ » 4(0) y'(0)=1
If ‘fité’ L6y = i+ 1,y(0) y'(0) = 1, then y(t) = Te 2 —5e 3+ [T (e 2 —e~3")\/f —r + Ldr.
(r) y —I—foryt—?“)dr—t.
If y(t +f0 )(t —r)dr = t, then y(t) = sint.
(s) y(t) = te +f0 t—r ( )dr.
If y(t) = tet + fot t —r)y(r)dr, then y(t) = —fe~" + e’ + 3te’ + Lt%e.
(t) ’fﬁ—l—smt—fo )dr, y(0) = 0.
If z’;:l—smt—fo r)dr, y(0) = 0, then y(t) = sint — Stsint.
(u) 5 dy —|—2y+10fte4’"y t—r)dr =0,y(0)="7.
If Ly 2y +10 [ e*ry(t —r)dr = 0, y(0) = 7, then y = Te' cost — 21e sint.
(v) 6?#3 +5% +y = 4u(t ~2), y(0) =0, y'(0) = 1.
TF 654 + 5 Yy =41Y(t—2), y(0) =0, y'(0) = 1, then

y=6e"t% — 62 Ayt —2) — 120t — 2)e” D3 L8y (t — 2)e” D2,

The graph of 4/(¢) has a corner at ¢ = 2, and the graph of y”/(¢) has a jump at ¢ = 2.
(W) Y+ 9y =T6(t - 2), y(0) = 3.

If d” +9y = 76(t — 2), y(0) = 3, then y(t) = 3e % + 71 (t — 2)e %+ The graph of y(t) has a jump
at t =2

(x) 9G¥ +4y = —26(t — 47), y(0) = 1/2, y/(0) = 0
Tf ©4 4 4y = §(t — 4x), y(0) = 1/2, 4/ (0) = 0, then

y= % cos(2t) — U(t — 4m) sin(2t).

The graph of y(t) has a corner at ¢t = 4, and graph of y/(t) has a jump at ¢t = 4.
(v) L4 +4% 4 3y =25t — 1) +U(t —2), y(0) =1, y/(0) =0
If 44 + 4% +3y = 26(t — 1) +U(t — 2), y(0) = 1, 4/ (0) = 0, then

3

1 —3t 1 —t+1 1 —3t+3 1 1 —t+2 1 —3t+6
=2t “uU(t—1 —-U(t-1 SUt-2)—= t—2)+ - U(t—2 .
y= 5ot ge St s ult—De T - U= 1) S u(t-2) - e PR U(t-2)+ cu(t—2)e



The graph of y(¢) has a corner at ¢ = 1. The graph of y/(¢) has a corner at t = 2, and a jump at
t =1. y”(t) has an impulse at t = 1, and a jump at ¢ = 2.
3 2
(2) G — 254 + % — 2y = 55(t — 4), y(0) = 1, y/(0) = 0, y"(0) = 2.

If Dy — 9y du 4oy 55(t — 4), y(0) =3, ' (0) = 0, 5/(0) = 0, then

3 4 2
y=—e* + —cost — gsint—&—u(t —4)(e** — cost — 2sint)

5 5

The graph of %’ has a corner at ¢t = 4, and the graph of % has a jump at t = 4.

(AB 83) At time ¢ = 0, a group of 7 birds, all 1 year old, are blown onto an isolated island. A bird that
is t years old on average produces te~! chicks per year. Let B(t) be the birth rate at time ¢ years. Find an
integrodifferential equation (and, if necessary, an initial condition) for the birth rate.

(Answer 83) B(t) = Tte ' + fot B(t—r)re " dr.

(AB 84) At time ¢t = 0, a group of 11 birds, all 2 years old, are blown onto an isolated island. A bird that
is ¢ years old on average produces te™! chicks per year. Let B(t) be the birth rate at time ¢ years. Find an
integrodifferential equation (and, if necessary, an initial condition) for the birth rate.

(Answer 84) B(t) = Tte ™' + [ B(t —r)re " dr.

(AB 85) Let I be the number of people with a rare infections disease. Suppose that 300 people simul-
taneously contract the disease at time ¢ = 0. Each infected person infects three new people per day on
average. A person who was infected r days ago has a probability of 4r2e~2" of recovering on day r. Write
an integrodifferential equation (and, if necessary, an initial condition) for the number of infected people.

(Answer 85)
dI

¢

= =31 / 1202727 I(t — r) dr — 1200t%e =2, 1(0) = 300.
Jo

(AB 86) Find the solution to the initial-value problem

d d
£=—6x+9y—15, Yo srvey—8,  x(0)=2 y(0)=5.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).
(Answer 86) If

dz d
Y 6r+ 9y — 15, d—zz—5x+6y—8, 2(0)=2, y(0)=5

(28) B (4sin§tsifl—1;)tcosSt> + (;2),) :

(AB 87) Find the solution to the initial-value problem

then

d d
—x:6x+8y+t862t, e

o i —2x — 2y, z(0) =0, y(0)=0.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).



(Answer 87) If

d d
ditc = 61 + 8y + 32, di; =-2t-2, 2(0)=0, y(0)=0

then

(G9) - (™)

(AB 88) Find the solution to the initial-value problem

dr o dy B _
E—E)y—i—e cost, i x + 4y, z(0) =0, y(0)=0.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(Answer 88) If

dx 2t dy
— = — = — 4 = —
7 5y + e~ cost, 7t T + 4y, z(0) =0, y(0)=0
then
z(t)\ _ o2t —tsint 4 (1/2)tcost + (1/2)sint
yt) ) — —(1/2)tsint '

(AB 89) Find the solution to the initial-value problem

dx

dt

dy _

= 2z + 3y + sin(e’), pri

—4x — By, xz(0) =0, y(0)=0.
Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(Answer 89) If

d d
Yo 3y + sin(e’), d—z; = —4x — by, z(0)=0, y(0)=0

dt
then

(x(t)) et <4 - 4cos(et)> P <381n(et) — 3ef cos(e’) — 3sinl + 3cos 1)

4cos(et) — 4 4et cos(et) — 4sin(e!) —4cos1 +4sinl

AB 90) Find the general solution to the equation 9‘12—2 — 6% 4 Yy = 9¢t/31nt on the interval 0 < ¢ < oo.
dt dt

(Answer 90) If 9‘;273 — 6% +y =9¢!/?Int, then y(t) = c1 €!/® +catet/? + L2t/ Int — 2¢2e!/3 for all t > 0.
(AB 91) Find the general solution to the equation 4‘;%’ + 4% +y =8 /?arctant.

(Answer 91) If 4% +4% 1y = 8e 2 arctant, then y(t) = c1e V2 + cate /2 + e7V/2 (2 arctant + t —
arctant — tIn(1 + %)) .

(AB 92) Find the general solution to the equation 2% + 3%’ + 3y = sin(e/?).

(Answer 92) If 2% +3% 1y =sin(e"/?), then y = cre™! + cae™ 2t — 2e~ ! sin(e!/?).



AB 93) Solve the initial-value problem 9d2—§ +y =sec?(t/3), y(0) = 4, /'(0) = 2, on the interval —37/2 <
37/2 “
t <3m/2.

(Answer 93) If 9% +y =sec?(t/3), y(0) = 4, y'(0) = 2, then
y(t) = b cos(t/3) + 6sin(t/3) + (sin(¢/3)) In(tan(t/3) + sec(t/3)) — 1
for all —=37/2 <t < 3mw/2.

(AB 94) The general solution to the differential equation tz% —22=0,t>0,is 2(t) = C1t? + Cot L.
Solve the initial-value problem tz% —2y =9Vt, y(1) = 1, ¥/(1) = 2 on the interval 0 < ¢ < co.

(Answer 94) If tQ% -2y =9vt, y(1) =1, y'(1) = 2, then y(t) = -4Vt + 3t> + 2 for all 0 < t < oo.

AB 95) The general solution to the differential equation 242 —+9€ 35 — 0, t > 0, is 2:(t) = C113 + Cot L.
g i dt

. . . . . 2d%y dy a1
Find the general solution to the differential equation t* 57 —t5¢ — 3y = 67",

(Answer 95) If tQ% - t% —3y=6t"", then y(t) = =3t ' Int + C1t* + Cot ! for all t > 0.



(AB 96) Find the general solution to the following differential equations.

(a)

6Ly + 5% 4y =3et,
The general solution to Gdt2 +5 Upy=0isy, =Cre 24+ Cre /3. To solve 6dt2 +5 4ty =2t

we make the guess y, = Ae'’. The solution is y = Cre™"/2 + Coe /3 + Let.

1654 a
The general solution to 1621%32’ —y =0is y, = Cre/* + Cye~/*. To solve 16flﬁ2 —y = et/*sint we
make the guess y, = Ae!/*sint + Be'/4 cost. The solution is y = Cyet/* + Coe™t/4 — (1/20)e!/*sint —
(1/40) t/4 cost.
dtz + 49y = 3tsin 7t.

The general solution to % +49y = 0is y4 = Cysin7t 4+ Cycos 7t. To solve % + 49y = 3tsin Tt
we make the guess y, = At?sin 7t + Btsin 7t + Ct? cos Tt + Dt cos Tt. The solution is y = Cy sin 7t +
Co cos Tt — (3/28)t% cos Tt + (3/4)t sin Tt.

2
TY — 4% = 4¢3,

The general solution to d% — 4dy =01is y, = C1 + Cze’. To solve % - 4% = 4¢3 we make the
guess yp = Ae3'. The solution is y = C; + Caet — (4/3)e3.

dtg + 12 Yy + 85y = tsm(3t)
The general solution to dtQ + 12dy + 85y = 0 is y, = Cre % cos(Tt) + Cae % sin(7t). To solve

dt2 + 12dy + 85y = tsin(3t) we make the guess y, = Atsin(3t) + Bt cos(3t) + C'sin(3t) + D cos(3t).
The solutlon is

—y=et/*sint.

1 606
y = Cre 5 cos(Tt) + Cae % sin(7t) + tsin(3t) — t cos(3t) — ~81456 sin(3t) + ~81456 cos(3t).

19
1768 1768
dtQ + 3 — 10y = 7e‘5t
The general solution to dtQ s 3 — 10y = 0 is y, = Cye? + Che . To solve & dtQ s 3 — 10y = 7e ot
we make the guess y, = Ate™ 5" "The solution is y = Cre* + Cae™ — (1/7)te L.
169Y — 24% 4 9y = 642 + cos(2t)

The general solution to 164-% H-2uF dy +9y = 0is y, = C1B/Dt 4 Cyte3/H. To solve 16flﬁ2y —24% dy +
9y = 6t2 + 005(27,‘) we make the guebs yp = At? + Bt + C + Dcos(2t) + Esin(2t). The solutlon is

y = C1eB/Nt 4 CoteB/Nt 1 (2/3)t2 + (32/9)t + 64/9 — (48/5329) cos(2t) — (55/5329) sin(2t).
44— 69 + 25y = 263

2
The general solution to &¥ — 6% + 25y = 0 is y, = C1e¥ cos(4t) + Caesin(4t). To solve LY —
69 125y = t2e* we make the guess y, = At?e® + Bte + Ce®. The solution is y = Cye® cos(4t) +
0263t sin(4t) + (1/16)t%e3t — (1/128)e.
Y +10% + 25y = 37
The general solution to dt§’+10d3’—|—25y =0isy, = C1e 5" +Cste . To solve (fl y+10dy +25y = 3~
we make the guess y, = At?e~>". The solution is y = C1e~5" + Cgte 5 4+ (3/2)t%e 5t
dtz + 5 ; +6y= 3cos(2t)
The general solution to dté’ +5 Y46y =0isy, = Cre” 2t Cye3t. To solve dty +5dy +6y = 3cos( t),
we make the guess y, = Acos(2t) + Bsin(2t). The solution is y = Cre™2 + Cy e’3t + £2sin(2t) +
532 cos(2t)
dt2 + 6 L+ 9y = 5sm(4t)
The general solution to dtgf —|—6 249y = 0is yy = Cre” 3 +Cyte 3. To solve dt%’ +6 Y +9y = 5sin(4t),
we make the guess y, = Acos(4t) + Bsin(4t).
dtg + 9y = 5sin(3t).
The general solution to ‘;272 +9y = 0 is y, = Cy cos(3t) + Cy sin(3t). To solve & S+ 9y = 5sm(3t)
make the guess y, = C1t cos(3t) + Catsin(3t). The solution is y = Cy cos(3t) + Casin(3t) — 2t cos(3t).



(m) T —|—2dy +y = 2t2.

The general solution to dt;f + 2 Fty=0isy, = Cre™t 4 Cote™t. To solve % + 2% +y = 2t2, we
make the guess y, = At* + Bt + C The solution is y = Cre~" + Cote™" + 2t — 8t + 12.
(n) &4 +2% =3¢
The general solution to dty + 2dy =0is y, = C1 + Cae™ . To solve dt%’ + 2dy = 3t, we make the
guess y, = At®> + Bt. The solutlon isy=Cp + Coe 2t + %tQ t
2
(o) L4 — 7% 412y = 5¢ + Cos(Zt)
The general solution to ¢ = 7Z’t’+12y = 0is y, = C1€34+Che. To solve 2 dtQ 7?;{4—123/ = 5t+cos(2t),

we make the guess U = At + B + C cos(2t) + Dsin(2t). The solution is y = Cye® + Coe™ + St +

35 16
14274 + 175 cos 2t — 177 sin 2t.
(p) flté’ — 9y =2t + et + 5t + 2.

The general solution to d; 9y =0 is y, = C1e3* + Cre™3". To solve d; 9y = 2¢! + et 4+ 5t + 2,
we make the guess y, = Ae' + Be ' + Ct + D.

(q) ‘jjg 4% 4 4y = 32 + 5cost

The general solution to W y_4% Y4y = 0isyy = Cre* +Cyte?'. To solve & e 4dy +4y = 3e?' +5cost,
we make the guess y, = At?e*" + Bcost + C'sint.

(AB 97) Solve the following initial-value problems. Express your answers in terms of real functions.
(a) 16‘33 —y =3¢, y(0) =1, y/(0) = 0.
If 16(“2 —y=3e', y(0) =1, y'(0) = 0, then y(t) = Le* + 2et/4,
(b) & S +49y = sinTt, y(r) = 3, ¥/ (7) = 4.
f Zté’ + 49y =sinTt, y(m) =3, y/(7) = 4, then y(t) = — 5t cos(7t) + T2 cos(7t) — 32 sin(Tt).
(c) 4 S+ 3 10y =25t2, y(2) =0, y'(2) =
If ©4 4 3% 10y = 25¢2, y(2) = 0, y/(2) = 0, then y(t) = — 3¢ — $¢ 4 19 4 Le2t—4 _ 356 ,—5t410,
(d) Ly — z—g :4e3t, y(0) =1, y/(0) = 3.
If flit;/ - 4% = 4¢3, y(0) =1, y'(0) = 3, then y(t) = —5e3 + Tett + T

(AB 98) A 3-kg mass stretches a spring 5 cm. It is attached to a viscous damper with damping constant 27
N-s/m and is initially at rest at equilibrium. At time ¢ = 0, an external force begins to act on the object;
at time ¢ seconds, the force is 3 cos(20t) N upwards.

Write the differential equation and initial conditions that describe the position of the object.

(Answer 98) Let ¢t denote time (in seconds) and let « denote the object’s displacement above equilibrium
(in meters).

Then P2 p
x x B _ 10 —
3 72 + 27 o + 588z = 3 cos(20t), u(0) =0, «'(0)=0.

(AB 99) An object weighing 4 lbs stretches a spring 2 inches. It is initially at rest at equilibrium. At time
t = 0, an external force begins to act on the object; at time ¢ seconds, the force is 3 cos(wt) pounds, directed
upwards. There is no damping.

Write the differential equation and initial conditions that describe the position of the object. Then find
the value of w for which resonance occurs. Be sure to include units for w.



(Answer 99) Let ¢ denote time (in seconds) and let 2 denote the object’s displacement above equilibrium

(in feet). Then
idz—x + 242 = 3 cos(wt) z(0)=0, 2/(0)=0
32 dt? B ’ o o

Resonance occurs when w = 8v/3 s71.

(AB 100) A 4-kg object is suspended from a spring. There is no damping. It is initially at rest at
equilibrium. At time ¢ = 0, an external force begins to act on the object; at time ¢ seconds, the force is
7sin(wt) newtons, directed upwards.
(a) Write the differential equation and initial conditions that describe the position of the object.
Let ¢ denote time (in seconds) and let & denote the object’s displacement above equilibrium (in feet).
Let k denote the constant of the spring (in N-s/m). Then

A’z

(b) Tt is observed that resonance occurs when w = 20 rad/sec. What is the constant of the spring? Be
sure to include units.
The spring constant is & = 1600 N-s/m.

(AB 101) A 1-kg object is suspended from a spring with constant 225 N/m. There is no damping. It
is initially at rest at equilibrium. At time ¢ = 0, an external force begins to act on the object; at time
t seconds, the force is 15 cos(wt) pounds, directed upwards. Illustrated are the object’s position for three
different values of w. You are given that the three values are w = 15 radians/second, w = 16 radians/second,
and w = 17 radians/second. Determine the value of w that will produce each image.

(Answer 101) w = 15 radians/second in Picture B. w = 16 radians/second in Picture A. w = 17 radi-
ans/second in Picture C.



