Math 2584, Fall 2017

If you need it, the following will be printed on the back of the exam:

Euler’s formula states that, if 6 is any real number, then e’ = cos 6 + isin .

The acceleration of gravity (on Earth) is 9.8 meters/second?; alternatively, gravity exerts a force of 9.8
newtons per kilogram.

If an object of mass M kilograms is subjected to a force of F newtons, and its position is z meters and

its velocity is v meters/second?, then Newton’s second law states that F' = M % = M2L2 where t denotes

dt2 )
time (in seconds).

. 1. 1.
sinzcosy = 5 sin(z +y) + 5 sin(z — )
1 1
cosTCosY = 5 cos(z +y) + 3 cos(z — y)

sinxsiny = B cos(z —y) — 5 cos(z + y)

Here are some Laplace transforms:

C{f(0) = / Tty i

1
1
at\ __
L{e }_75—(1’ s>a
n n!
£{t }:TH, 5> 0, n>0
S
£{COS(kt)} = m, s>0
. k
L:{Sln(kt)} = m, s>0

If £{f(t)} = F(s) then £{e*" f(1)} = F(s —a),
LHF(s)} =e" £ YHF (s +a)},

—CS8

(&

Lty = —. 5> 0, c>0
L{6(t—c)} =e"°, 5> 0, c>0
LUt =) f(O)} = e L{f(t+ )}, c>0
L{U(t = c)g(t — )} = e~ L{g(t)}, ¢=0

{0 = s L(®) - v(0)

(AB 1) An object weighing 5 lbs stretches a spring 4 inches. It is attached to a viscous damper with
damping constant 16 1b-sec/ft. The object is pulled down an additional 2 inches and is released with initial
velocity 3 ft/sec upwards.

Write the differential equation and initial conditions that describe the position of the object.



(AB 2) A 2-kg object is attached to a spring with constant 80 N/m and to a viscous damper with damping
constant 3. The object is pulled down to 10cm below its equilibrium position and released with no initial
velocity.

Write the differential equation and initial conditions that describe the position of the object. Then find
the value of 8 for which the system is critically damped. Be sure to include units for 5.

(AB 3) A 3-kg mass stretches a spring 5 cm. It is attached to a viscous damper with damping constant 27
N-s/m and is initially at rest at equilibrium. At time ¢ = 0, an external force begins to act on the object;
at time ¢ seconds, the force is 3 cos(20t) N upwards.

Write the differential equation and initial conditions that describe the position of the object.

(AB 4) An object weighing 4 lbs stretches a spring 2 inches. It is initially at rest at equilibrium. At time
t = 0, an external force begins to act on the object; at time ¢ seconds, the force is 3 cos(wt) pounds, directed
upwards. There is no damping.

Write the differential equation and initial conditions that describe the position of the object. Then find
the value of w for which resonance occurs. Be sure to include units for w.

(AB 5) Suppose that 4% = 1823, 2(0) = 1, 2/(0) = 3. Let v = %%, Find a formula for v in terms of z.
Then find a formula for z in terms of t.

(AB 6) Suppose that a bob of mass 300g hangs from a pendulum of length 15cm. The pendulum is set in
motion from its equilibrium point with an initial velocity of 3 meters/second.

Write the differential equation and initial conditions that describe the pendulum’s motion. Then find a
formula for the pendulum’s angular velocity in terms of its position.

(AB T7) Suppose that a rocket of mass m = 1000 kg is launched straight up from the surface of the earth
with initial velocity 10 km/sec. The radius of the earth is 6,371 km. When the rocket is r meters from the
center of the earth, it experiences a force due to gravity of magnitude GMm/r?, where GM = 3.98 x 104
meters® /second?.

(a) Formulate the initial value problem for the particle’s position.

(b) Find the velocity of the particle as a function of position.

(c) How far away from the string is the particle when it stops moving and starts to fall back?

(AB 8) A particle of mass m = 3 kg a distance r from an infinitely long string experiences a force due to
gravity of magnitude Gm/r, where G' = 2000 meters?/second?, directed directly toward the string. Suppose
that the particle is initially 1000 meters from the string and takes off with initial velocity 200 meters/second
directly away from the string.

(a) Formulate the initial value problem for the particle’s position.

(b) Find the velocity of the particle as a function of position.

(c) How far away from the string is the particle when it stops moving and starts to fall back?

(AB 9) Using the definition £{f(t)} = [;° e~ f(t)dt (not the table on the front of the exam), find the
Laplace transforms of the following functions.
(a) f ( ) t
( b) e—llt
0<t<4,
4<t



(AB 10) Find the Laplace transforms of the following functions. You may use the table on the front of the
exam.
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(AB 11) For each of the following problems, find y.
(a) iy} = 250

(b) L{y} = %472
(c) iy} = e
(d) c{y} = %=3
(e) L{y} = @
(f) iy} = 3(%34)
(&) L{v} = 5
(h) iy} = &0
. s—2)e *
(i) £{y} =52



(AB 12) Solve the following initial-value problems using the Laplace transform.

(a) ‘% — 9y =sin3t, y(0) =1
(b) % — 2y = 3e2t, y(0) =2
(c) % +5y=1t3y(0)=3
(d) 2% —4% 44y =0,y(0) =1,/ (0) =1
(&) ¥ — 2 +2y =", y(0) =0, y/(0) = 1
(f) ‘3Ty —TE 12y =€, y(0) =2, y/(0) = 3
(g) G — 6% +8y =1, y(0) =3, y/(0) =2
(h) T — 4y = ' sin(3t), (0) = 0, y'(0) = 0
)
)

2
G+ 9y = cos(2t), y(0) =1, y'(0) =5
d2y [ sint, 0<t <27,

d2 d 1, 0§t<10,

W fresge={y ST 0 =00 =0
d2 d 5 sint, 0<t<m, - -
(1)(1,3+?+4y—{0, r<t YO =1Ly0)=0
0, 0<t<2,

d? d
(m)dé’+4di’+4y—{3’ o<y Y

(AB 13) Solve the following initial-value problems using the Laplace transform.
(a) 6‘;% + 5% +y = 4dus(t), y(0) =0, y'(0) = 1.
(b) W 19y =75(t —2), y(0) = 3.

(¢) Ly 44y = —25(t — 4r), y(0) = 1/2, y/(0) = 0

(d) 4+ 4% 43y = 25(t — 1) + us(t), y(0) = 1, ¥/(0) = 0



Answer key

(Answer 1) Let ¢ denote time (in seconds) and let x denote the object’s displacement above equilibrium
(in feet). Then
5 d*x dz 1

sz Tl te=0,  #(0)=—¢, o(0)=3.

(Answer 2) Let ¢ denote time (in seconds) and let x denote the object’s displacement above equilibrium

(in meters). Then
d*x dx ,
20+ B 4800 =0, w(0) =01, &'(0)=0.

Critical damping occurs when = 8v/10 N -s/m.

(Answer 3) Let ¢ denote time (in seconds) and let x denote the object’s displacement above equilibrium
(in meters).

Then P2 J
T X ’

(Answer 4) Let ¢ denote time (in seconds) and let x denote the object’s displacement above equilibrium
(in feet). Then
4 d?
372d7t§ + 242 = 3 cos(wt), z(0) =0, 2'(0)=0.
Resonance occurs when w = 8v/3 1.

(Answer 5) We have that 4% = 9292 — 4,90 apd also ¢ = %. Thus v = 1823, v(1) = 3. Solving, we
see that v = 322

But then % = 322, 2(0) = 1, and so z = ==
(Answer 6) Let 0 be the angle between the pendulum and a vertical line (in radians), and let ¢ denote time

in Seconds. Then B
B— = ——si = ’(0) = 20.
0.3 % ' sinf, 0(0) =0, 6(0) 0

— do s ; dw _ dwdf _  dw o dw — d°0
Let w = 9 be the pendulum’s angular velocity. We have that %2 = 2% = w and also 7 = %=.

Thus w%s = — 1% gin § and w(0) = 20. Solving, we see that jw? = 19¢ cos § + 43¢,



(Answer 7)
(a) The initial value problem is

2 ) 1 17
1000ﬂ _ _3 98 x 10

= S, r(0) = 6371000, '(0) = 10000
.

where r denotes the distance to the center of the earth in meters and ¢ denotes time in seconds.
(b) Let v be the particle’s velocity in meters/second. We have that

17
10001}% = 7%’ (6371000) = 10000

and so

14
2= P60 s w107

(¢) v =0 when r = 3.191 x 107 meters.

(Answer 8)
(a) The initial value problem is

d> 6000 ,
2 = r(0)=1000, +'(0)=200

where r denotes the distance to the string in meters and ¢ denotes time in seconds.
(b) Let v be the particle’s velocity in meters/second. We have that

d
gp 20— 0900 " 000) = 200
dr r

and so
v? = —4000 In 7 + 4000 In 1000 + 40000.

(¢) v =0 when r = 1000e'® meters.

(Answer 9)
(a) £{t} = %.
(b) fe '} = s+111'
(c) L{f(t)} = 2=2=




(Answer 10)
(a) c{t*+5t>+4} =28 +19 414
(b) £{(t+2)°} = E{t3+6t2+12t+8}_ S 412 12,8
(c) £{9e**7} = £{9e7e} =
(d) £{—e3t=2} = p{—e6 3t}__£
(e) £{(e! +1)%} = £{e* + 2¢! +1} =1

(f) £{8sin(3t) — 4cos(3t)} = 4s

)
)
)
)

52+9 5249

(g) L{t?e™} = (s—5)% 5)3
(h) £{7e3t cosdt} = %.
(i) £{4etsinbt} = (54-12)%
0, t<3 3503
61t £y = { & (53 then cU(»— e
o 0, t< e—5 1 2
(k) Iff(t){ > oty t>1 " then £{f()} = <+>
0, t<l, )
() If f(t) = {t2 1<t<2, then £{f(t)} = S
0, t>2
_ [5e?, t<3, 5 56635
() 1 1) = { 57 45 hen £7(0) = 25 - 355",
742 —757 t <3, e—3s—3 o—3s—3 o—3s—3
(m) I £(2) = {0, ) t> g then LfO} = iy — o~ e S
B 0, t<7T, s 1
0, t < 7r/2,
(p) If f(t) = { cost, w/2<t<m, then £{f(t)} = —e /2 g e 20
0, t>m,

(Answer 11)
(a) If £{y} = 213;25, then y = 2e~* cos(2t) + 3e~ ! sin(2t)

(b) If £{y} = S4 , then y = 3¢ — It3

(c) If £{y} = (S+1)4, then y = %th_t + +t3et

(d) T £{y} = 225, then y = (1/4)¢% + (7/4)e>

(e) If £{y} = = (81 3y, then y = 227 + 5t — 27€3t + 5tedt

(f) If £{y} = 5(52+4)’ theny =1 -1 cos(2t) 1 sin(2t)

(g) If £{y} = I then y = icost— & cos3t

(b) If £{y} = &= then y = 2u2( ) et=2 cos(t — 2) + ua(t) €2 sin(t — 2)
(i) If £{y} = %7 then y = Juy(t) 30D 4 Ly (1) el 1



(Answer 12)
(a) If % — 9y = sin3t, y(0) = 1, then y(t) = —55 sin 3t — g5 cos 3t + 5te.

(b) If % — 2y = 3¢, y(0) = 2, then y = 3te? + 2¢%.
(c) If dy +5y =3, y(0) =3, then y = 43 — 212 4 St — @ + %e’m.

2
(d) If letgy 4% +4y =0, y(0) =1,y (0) = 17 then y(t) = et — te?h.
(e) If % 2% 4 2y = et y(0) =0, y'(0) = 1, then y(t) = %(e‘t — el cost + Telsint).
(f) If ley 79 412y = €%, y(0) = 2, y'(0) = 3, then y(t) = 4e — 2e* — te3.
(g) If T4 — 6% + 8y = 12, y(0) = 3, y/(0) = 2, then y(t) = —L2ett 4 3062t — L2t 142620 4320,

2 . —
(h) If ‘;TQ — 4y = e'sin(3t), y(0) = 0, y'(0) = 0, then y(t) = {5e* — LHe 2! — kel cos(3t) — e’ sin(3t).
(i) Tt 24 + 9y = cos(2t), y(0) = 1, y/(0) = 5, then y(t) = & cos 2t + cos 3t + & sin 3t.

3] <
(J) If iiitg +4y = {Blnt gﬂ'_ i 27T ) (0) = 07 y’(O) = 0, then
y(t) = (1/6)(1 — ua,(t))(2sint — sin 2t).
1, 0<t< 10,
(k) 6 24 + 3% 42y — {07 0L ) =0y = 0, then
1 1 1 1
y(t) _ 5 + 56—275 _ e—t _ u1o(t) |:2 + 56—2(75—10) _ e—(t—lO):|.

2 sint, 0<t<m,

(0 IfflﬁﬂLf?{JrZy:{O ~=¢  (0)=19(0) =0, then

1
y(t) = e~ /2 cost—&—2 t/2sint

— un(t) Gg cos(t — ) — % sin(t — w)>

4 16
+ ur(t) <17e t=m)/2gin(t — 7r) + ﬁe*(t*“)/z cos(t — 77))
0, 0<t<2
(m) Tt Ty 4% 4 a4y — 3: oy 5 y(0)=2,4(0) =1, then y(t) = 2¢~> + 5t~ + Jus(t) —
Sem 2 uy(t) — 3(t — 2)e 2T uy(t).

(Answer 13)
(a) If 62153 +5% 4y = dus(t), y(0) = 0, y'(0) = 1, then
y = 6e"3 — 67?4 duy(t) — 12uy(t)e™ 273 4 Suy(t)e™ (1272,
The graph of ¥/(t) has a corner at ¢t = 2, and the graph of y”/(¢) has a jump at ¢ = 2.
(b) If % 4 9y = 75(t — 2), y(0) = 3, then y(t) = 3¢~ + T (t — 2)e~9+18,
(¢) If ‘jhg + 4y = 6(t — 4x), y(0) = 1/2, 3/(0) = 0, then

Y= %cos(Qt) — Ugr (L) sin(2t).

The graph of y(t) has a corner at ¢ = 47, and graph of ¢/(¢) has a jump at ¢ = 47, (y”(¢) is hard to
graph because the impulse function §(t — 4r) is part of y''(t).)
(d) Tt L4 + 4% 4 3y — 25(t — 1) + us(t), y(0) = 1, y/(0) = 0, then
3 1 1 1 1 1 1
y = §e_t - Ee_gt + §u1(t)e_t+1 - §u1(t)e_3t+3 + gUQ(t) - §e_t+2u2(t) + éug(t)e_gt%.

The graph of y(t) has a corner at ¢ = 1. The graph of y/(¢) has a corner at t = 2, and a jump at
t =1. y’(t) has an impulse at ¢t = 1, and a jump at t = 2.



