Math 2584, Fall 2017

You are allowed a double-sided, 3 inch by 5 inch card of notes.
You are responsible for all of the formulas you will need, except for the following Laplace transforms,
which will be written on the last page of the exam.
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(AB 1) Suppose that fhg = 1823, z(0) = 1, 2/(0) = 3. Let v = % Find a formula for v in terms of z.

Then find a formula for z in terms of t.

= | fe=ngtrydr} = L0} £g(0)}

(AB 2) Suppose that a bob of mass 300g hangs from a pendulum of length 15cm. The pendulum is set in
motion from its equilibrium point with an initial velocity of 3 meters/second.
If 6 denotes the angle between the pendulum and the vertical, then the pendulum satisfies the equation

of motion m% = —"Zsin6, where m is the mass of the pendulum bob, £ is the length of the pendulum
and ¢ is the acceleration of gravity.

Find a formula for w = % in terms of 6.



(AB 3) Suppose that a rocket of mass m = 1000 kg is launched straight up from the surface of the earth
with initial velocity 10 km/sec. The radius of the earth is 6,371 km. When the rocket is 7 meters from the
center of the earth, it experiences a force due to gravity of magnitude GMm/r?, where GM = 3.98 x 104
meters® /second?.

(a) Formulate the initial value problem for the rocket’s position.

(b) Find the velocity of the rocket as a function of position.

(c) How far away from the earth is the rocket when it stops moving and starts to fall back?

(AB 4) A particle of mass m = 3 kg a distance r from an infinitely long string experiences a force due to
gravity of magnitude Gm/r, where G' = 2000 meters?/second?, directed directly toward the string. Suppose
that the particle is initially 1000 meters from the string and takes off with initial velocity 200 meters/second
directly away from the string.

(a) Formulate the initial value problem for the particle’s position.

(b) Find the velocity of the particle as a function of position.

(c¢) How far away from the string is the particle when it stops moving and starts to fall back?

(AB 5) Using the definition £{f(¢)} = [, e~*! f(t)dt (not the table on the front of the exam), find the
Laplace transforms of the following functions.
(a) f(t) =t
(b) f(t) =e
3, 0<t<4,

© ro={o 95,

(AB 6) Find the Laplace transforms of the following functions. You may use the table on the front of the

cosdt, t<m,
sindt, t>mw

0, t<m/2,
cost, w/2<t<m,
0, t>m

(a) F(t) =% +56 44
(b) f(t) = (t+2)?
() f(t) = QeAt+7
(d) f(t) = —e32)
(e) f(t)=(e"+1)
(f) f(t) = 8sin(3t) — 4 cos(3t)
(g) f(t) =t
(h) f(t) = 7e® cos 4t
(i) f(t) = 4etsin5t
() f@t)= tetosmt 3
. t<3,
(k) f(t) = {et, t>3,
0, t<1,
() ft)= {t2_2t+2, t>1,
0, t<1,
0, t>2
5e%t, t <3,
(n) f(t):{()’ t>3
7t26_t7 t <3,
(0) f(t){o’ t>3



(AB 7) For each of the following problems, find y.
(a) L{y} = 2550
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(c) £y} = e
(d) £{y} = =%
(
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8) L} = e
h) £{y} = S0
() iy} = =2

() L4y} = (orioe

(k) £{y} = m
() £{y} = =25 £{Vt}

(AB 8) Solve the following initial-value problems using the Laplace transform. Do you expect the graphs
2
of y, dff, or t;‘;’ to show any corners or jump discontinuities? If so, at what values of ¢?7

(a) W — 9y =sin3t, y(0) =1

(b) ¢ —2y =3e*, y(0) =2

(c) dy+5y—t3 y(0) =3
2

(d) %—4%’+4y=0 y(0) =1,y'(0) =

(e) ¥ — 2 +2y=c” ,y<>—o,y'<o>

(f)%—?dulzy_e ty(0) = 2,y'0):3

(g)%—6dy+8y t2e2, y(0) =3, y/(0) = 2

(h) 3273—43,:6 sin(3t), (0) 0, y’(O):

(i) G + 9y = cos(2t), y(0) = 1, y'(0) =

N 2, 0<t<4

(J)(fz‘t’+3y={0, 1<t (0)=2,y(0)=0
d2 sint, 0<t<2m,

W) freay= {3 5T w0 =000 =0
P2y 1, 0<t<10, o

W g+t ra={y 36T w0 =0 v -0
3 0, 0<t<2,

) st sty ={§ 055 F 0 =300 =10 -2,
22 sint, 0<t<m,

) 4+ = {3 VST 0 =150 =0
2 0, 0<t<2,

0 g +agray={3 JZ1°P 0 =2 y0 =1

(p) ¥ + 9y = tsin(3), y(0) = 0, y'(0) = 0

(q) G# + 9y = sin(3t), y(0) = 0,4/(0) =0

)
)
) 2
()‘;té’+5 +6y=vit1,y(0)=2 ¢ (0)=1
(s) 6?,;’ +5f%’+y=4u(t—2), y(0) =0, y/(0) = 1.
(t) 4
)
)
)

¢ at Y+ 9y ="76(t—2),y(0)=3.
(u %+4y——26(t—47r) y(0) =1/2, ' (0) =0
(v) GH +4% +3y—26(t—1)+u(t— 2), y(0) =1, y'(0) =0

3
Ty — 235 W — 2y =56(t—4), y(0) =1, 5(0) =0, y"(0) = 2.



(AB 9) Consider the following system of tanks. Tank A initially contains 200 L of water in which 3 kg
of salt have been dissolved, and Tank B initially contains 300 L of water in which 2 kg of salt have been
dissolved. Salt water flows into each tank at the rates shown, and the well-stirred solution flows between the
two tanks and is drained away through the pipes shown at the indicated rates.

4 L/min

6 L/min
pure water

2 L/min
5g/L

4 L/min
mixture

5 L/min

mixture

Write the differential equations and initial conditions that describe the amount of salt in each tank.



Answer key

(Answer 1) We have that 4% = 92492 — 49v apd also ¢ = %. Thus v42 = 1823, v(1) = 3. Solving, we

see that v = 3z2.
But then %ﬂg — 3;527 2(0) =1, and so x = 71—13t'

(Answer 2) Let 0 be the angle between the pendulum and a vertical line (in radians), and let ¢ denote time

in seconds. Then 2
d 9.8 . ,
Let w = % be the pendulum’s angular velocity. We have that %} = ‘é—‘g% = wz—“e’ and also ‘3—‘;’ = %.
Thus w‘;—‘g = —1% 5in 6 and w(0) = 20. Solving, we see that tw? = 128 cosf + 234

(Answer 3)
(a) The initial value problem is

d2 3.98 x 107
1000# = —:72, r(0) = 6371000, r'(0) = 10000

where r denotes the distance to the center of the earth in meters and ¢ denotes time in seconds.
(b) Let v be the rocket’s velocity in meters/second. We have that

17
10000% _ _M7 v(6371000) = 10000

and so ”
2= P60 s w107

(¢) v =0 when r = 3.191 x 107 meters.

(Answer 4)
(a) The initial value problem is

d*r 6000

/
2 =~ (0)=1000, +'(0)=200

)

where r denotes the distance to the string in meters and ¢ denotes time in seconds.
(b) Let v be the particle’s velocity in meters/second. We have that

d
gp 30— 0900 000) = 200

dr r

and so
v? = —4000 Inr + 4000 In 1000 + 40000.

(¢) v =0 when r = 1000e!® meters.

(Answer 5)
(a) £{t}= .

s+11°
(¢) L{f(t)} = 3=3",

s



(Answer 6)
(a) L{t'+5t2 44} =9 4 10 4

_ 3 5 12 8
4
(b) £{(t+2)%} = c{t>+6t +12t+8}f +124+1248
(C) £{9€4t+7} £{9€7€4t}
—6
(d) ﬁ{ e3(t— 2)} ﬁ{ e—6 Bt}ii
(e) £{(e' +1)%} = £{e +2¢! +1}—9 5+ o7+t
(f) £{8sin(3t) — 4cos(3t)} = 52+9 24_i9.
(g) £{t2 St} - (S 5)3
(h) £{7e3 cosdt} = %.
(1) £{46 sin 5t} (3_"_12)%
(j) citetsint} = 23927;%)2
0, t<3, =353
(k) If f(2) {et, >3 then £{f(t)} = <.
t<1 -
V10 = {5 s, ¢34 ten el = (24 3),
0, <1, - B B
) If () {t—2 1<t<2 then £{f(t)} = & — &~ — <.
0, t>2
2ta t < 33 ebe3s
) If £(1) {0 t>3then£{f()} 25— dee
Tt2e7t, t <3, o—35—3 o—35—3 o853
S {O, ¢ > 3, then L{f()} = e — e~ ornr e
cos3t, t<m, s Crs s s
) T 7() {smSt t >, then ﬁ{f(t)}:@“ 249 € s%%)'
t<m/2
) If f(2) CObt 7/2 <t <m, then £{f(t)} = —e~™5/? 2+1 +e ™S
t>m,
",2_ . 2
(r) £ {t251n5t} - %;)“’5)
(Answer 7)
(a) If £{y} = SQiSQJ;i5, then y = 2e~% cos(2t) + 3e~t sin(2t)

(b) If £{y} = 5127, then y = 2¢2 — 7¢3

(c) If £{y} = (s+1)4, then y = St%e~" + t3 —t
(d) If £{y} = 2=3, then y = (1/4)e*" + (7/4) —2
(

(

)
)
)
e) If £{y} = ﬁ, then y = & + 5t — 27e3t + 5tedt
) If £{y} = 9(§2+4), then y = 1 — L cos(2t) + 1 sin(2t)
(g) It c{y} = GTIT(=50) then y = Lcost — £ cos3t
(h) If £{y} = %7 then y =2 Y(t — 2) e! =2 cos(t — 2) +U(t — 2) e! =2 sin(t — 2)
(i) If £y} = =2, then y = Lua(t — 1) 0D + Ly(t — 1) e
() I c{y} = 7oy then y = fg % sin3r cos(3t — 3r) dr = +tsin(3t)
— 4 — o2t [ ; 1,2t 1,—2t
= ToTi.Te = =7 5
(k) If £{y} = +4S+8) then y = e~ [ sin( 2r) sin(2t — 2r) dr = e~ *'sin(2t) — e~ *"t cos(2t)
)

() If £{y} = =55 £{V1}, then y = t £te ™ S dr.




(Answer 8)
(a) If & — 9y = sin3t, y(0) = 1, then y(t) = — = sin 3¢ — & cos 3t + 2.

b) If & — 2y = 3¢2t, y(0) = 2, then y = 3te? + 22t
i 1 1881
(c) If ¢ 45y =3, y(0) =3, then y = £13 — 212 + St — 5oz + e
2
(d) 1f % —4% 4 4y =0, y(0) = 1, y'(0) = 1, then y(t) = ** — te?’.
(e) If L4 — 2% 4 2y ==, y(0) =0, y'(0) = 1, then y(t) = L(e™* — e’ cost + Te' sint).
(f) If ‘g%’ — 7% 412y = €%, y(0) =2, y'(0) = 3, then y(t) = 4e — 2e — te3.
If dz—%’ — 6% 4 8y = t2e2, y(0) = 3, /(0) = 2, then y(t) = —LBedt 4 39020 _ 1yp2t _ 142020 43,2t
g d dat Y Y Y Y 3 3 1 2
(h) If ‘;2727’ — 4y = e'sin(3t), y(0) = 0, y'(0) = 0, then y(t) = {5e* — LHe 2! — kel cos(3t) — e’ sin(3t).
(i) If T¥ + 9y = cos(2t), y(0) = 1, y'(0) = 5, then y(t) = L cos 2t + cos 3t + 3 sin 3t.
2, 0<t<4
) Ifiz+3y:{  0St<d )= 2, then
0, 4<t
2 2 _ 2 2 _
y(t) = g — ge 3t _ gu(t74) + gu(t74)€12 St.

The graph of y has a corner at ¢t = 4. The graph of % has a jump at t = 4.

<1 <
(k) If,ft%,+4y:{slnt, 0<t<2m,

0 o <t ,4(0) =0, ¥/(0) =0, then

y(t) = (1/6)(1 —U(t — 2m))(2sint — sin 2t).

The graph of ©y has a corner at t = 27.

dt?
1, 0<t<10,

d? d
() Ifdt%’—l—i%d?;—i-2y:{07 10<t ,y(0) =0, ¥'(0) = 0, then

L 11
y(t) = 5 + 56—225 —e bt U(t _ 10) 5 + 56—2(15—10) - e_(t_l()) .

The graph of ‘C% has a corner at ¢ = 10. The graph of % has a jump discontinuity at ¢ = 10.

. . 0, 0<t<2,
(m) If$f+3£g+3‘§;+y:{

4, 2<t , 9(0) =3, 4'(0) =2, y"(0) = 1, then

y(t) = 3e "+ 5te ! Fat?e Tt 4yt — 2)(4 — 4Tt —4te® Tt - 2(t — 2)%e*TH).
The graph of % has a corner at ¢t = 2. The graph of % has a jump discontinuity at ¢t = 2.

2 sint, 0<t<m,
(n) Iffué’ﬂLfl‘?JrZy:{o ~=¢  (0)=1,9(0) =0, then

1
y(t) = et % cost + ie_tm sint

+U(t—m) (13 cos(t —m) + % sin(t — 7r)>

4 16
_ e (t=m) /2 Gin(t — e (t=m)/2 _
+uUl(t 7r)<17e sin(t — ) + 7€ cos(t 77))

The graph of % has a corner at ¢t = 7.



0, 0<t<2,
(0) fflit;l+4 +4y—{3 9 < ¢ , y(0) =2, ¥/(0) =1, then

3 3 3
y(t) = 2e % + 5te 2" + Zug(t) - ie_2t+4uz(t) - E(t —2)e 2y, ().

The graph of Y has a corner at t = 2. The graph of 4 dt2 has a jump at ¢ = 2.

(p) It fthy +9y = tbln(St) y(0) =0, y'(0) = 0, then y(t) = 3 fo 7 sin 3rsin(3t — 3r) dr.

(q) If thy + 9y = sin(3t), y(0) =0, ¢’ (0) = 0, then y(t) = %fot sin 3rsin(3t — 3r) dr = & sin 3t — ¢ cos 3t.
(r) If (fhg W16y =i+ 1,y(0) =2,/(0) =1, then y(t) = Te 2 ~5e 3+ [} (e "> —e %)/t —r + Ldr.
(s) 6% + 5% 1y = 494(t - 2), y(0) = 0, y/(0) = 1, then

y=06e"t3 —6et? 14yt —2) — 12Ut — 2)e” DB L8y (t — 2)e172/2,

The graph of y/(t) has a corner at ¢ = 2, and the graph of y”(¢) has a jump at ¢t = 2. The graph of
y'(t) has a corner at (2,0.0768), and at ¢ = 2, the graph of y”(¢) jumps from —0.2095 to 0.45712.

(t) If & 4+ 9y = 75(t — 2), y(0) = 3, then y(t) = 3¢~ + T1(t — 2)e~"*+'8. The graph of y(¢) has a jump
at t = 2.

(u) If f’itéf +4y = 6(t — 4x), y(0) = 1/2, 3/(0) = 0, then

y= % cos(2t) — U(t — 4m) sin(2t).

The graph of y(t) has a corner at ¢t = 4, and graph of 3/(¢) has a jump at ¢t = 47. The graph of y(t)
has a corner at (4m,1/2), and at ¢ = 4, the graph of y'(¢) jumps from 0 to —2. (y”(t) is hard to
graph because the impulse function §(¢ — 4r) is part of y”(¢).)

(v) T S8 4498 4 3y — 25(t — 1) + u(t — 2), y(0) = 1, 4/(0) = 0, then

az
1 1 1 1 1 1
y= ge*t - 567375-1— 5 Ut—1)e - 5 Ut—1)e 334 3 Ult—2)— ie*t“ Ult—2)+ 8 U(t—2)e 376,

The graph of y(¢) has a corner at ¢t = 1. The graph of y/(¢) has a corner at ¢ = 2, and a jump at t = 1.
y"(t) has an impulse at ¢ = 1, and a jump at ¢ = 2. The graph of y(¢) has a corner at (1,0.5269).
The graph of 3/(¢) has a corner at (2, —0.3085), and at ¢t = 1 the graph of y/(¢) jumps from —0.4771
to 0.5229. y”( ) has an impulse at t = 1, and at t = 2, y”/(¢) jumps from 0.1517 to 1.1517.

(w) It Ly — 2%y _du 4 oy — 55(¢ — 4), y(0) = 3, 4/ (0) = 0, y(0) = 0, then

at3 dt?

3 4 2
y=—e*+ gcostf gsint+u(t74)(62t —cost — 2sint)

5
The graph of dy has a corner at t = 4, and the graph of 4 %% has a jump at ¢ = 4. The function %
has an 1mpulse at t=4.
(Answer 9) Let ¢ denote time (in minutes).
Let = denote the amount of salt (in grams) in tank A.
Let y denote the amount of salt (in grams) in tank B.
Then z(0) = 3000 and y(0) = 2000.
If ¢t < 50, then
dx 9z 3y dy 4z Ty

d  200—4t 300+ 3¢ dt — 200—4t 300+ 3t



