Math 2584, Spring 2018

You are allowed a double-sided, 3 inch by 5 inch card of notes.
You are responsible for all of the formulas you will need, except for the following Laplace transforms,
which will be written on the last page of the exam.

CU(0) = / T

1
E{l} - g, S > 0,
1
['{ﬁ} - 572? 5> 07
n n!
‘C{t}:5n+1, S>O, 7’7/20
1
at\ __
L{e*} = . s>a
S
£{COS(/€t)} = m, s>0
. k
L{Sln(kt)} = m, s>0

If £{f(t)} = F(s) then £{e*f(t)} = F(s — a),
LTHF(s)} =e 7 HF(s+a)},

clut—oy=—. 5> 0, c>0
L£{8(t — )} = e, 5> 0, c>0
L{Ut—co) ft)} =eL{ft+o)}, c>0
L{u(t —c)g(t — o)y = e~ L{g()}, c>0
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(AB 1) Find the Laplace transforms of the following functions. You may use the table on the front of the
exam.

(a) f(t) =te'sint
0, t<3,
o so={% 5
0, t<1,
@ FO={4 s (57
0, t <1,
w>ﬂw:{t—z 1<t<2,
0, t>92
_ 5e%t, t < 3,
CRCE F
[ TtPet, t< 3,
0 s = {37 13
cosdt, t<m,
(8) f(t):{sin?)t, t>n
0, t<m/2,
(h) f(t) =1 cost, w/2<t<m,
0, t>m
(i) f(t) =t*sinbt
(AB 2) For each of the following problems, find y.
(2s—1)e~2¢

(a) L{y} = =
(b) L{y} = (;:24’:;3
(¢) iy} = =iop=
(d) L{y} = m
(e) £iy} = =% £{Vt}

(AB 3) Sketch the graph of y =% — 2 /(t — 1) + (2 — ) U(t — 1).

(AB 4) Solve the following initial-value problems using the Laplace transform. Do you expect the graphs
2
of y, %, or % to show any corners or jump discontinuities? If so, at what values of ¢?7

2, 0<t<d4,
(a) 'ffi+3y:{0, i<t v =2y(0)=0
2 sint, 0§t<27r7
(b) Zté’+4y:{07 om<t ou0)=0y(0)=0
> 1, 0<t<10,
(c) fﬁté’+3§¥+2y:{0, <y o vO=0v0=0
o 0, 0<t<2,
(d)%’+3§té’+3‘§i’+y:{4, oot 0 =390 =140 =2
2 5 sint, 0<t<m,
(e)i‘lté’+di’+4y={0, et v0)=14(0)=0
2 O, 0§t<27
(f)iflté’+4§t’+4y:{3, 2<t VO=2v(0)=1
2
(h) ©¥ + 9y = sin(3t), y(0) =0, ¥'(0) = 0
(i) G¥+5% +6y=vi+1,y(0) =2,4/(0) =1
2
(j) 65#% +5% +y =4uU(t —2), y(0) = 0,y'(0) = 1.
(k) % +9y =75(t - 2), y(0) = 3.
2
() G +4y = —28(t — 4m), y(0) = 1/2, y/(0) = 0



(m) lesTy - 4‘;—27; +3y=25(t — 1)+ Ut —2), y(0) =1, 5 (0) =0

(n) &4 —298 + & 2y = 55(t — 4), y(0) = 1, ¥'(0) = 0, y"(0) = 2.
(AB 5) Consider the following system of tanks. Tank A initially contains 200 L of water in which 3 kg
of salt have been dissolved, and Tank B initially contains 300 L of water in which 2 kg of salt have been
dissolved. Salt water flows into each tank at the rates shown, and the well-stirred solution flows between the
two tanks and is drained away through the pipes shown at the indicated rates.

4 L/mi
2 L/min /min 6 L/min
5¢g/L pure water
5 L/min 4 L/min
mixture mixture

Write the differential equations and initial conditions that describe the amount of salt in each tank.
(AB 6) Find the solution to the initial-value problem

dx dy
i 6x + 8y, i —2z — 2y, z(0) = =5, y(0)=3.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).

(AB 7) Find the solution to the initial-value problem

dx 9 dy
i Tr — 2Y: i —18z — 17y, z(0) =0, y(0)=1.

Express your final answer in terms of real functions (no complex numbers or complex exponentials).
(AB 8) Find the solution to the initial-value problem

dz dy 1
n y 0 14, z(0) =1, y(0)

Express your final answer in terms of real functions (no complex numbers or complex exponentials).
(AB 9) Find the solution to the initial-value problem

dx dy
pr T+ 2y, g =25y, 2(0)=1 y0)=0

Express your final answer in terms of real functions (no complex numbers or complex exponentials).



Answer key

(Answer 1)
(a) c{te'sint} = %
0, t<3, 3503
0 100 = {0 §35 then £7(0} = <5
0, t<1, 1 2
(C) Iff(t)_{t2—2t+2, tZL thenﬁ{f(t)}—e (s+83>
0, t <1, ' ' '
(d) Iff(t):{t—Q, 1<t<2 then £L{f(t)} = & — &2 — &~
0, t>2
5e2t, t <3, 635
(&) 1f (1) = {07 L then £{s(0)) = 2 - 2
7t2 —t’ t < 37 —35—3 —35—3 —35—3
) 1 7) = {o, TSy then L{(0} = Gty — M — e~ e
_ Jcos3t, t<m, s s s s 3
(g) If f(t)_ {sinSt, tZﬂ'a then ,C{f(t)}—m"i‘e 652+9 —¢ s249°
0, t<7/2,
(h) If f(t) = { cost, m/2<t<m, then £{f(t)} = —e 7/? 823_1 +e TS
0, t>m,
. . 82— 82
(i) £{t?sin5t} = %&5);25’)
(Answer 2)
(a) If £{y} = %, then y =2 Y(t — 2) e'=2 cos(t — 2) + U(t — 2) e! =2 sin(t — 2).
(b) It £{y} = S2r theny = Lus(t — 1) D + Lyt — 1) et
(c) If £{y} = ooy then y = fg % sin3r cos(3t — 3r) dr = §tsin(3t).
(d) If £{y} = m, then y = e~2* fot sin(2r) sin(2t — 2r) dr = Je *'sin(2t) — Je "t cos(2t).
3r —3r
(e) If £{y} = o2 LIV}, then y = [} <"/t —rdr.



(Answer 3)

2A
Y
1A/\
OA
0 1 2
t
(Answer 4)
2, 0<t<4,
()Ifdy+3y—{0 L=y , y(0) = 2, then
2 2 2 2
=2 _Ze 3t _ 2ot —4 20t — 4)el2753t
y(t) = 5 — 5o = SUlt—4) + Sult—4)e

The graph of y has a corner at t = 4. The graph of Y has a jump at t = 4.

<
(b) Ifdy—|—4 :{smt 0<t<2m,

e 0. om<t Y0 =0y(0)=0, then

y(t) = (1/6)(1 —U(t — 2m))(2sint — sin 2t).

The graph of ¥ has a corner at ¢t = 27.

ai2
1, 0<t< 10,
(c) fit;l—i-?) +2y—{0 10 < ¢ ,y(0) =0, ¢ (0) =0, then

1.1 1 1
y(t) = 3+ 5@*215 — et~ 1t — 10) s+ 5672@710) _ o—(t=10) |

The graph of Y has a corner at t = 10. The graph of 4 %% has a jump discontinuity at ¢ = 10.

a3 0, 0<t<2,
(d) If Z4 + dtz +3 Yty {

4, 2<t ,y(0) =3, 9/(0) =2, y”(0) =1, then

y(t) = 3e 7t 4+ 5te - 4t?e T 4 y(t — 2)(4 — 4?7 — 4te® Tt — 2(t — 2)%e*TY).

The graph of < d? has a corner at t = 2. The graph of ¢ dtg has a jump discontinuity at ¢ = 2.

sint, 0<t<m,
@ e gy = {0 VSIS0 < Ly 0) =0, then

1
y(t) = e /% cost + ie_t/Q sint
16 4
+U(t—m) (—17 cos(t — ) + 1751n(t—7r)>

4 1
+U(t—m) (176 t=m)/2gin(t — 7) + 1—36_“_”)/2 cos(t — 77)) .

The graph of 4 W has a corner at t = 7.



0, 0<t<2,

3 2<t Y0 =2y/(0)=1, then

() Tf ¥ + 44 +4y—{

3 3 3
y(t) = 2e % + 5te 2" + Zug(t) - 16_2“41@(1&) - §(t —2)e 2y, ().

The graph of Y has a corner at t = 2. The graph of 4 dt2 has a jump at ¢ = 2.

(g) It flt;’ +9y = tbln(St) y(0) =0, y'(0) = 0, then y(t) = 3 fo 7 sin 3rsin(3t — 3r) dr.

(h) It thy + 9y = sin(3t), y(0) =0, ¢’ (0) = 0, then y(t) = %fot sin 3rsin(3t — 3r) dr = & sin 3t — ¢ cos 3t.
(i) f‘fhé’ W16y =i+ 1,y(0) =2,/(0) =1, then y(t) = Te 2 ~5e 3+ [} (e "> —e %)/t —r + Ldr.
() T£ 694 + 5% 4y — 434(t — 2), y(0) = 0, y'(0) = 1, then

y=06e"t3 —6et? 14yt —2) — 12Ut — 2)e” DB L8y (t — 2)e172/2,

The graph of y'(t) has a corner at ¢ = 2, and the graph of y”(¢) has a jump at ¢t = 2.
k) If % 4 9y = 76(t — 2), y(0) = 3, then y(t) = 3% + 714(t — 2)e~ 2118, The graph of y(¢) has a jump
dt
at t = 2.
(1) It 2% 4 4y = 6(t — 47), y(0) = 1/2, y/(0) = 0, then

e
1 .
y=3 cos(2t) — Y (t — 4m) sin(2t).

The graph of y(t) has a corner at ¢t = 4m, and graph of y'(¢) has a jump at t = 4.
(m) If T¥ + 4% + 3y = 20(t — 1) + (¢ — 2), y(0) = 1, 5/ (0) = 0, then

3 1 1 1 1 1 1
y= §e—t — 5e—i”f+ 5 Ut—1)e - 3 Ut—1)e 33 4 3 Ut—2)— §e_t+2 Ut—2)+ G U(t—2)e 3116,

The graph of y(t) has a corner at ¢ = 1. The graph of ¢/(¢) has a corner at ¢ = 2, and a jump at
t=1.y'(t ) has an impulse at £ = 1, and a jump at ¢t = 2.

(n) If G¥ — 294 — % + 2y = 56(t — 4), y(0) = 3, y/(0) = 0, y"(0) = 0, then

dt2

3 4 2
y= ge% + gcostf gSiIlt+U(t74)(62t —cost — 2sint)

The graph of Y has a corner at t = 4, and the graph of 4 %% has a jump at t = 4.

(Answer 5) Let ¢ denote time (in minutes).
Let x denote the amount of salt (in grams) in tank A.
Let y denote the amount of salt (in grams) in tank B.
Then z(0) = 3000 and y(0) = 2000.
If ¢t < 50, then

dx 9z 3y dy 4z Ty

d  200_4t 300+ 3¢ dt 200 — 4t 300 + 3t

(Answer 6)



(Answer T7)
() = (o) = ()
(Answer 8)

z(t)\ _ 7 15t +1 .
Y
( (t)) ((15/4)t+4>

()= ()= (42)

(Answer 9)



