Math 2584, Fall 2017

You are allowed a double-sided, 3 inch by 5 inch card of notes.

(AB 1) Find the general solution to the following differential equations.

SHE -9y =2e"+e "+ 5t+2.
W—4%+4y:362t+5wst.

(a) L4+ 128 + 85—

(b) %+4%+2y=0.

() T4 — 65¥ +4% — 24y =0,
(d) 2%" +y=0.

(e) ‘37%—8%4—16;/:0.

(f) 654 +5% 4y = 3¢,

(g) 16% —y =e'/*sint.

(h) ‘(11%/ + 49y = 3t sin 7t.

(i) b — 4% = 4™,

() L% 4+ 1292 4 85y — tsin(3t).
(k) Ly 3% _ 10y = 7e.

() 16% — 24‘;—7*{ + 9y = 6t% + cos(2t).
(m) ‘ZTQ - 6% + 25y = t2e3¢,

(n) % +10% 4 25y = 3¢~
(o) fley +5% 4+ 6y = 3cos(2t).
(p) ‘fng + 6%’ + 9y = 5sin(4t).
(q) L4+ 9y = 5sin(3t).

(1) G + 25y =26

(s) G +29¢ =3t

(t) Ly — 798 4 12y — 5t 4 cos(21).

)
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(AB 2) Solve the following initial-value problems. Express your answers in terms of real functions.
2
) 1654 —y =3¢, y(0) =1,/ (0) = 0.
(b) S +49y =sinTt, y(r) =3, y'(7) = 4.
2
(c) $¥ +3% — 10y = 252, y(2) = 0, y'(2) = 3.
2
(d) 994 + 6% 1 2y =0, y(0) = 3, ¥/ (0) = 2.
(e) T +10% 1+ 25y =0, y(0) = 1, y/(0) = 4.
2
(f) L4 — 4% = 4¢3, y(0) =1, y'(0) = 3.

(AB 3) Find the general solution to the equation ‘fi%’ — 2%’ +y = ellnt on the interval 0 < t < oco.

(AB 4) Find the general solution to the equation ‘;273 + 4% +4y = e 2t arctant.

2

(AB 5) Find the general solution to the equation ‘273 + 3‘2—? + 2y = sin(e?).

(1/&53 6) Solve the initial-value problem % +9y = 9sec? 3t, y(0) = 4, ' (0) = 6, on the interval —7/6 < t <
/6.



(AB 7) The general solution to the differential equation t2% —2y=0,t>0,is y(t) = C1#> + Cat 1. Solve

the initial-value problem tz% —2y =173, y(1) = 1, y'(1) = 2 on the interval 0 < t < co.

(AB 8) The general solution to the differential equation t2f§27§ - t% —3y=0,t>0,isy(t) = C1t3 + Cot L.

Find the general solution to the differential equation tQ% - t% — 3y =6t 1.
(AB 9) An object weighing 5 lbs stretches a spring 4 inches. It is attached to a viscous damper with
damping constant 16 1b-sec/ft. The object is pulled down an additional 2 inches and is released with initial
velocity 3 ft/sec upwards.

Write the differential equation and initial conditions that describe the position of the object.

(AB 10) A 2-kg object is attached to a spring with constant 80 N/m and to a viscous damper with damping
constant 3. The object is pulled down to 10cm below its equilibrium position and released with no initial
velocity.

Write the differential equation and initial conditions that describe the position of the object.

If 8 =20 N-s/m, is the system overdamped, underdamped, or critically damped? Do you expect to see
decaying oscillations in the solutions?

If 5 =30 N-s/m, is the system overdamped, underdamped, or critically damped? Do you expect to see
decaying oscillations in the solutions?

(AB 11) A 3-kg object is attached to a spring with constant & and to a viscous damper with damping
constant 42 N-sec/m. The object is set in motion from its equilibrium position with initial velocity 5 m/s
downwards.

Write the differential equation and initial conditions that describe the position of the object.

If £ =100 N/m, is the system overdamped, underdamped, or critically damped? Do you expect to see
decaying oscillations in the solutions?

If K =200 N/m, is the system overdamped, underdamped, or critically damped? Do you expect to see
decaying oscillations in the solutions?

(AB 12) A 4-kg object is attached to a spring with constant 70 N/m and to a viscous damper with damping
constant 8. The object is pushed up to 5cm above its equilibrium position and released with initial velocity
3 m/s downwards.

Write the differential equation and initial conditions that describe the position of the object. Then find
the value of § for which the system is critically damped. Be sure to include units for 5.

(AB 13) An object of mass m is attached to a spring with constant 80 N/m and to a viscous damper with
damping constant 20 N-s/m. The object is pulled down to 5cm below its equilibrium position and released
with initial velocity 3 m/s downwards.

Write the differential equation and initial conditions that describe the position of the object. Then find
the value of m for which the system is critically damped. Be sure to include units for m.

(AB 14) A 3-kg mass stretches a spring 5 cm. It is attached to a viscous damper with damping constant 27
N-s/m and is initially at rest at equilibrium. At time ¢ = 0, an external force begins to act on the object;
at time ¢ seconds, the force is 3 cos(20t) N upwards.

Write the differential equation and initial conditions that describe the position of the object.

(AB 15) An object weighing 4 lbs stretches a spring 2 inches. It is initially at rest at equilibrium. At time
t = 0, an external force begins to act on the object; at time ¢ seconds, the force is 3 cos(wt) pounds, directed
upwards. There is no damping.

Write the differential equation and initial conditions that describe the position of the object. Then find
the value of w for which resonance occurs. Be sure to include units for w.



(AB 16) A 4-kg object is suspended from a spring. There is no damping. It is initially at rest at equilibrium.
At time ¢t = 0, an external force begins to act on the object; at time ¢ seconds, the force is 7sin(wt) pounds,
directed upwards.
(a) Write the differential equation and initial conditions that describe the position of the object.
(b) It is observed that resonance occurs when w = 20 rad/sec. What is the constant of the spring? Be
sure to include units.



Answer key

(Answer 1)

(a) If ‘jltg +12% 4 85y =0, then y = C1e % cos(7t) + Coe ™% sin(7t).

(b) If Zté’ 4dy +2y =0, then y = Cye(~2HVDt 4 Che(-2-V2)E,

(c) If (fité’ — Gflté’ + 4dy 24y = 0, then y = C1e% 4 Cy cos 2t + Cs sin 2t.

(d) If it;{ +y =0, then y = Cre~t + Cyet/? cos @t + Cset/2sin @t.

(e) If flitff — S?ﬁfg + 16y = 0, then y = Cre?t + Cote® 4+ Cze™2t + Cyte 2.

(f) The general solution to 6dt2 +5 Upy=0isy, =Cre 24+ Cre /3. To solve 6dt2 + 5 4ty =2t
we make the guess y, = Ae4t The solution is y = Cre 42 4 Che~t/3 4 Lett,

(g) The general solution to 16%y Y —y=0isy, = Cret/* + Cre~¥/*. To solve 16W —y = et/*sint we
make the guess y, = Ae!/*sint + Be'/* cost. The solution is y = Cyet/* + Coe™t/4 — (1/20)e!/* sint —
(1/40)et/* cost.

(h) The general solution to % +49y = 0is y4 = Cysin7t + Cycos 7t. To solve ‘g%’ + 49y = 3tsin Tt
we make the guess y, = At?sin 7t + Btsin 7t + Ct? cos Tt + Dt cos Tt. The solution is y = Cy sin 7t +
Co cos Tt — (3/28)t? cos 7t - (3/4)tsin 7t.

2

(i) The general solution to dtQ — 4dy = 0is y, = C1 + Cae*. To solve ?173 — ?;t’ = 4¢3 we make the

guess y, = Ae3'. The solut1on is y = Cy + Cye* — (4/3)e3.
j The general solution to ¥ + 12dy + 85y = 0is y, = Cre 5 cos(Tt) + Cre % sin(7t). To solve
i 9
dt2 + 12 Y 4 85y = tsin(3t) we make the guess y, = Atsin(3t) 4+ Bt cos(3t) + C'sin(3t) + D cos(3t).
The bolutlon is
19 9 1 606
y = Cre % cos(Tt) 4+ Coe ™5 sin(7t) + 1768tsin(3t) - 1768t cos(3t) — =S1456 sin(3t) + R1AEG cos(3t).

(k) The general solution to dtQ Y+ 3 —10y = 0is y, = C1e?* + Cre 5. To solve 4 S+ 3dy 10y = 7e~
we make the guess y, = Ate 5t The solution is y = Che? + Cae™ — (1/7)te=5t.

(I) The general solution to 164y = - 24dy +9y =01isyy = = C1eB/Nt L Cyte3/Dt To solve 162y = - 24% +
9y = 6t% + cos(2t) we make the guess y, = At> + Bt + C + D cos(2t) + Esm(2t). The solution is
y = 0B/t 1 Oy te(3/4>t (2/3)t% 4 (32/9)t + 64/9 — (48/5329) cos(2t) — (55/5329) sin(2t).

2

(m) The general solution to dtz - 6dy + 25y = 0 is y, = C1e% cos(4t) + Cae3tsin(4t). To solve fliTQy -
6% + 25y = t2e3" we make the guess y, = At?e3' + Bte3' + Ce3'. The solution is y = C1e3 cos(4t) +
Coe3tsin(4t) + (1/16)t%e3! (1/128) 3t

(n) The general solution to d; —|—1O Y425y = 0is y, = Cre*'+Cote . Tosolve ——&—10 4425y = 3e !
we make the guess y, = At%e 5t The solution is y = Cre™> + C’gte 5t 4 (3/2) t? *5’5

(o) The general solution to dty +5dy +6y = 0isy, = Cre 2+ Che3". To solve dtg +5dy +6y = 3cos(2t),
vge make the guess y, = Acos(2t) + Bsin(2t). The solution is y = Cie~2 + (s e_3t + 2 sin(2t) +
£5 cos(2t).

(p) The general solution to dt2 +6 449y = 0is yy = Cre” 3" +Cote 3. To solve 4 dt2 +6 Y 19y = 5sin(4t),
we make the guess y, = A cos(4t) + Bsin(4t).

(q) The general solution to ‘;273 +9y = 0 is y, = Cy cos(3t) + Cy sin(3t). To solve 2 dt? +9y = 5sm(3t)
make the guess y, = C1tcos(3t) + Catsin(3t). The solution is y = C1 cos(3t) + Co sin(3t) — 6tcos(3t).

(r) The general solution to dté’ + 2 s Ty=0isy, = Cret + Cote™*. To solve dt%’ + 2 Tty = 2t2, we
make the guess y, = At? + Bt + C’ The solution is y = Cre™t + Cgte_t + 2t% — 8t + 12

(s) The general solution to dt2 + Qdy =01is y, = C1 + Coe 2. To solve 4 dt2 + Zdy = 3t, we make the

guess y, = At? + Bt. The Solutlon is y = C + Coe™2t + 3t2 t.



(t) The general solution to W_7 Y412y = 0isy, = C1e3+Cset. To solve 4 5 7dy+12y = Bt+-cos(2t),

we make the guess y, = At + B + C'cos(2t) + D sin(2t).
(u) The general solution to % —9y =0is y, = C1e% 4+ Cre73. To solve d’% — 9y = 2’ + et + 5t + 2,
we make the guess y, = Aet +Be t4+Ct+ D.

(v) The general solution to 4 dt2 4dy +4y = 0is y, = C1e*'+Cste?'. To solve 4 o
we make the guess y, = At%e 21" + Bcost + C'sint.

f2 4dy +4y = 3e?' +5 cost,

(Answer 2)
(a) If 164y Yy = 3et, y(0) =1, y/(0) = 0, then y(t) = %et + % —t/4,

(b) If flitg + 49y =sinTt, y(r) =3, y/(r) = 4, then y(t) = — 4t cos(7t) + T2 cos(7t) — 32 sin(Tt).

(c) If ‘;ﬁy — 10y = 25t2, y(2) = 0, y'(2) = 0, then y(t) = —3t> — 3t + % + éée% 4 335066_5t+10
(d) If 9223 + 6‘;;/ +2y =0, y(0) = 3, /' (0) = 2, then y = 3e~t/3 cos(t/3) + 9e~ /3 sin(t/3).

(e) If ‘flé’ +10% + 25y =0, y(0) = 1, y'(0) = 4, then y = e~ + 9te .

(f) If 24 — 49 = 4¢3, y(0) = 1, y/(0) = 3, then y(t) = —ge* + Tet + L.

(Answer 3) If CC%’ —2% 4y =ellnt, then y(t) = c1 ¢! + cate + Lt2el Int — 3¢2¢! for all t > 0.
(Answer 4)) If g; + 4 Y 44y = e~*'arctant, then y(t) = ci e + cote ™ + L(t?arctant — tIn(1 + ) —
t + arctant).

(Answer 5) If ¢

Y + 3% 4 2y = sin(e!), then y = cre! + cae™2t — e ! sin(e?).

(Answer 6) If 2 S+ 9y = 9sec? 3¢, y(0) = 4, /(0) = 6, then
y(t) = 5cos(3t) + 2sin(3t) + (sin(3t)) In(tan(3t) + sec(3t)) —
for all —7/6 <t < 7/6.

(Answer 7) If tQW —2y =783, y(1) =1, y/(1) = 2, then y(t) = 7¢3 — 24> + Tt~! for all 0 < ¢ < o0.

(Answer 8) If t* fljt%’ d’{ — 3y =06t"", then y(t) = =3t ' Int 4+ C1t3 4+ Cot ™! for all t > 0.
(Answer 9) Let ¢ denote time (in seconds) and let x denote the object’s displacement above equilibrium
(in feet). Then

5 d*x dx 1

sy gz 16 +15r=0,  2(0)=—7, 2/(0)=3.

(Answer 10) Let ¢ denote time (in seconds) and let 2 denote the object’s displacement above equilibrium
(in meters). Then

dzx

dt2

If 8 =20 N-s/m, then the system is underdamped, and we do expect to see decaying oscillations.

If 8 =30 N-s/m, then the system overdamped, and we do not expect to see decaying oscillations.

+ ﬁ + 80z =0, z(0) = —0.1, 2/(0) = 0.



(Answer 11) Let ¢ denote time (in seconds) and let 2 denote the object’s displacement above equilibrium
(in meters). Then
d’*z dx i B S
3@ 2E+ x =0, z(0) =0, 2'(0)=-5.
If £ =100 N/m, then the system is overdamped, and we do not expect to see decaying oscillations.
If k£ = 200 N/m, then the system underdamped, and we do expect to see decaying oscillations.

(Answer 12) Let ¢t denote time (in seconds) and let & denote the object’s displacement above equilibrium
(in meters). Then

de

dt2

Critical damping occurs when = 44/70 N -s/m.

+ ﬁ— + 70z = x(0) =0.05, 2'(0) = —3.

(Answer 13) Let t denote time (in seconds) and let x denote the object’s displacement above equilibrium
(in meters). Then

d2 dz ,
mos + ZOd— + 80z =0, x(0) = —0.05, 2'(0) = —3.
Critical damping occurs when m = g kg.

(Answer 14) Let ¢ denote time (in seconds) and let « denote the object’s displacement above equilibrium
(in meters).
Then
3d2—x + 27d— + 588z = 3 cos(20t), uw(0) =0, «(0)=0
dt? dt - -

(Answer 15) Let ¢ denote time (in seconds) and let « denote the object’s displacement above equilibrium
(in feet). Then
4 d*z

R + 24z = 3 cos(wt), x(0) =0, 2'(0)=0.

Resonance occurs when w = 8v/3 s!
(Answer 16)

(a) Let t denote time (in seconds) and let 2 denote the object’s displacement above equilibrium (in feet).
Let k denote the constant of the spring (in N-s/m). Then

d2
4@ + kx = Tsin(wt), z(0) =0, 2'(0)=0.

(b) The spring constant is & = 1600 N-s/m.



