OA. Complete Ordered Fields

[Definition: Field] A field is a set F along with operations + and - with the following proper-
ties:

Ifa, beF,thena+ beF.

Ifa, beF,thena-beF. (We often writeab=a-b.)

Commutivity of addition: ifa, be F,thena+ b=b+a.

Associativity of addition: if a, b, c€ F, then (a+ b)+c=a+ (b+ ¢).

Additive identity: There is an element of F, denoted 0 or Of, such that if a € F then
a+0=0+a=a.

Additive inverses: Foreach a € F, thereisa beF suchthata+b=b+a=0.
Commutivity of multiplication: if a, b € F, then ab = ba.

Associativity of multiplication: if a, b, c € F, then (ab)c = a(bc).

Multiplicative identity: There is an element of F, denoted 1 or 1, such thatifa e F
then al =1la=a.

Multiplicative inverses: For each a€ F\ {0}, thereis a b € F such that ab=ba=1.

e Distributivity: if a, b, ce F, then a(b+ c)=ab + ac.

e Nontriviality: 1 # 0.

(Problem 10) Show that ifa, b, ce F satisfya+ b=a+c=0then b=c.
(Problem 20) Show that if a, b, c € F satisfy ab=ac=1then b=c.

(Problem 30) Suppose that F is a field. Show that if a € F then 0a = 0.
[Definition: Inverses] If F is a field and a € F, then:

(—a) denotes the additive inverse of a.

Ifa#0,thenalor % denote the multiplicative inverse of a.

a— b denotes a + (—b).

7 denotes ab~1.

(Problem 40) Show that (—(—a)) =a.

(Problem 50) Suppose that F is a field and that a € F. Show that a(—1) = (—a)l = (—a).
(Problem 60) Suppose that F is a field and that a € F. Show that aa = (—a)(—a).

[Definition: Ordered field] An ordered field is a field F together with a subset P c F, called
the positive subset, such that:

o Ifa,beP, thena+bePandabeP.
e 0£P.
o If a e F with a #0, then a € P if and only if (—a) ¢ P.

(Problem 70) Let F be an ordered field with positive subset P. Show that 1 € P.
(Problem 80) Let a € F with a # 0. Show that a€ P if and only if a—! € P.

[Definition: Comparison] Let F be an ordered field with positive subset P. Let a, b € F.

e Wesaythata<b(orb>a)ifb—aeP.
e Wesaythata<b (orb>a)ifb—ae(Pu{0}).

(Problem 90) Show that the relation < is transitive. Show that the relation < is reflexive. Is
either relation symmetric?

(Problem 100) Let a, b, c € F. Suppose that a < b. Show thata+c<b+c.
(Problem 110) Let F be an ordered field. Let a, b € F. Show that exactly one of the following
is true:

e a<b
.a:b
ea>D>b



[Definition: Inductive set] Let F be an ordered field. A subsetI C F is inductive if:

e 1lel.
e IfxXelthenx+1e€el.

(Problem 120) Let F be an ordered field. Give three examples of inductive subsets of F.

(Problem 130) Let F be an ordered field. Suppose that T is a collection of inductive subsets
of F (that is, if J € Z then J € F and J is inductive). Show that ﬂjezj is inductive.

(Problem 140) Let F be an ordered field. Let N be the intersection of all inductive subsets
of F. (Thus N is an inductive set.) Let m € N. Show that 1 < m.

(Problem 150) Let m, k € N. Show that m+ ke N.
(Problem 170) Let kK € N. Show that there does not exista me N withk <m < k+ 1.
(Problem 160) Let m, k € N with kK > m. Show that k—m e N.

(Problem 180) Let F and P be two ordered fields. Let N, N be the intersection of all inductive
subsets of F and B, respectively. f me N, let J;, = {n € N :n < m}. Suppose that there are
two numbers n, k € N (not necessarily distinct) and two functions ¢k, ¢, that satisfy

@k Jk =N
®n Jn —’NN
k(1) =1
on(1)=1
Ifmejrand m+ 1 €ji then ge(m+ 1) = pp(m) + 1.
Ifmejpoand m+1€j, then pp(m+1)=¢s(m)+ 1.

Show that ¢, (i) = @k (i) for all i € Jx nJp.
(Problem 190) Show that if m € N then a function ¢m : J;m — N as in Problem must exist.

(Problem 200) Let F and B be two ordered fields, with N, R the respective minimal inductive
sets. Let ¢ : N — R be given by ¢(n) = ¢n(n) for all n € N. Let ¢ be defined as ¢ with the roles
of R and R reversed. Show that

o(n+ k) =@(n)+ p(k) for all n, k € N.

@(nk) = p(n)e(k) for all n, k € N.

If n > k then @(n) > @(k).

pop(A)=rAand pop(n)=nforallneN,ieN.

(Problem 210) We will define the natural numbers (up to isomorphism) as a minimal induc-
tive set of an ordered field. Let F be an ordered field. Define subsets Z and Q of F that we
expect to be isomorphic to the integers Z and rational numbers Q.

[Definition: Upper and lower bounds] Let F be an ordered field and let A € F. We say
that £ € F is a lower bound for A if £ < a for all a € A. We say that u is an upper bound for A if
uz=aforallaeA.

[Definition: Least upper bound] Let F be an ordered field and let AC F. We say thatbeF
is the least upper bound for A if

e b is an upper bound for A.
e If c is an upper bound for A then b <c.

[Definition: Greatest lower bound] Let F be an ordered field and let A € F. We say that
b € F is the greatest lower bound for A if

e b is a lower bound for A.
e If c is a lower bound for A then b > c.



(Problem 220) Let F be an ordered field and let A C F. Show that A has at most one least
upper bound.

(Problem 230) Let F be an ordered field and let A € F. Suppose that a € A is an upper bound
for A. Show that a is a least upper bound.

(Problem 240) Let A € N where N is as in Problem[140]| Suppose that A is nonempty and that
A has an upper bound in N. Show that A has a least upper bound.

(Problem 250) Let A € N where N is as in Problem [140| Suppose that A has a least upper
bound. Show that the least upper bound is an element of A.

[Definition: Completeness] An ordered field F is complete if every nonempty subset of F
with an upper bound has a least upper bound.

(Problem 251) Let F be a complete ordered field and let N be as in Problem 140 Show that
N has no upper bound.

(Problem 252) Let F be a complete ordered field, let r € F, and let s € F with s > 0. Show that
thereisane N withn>rand an me N with 1/m <.

[Definition: The real numbers] The real numbers R are a complete ordered field. (We saw
in MATH 4513 that a complete ordered field exists. You can review the argument in Section 0B.)

(Problem 260) Let F and B be two ordered fields, with N, R the respective minimal inductive
sets. Let ¢ : N — R be the isomorphism in Problem 200 Let ¢ be defined as ¢ with the roles
of F and B reversed. Show that

o(n+ k) =q@(n)+ p(k) for all n, k € N.

o(nk) = p(n)e(k) for all n, k € N.

If n > k then ¢(n) > @(k).

@ o @ and @ o ¢ are the identity functions.

(Problem 270) Let Z, B be as in Problem[210] Extend ¢ to a function ¢ : Z — E.

(Problem 280) Show that

¢(—z) =—@(z) forall ze Z.

o(n+ k)=@(n)+ p(k) foralln, ke Z.
o(nk) = p(n)e(k) for all n, k € Z.

If n > k then ¢@(n) > p(k).

@ o @ and ¢ o ¢ are the identity functions.

(Problem 290) Let Q, @ be as in Problem [210] Extend ¢ to a function ¢ : Q — @.
(Problem 300) Show that

@(g 1) =o(q)~! forall g€ Q.

¢o(—z) =—0¢(z) forall ze Q.

o(n+ k)=¢@(n)+ @(k) forall n, k€ Q.

o(nk) = p(n)e(k) for all n, k € Q.

If n > k then ¢(n) > @(k).

@ o @ and @ o ¢ are the identity functions.

(Problem 301) Let ¢(r) = sup{¢(q) : g € Q,q < r}. Show that ¢ : F — F is well defined and
that ¢(q) = ¢(q) for all g € Q.

(Problem 310) Show that

e A C F has an upper bound if and only if ¢(A) € F has an upper bound, and sup §(A) =
Y(supA).

e Y(g)=u(g) L forallgeR.

e Y(—z)=—y(z) forall zeR.

e Y(n+k)=y(n)+ ¢(k) forall n, k € R.

e Y(nk) =y¢g(n)yY(k) for all n, k € R.

e If n >k then ¢(n) > Y(k).



e Yoy and § o are the identity functions.
1A. Undergraduate analysis

[Definition: Open cover] Let K € R. A cover of K is a collection ¢/ of subsets of R that
satisfies K € | J ¢, V. We say that &/ is an open cover if every element V of I/ is an open set
in R.

[Definition: Finite subcover] Let K € R and let ¢/ be a cover of K. A subcover of U/ is any
subcollection ¢ € U such that K € [y, V. A finite subcover is a subcover that is also a
collection of finitely many sets.

[Definition: Compact set] A set K € R is compact if every open cover of K has a finite
subcover.

(Problem 320) State the Heine-Borel theorem.

(Problem 330) Let K € R be nonempty, closed, and bounded. Show that infK € K and
supK eK.

(Problem 340) Let K € R be nonempty, closed, and bounded. Let &/ be an open cover of K.
LetKr={xeK:x<r}. ThenK, € K solU is also an open cover of K. Let S= {reK :thereis a
finite subcover of K-}. Show that S is nonempty and bounded.

(Problem 350) Let s =supS. Show that s = supK.

(Problem 360) (The Heine-Borel theorem.) Let K ¢ R. Suppose that K is both closed and
bounded. Show that K is compact.

[Definition: Continuous function] A function f : X — R, where X is a metric space, is
continuous if, for every x € X and every € > 0, there is a 6 > 0 depending on x and € such that
if [x—y| <6 then |f(x)—f(y)| < €. f is uniformly continuous if § may be chosen independent
of x.

(Problem 370) Let X be compact and let f : X — R be continuous. Show that f is bounded.
(Problem 380) Show that f is uniformly continuous.
(Problem 420) Show that QN [0, 1] is countable. That is, show that there is a sequence

{qk}l‘fz1 that contains each rational numberin [0, 1] exactly once and contains no other num-
bers.

1A. Review: the Riemann Integral

[Definition: Partition] Suppose a, b € R with a < b. We say that P is a partition of [a, b] if:
e PC[a,b],
e P is finite,
eagePandbeP.

We will write P = {xg,X1,...,Xp} Witha=Xxg<x1<-:--<xp=0b.

[Definition: sup,, infal If Ais a setand f : A —» R, then sup,f = sup{f(x) : x € A} and
infaf =inf{f(x):xe€A}.
[Definition: Lower and upper Darboux sums] Let [a,b] C R, f:[a,b] — R, and let P be
a partition of [a, b]. Suppose that f is bounded on [a, b], s0 —c0 < infiq,p] f < SUP[q p1f < 0.
Then the upper and lower Darboux sums of f with respect to the partition P are
n

L(f, P) =Z(Xj—Xj_1)[ inf _f,

=1 Xj—1,X;j]

n

U(f,P)= Z(Xj —Xj-1) sup f.

j=1 [Xj-1,%/]



[Definition: Lower and upper Darboux integrals] Let [a, b] € R be a closed bounded
interval and let f : [a, b] — R be a bounded function. We define

L(f,[a, b])=supL(f,P),  U(f [a b])=supU(f,P)
P P

where the supremum and infimum are over all partitions P of [q, b].

[Definition: Riemann integral]l Let [a,b] € R be a closed bounded interval and let f :
[a, b] — R be a bounded function. If U(f,[a, b]) = L(f, [a, b]), then we say that f is Riemann
integrable on [a, b] and write

b
f f=U(.[a b])=L(, [a,b]).

1B. The Riemann integral is not good enough
(Problem 390) Let f(x) = 3%/; Let P be any partition of [0, 1]. What is U(f, P)?

(Problem 400) How did you define fol %ﬁdx in calculus? In undergraduate analysis?

(Problem 410) Can you write down a generalization of the Riemann integral that can be

used to define fol —1  dx?

31/sin /X
(Problem 440) Let f : [0, 1] — R. Suppose that f has a singularity at every rational number
in [0, 1]. Can we generalize the approach in Problem to define folf?

(Problem 450) Let £ € (0, 1). Let {qk},‘f=1 be as in Problem . Write down a formula for
a function hy that is continuous, nonnegative, integrates to 2X&, and satisfies hi(x) = 0 if
X — gkl > 27KE. Let fn(x) = X3]_; hk(x). What is f_zlfn? What can you say about folfn?

(Problem 460) Consider the semi—metridf] space (X, d), where X is the set of all bounded
Riemann integrable functions on [0, 1], and where d(f, g) = fol If —gl. Show that {f,,};’f=1 is a
Cauchy sequence in X.

(Problem 470) Suppose (for the sake of contradiction) that {f, B’°=1 is convergent, that is,

that there is a Riemann integrable function f such that f, — f (that is, fol [fn-—fl — 0as n— ).
. 1

Provide an upper bound on fo f.

(Problem 480) Let (xj-1,x;) € [0, 1] with xj—1 < x;. Show that there is a point x in (xj-1, X;)

such that f(x) = 1/2.

(Problem 490) Show that U(f,P) = 1/2 for any partition P of [0,1]. Have we derived a
contradiction?

2A. Outer Measure on R

[Definition: Extended real number] An extended real number is either a real number,
00 = +00, Or —00,
[Definition: Ordering on the extended real numbers] Let q, b be extended real numbers.
We say that a < b if:

ea,beRandax<b,

e a=—00, 0r

e b=o0.

1A semi-metric space satisfies all of the axioms of a metric space, except that d(x, y) = 0 is no longer required to
imply that x =y.



(Problem 500) Let E be a set of extended real numbers. What is sup E? What is infE?

(Problem 510) Write down a rigorous definition of the expression a + b where a and b are
extended real numbers. Are there any pairs of values we do not want to allow?

(Problem 520) Write down a rigorous definition of the expression Z?:o ax where the ags are
nonnegative extended real numbers.

[Definition: Length of an open interval] LetI C R be an open interval. The length of I, or
£(I), is defined to be

b—a ifI=(a,b)with—co<a<b< oo,
{(H=+0 ifI=0,
%) if I is unbounded.

[Definition: Outer measure] Let A C R. The outer measure |A| of A is defined to be

0.0) oo

|A| = inf{z L(Ix) : Each Ix is an open interval and A € U Ik}.
k=1 k=1

(Problem 580) Let A C R be a countable set. Show that |A| = 0.

(Problem 530) Let [a, b] € R be a closed bounded interval. Show that |[a, b]| =b—a.

(Problem 540) Let f be a bounded function defined on the closed and bounded interval [q, b].
Show that

n

U(f,[a, b]) = inf{z |Ij|SlI,lpf : each Jj is a closed interval and [a, b] = OIJ-}.
j=1 j j=1

(Problem 550) Show that if A € B C R then |A| < |B].

(Problem 560) Let I be an open interval. Show that £(I) = |I].

(Problem 570) LetI =[aq, b) orI = (a, b] be a bounded half-open interval. Show that |I| = b—a.

(Problem 590) Use the previous result to show that [a, b] is uncountable whenever a < b.

(Problem 600) Show that if AC Rand B < R then |JAuUuB| < |A| + |B].

(Problem 610) Show that if Ax € R for all k > 0 then |, Ak < 3, Al

(Problem 620) Show that if A and B are disjoint sets, and if supA < infB, then |[AUB| = |A|+|B].
(Problem 630) Show that if A and B are disjoint sets, and if supA < infB, then |AUB| = |A|+|B].
(Problem 640) Let ACR,teR,andletA+t={a+t:ae€A}. Show that |A+t| =|A|.

[Axiom of Choice] The axiom of choice states that, if £ is a collection of sets, and if the
elements of £ are pairwise-disjoint nonempty sets, there is a set V such that V contains exactly
one element of each set in £ and no other elements.

(Problem 650) Define therelation~bya~bifa—beQ. Ifre[-1,1],letE,={se[-1,1]:
r~s}. Show thatifr,se[—1, 1], then either E, =Es or E,NEs = @.

(Problem 660) Let £ ={E-:re[—1,1]}. Let V =Vj be the set given by the axiom of choice.
Show that if v, w € V with v # wthen v—w ¢ Q.

(Problem 670) Let g be a rational number in [—2,2]. Let Vg = {v+q: Vv eV} Show that
Vgl = |VI.

(Problem 680) Show that if g, p€ QNn[—2,2] then eitherg=p or VonV, =2.
(Problem 690) Show that

[-111¢  [J Vgc[-3.3l]
qe[—2,2]nQ



(Problem 700) Show that |V| > 0.
(Problem 710) Let {q/<},°<°=1 be a sequence that contains each rational number in [—2, 2]

exactly once and contains no other numbers. Show that 2111 Vgl # ‘UZO=1 Vi

(Problem 720) Show that there exist two disjoint sets A and B such that |AuB| # |A| + |B|.

2B. Undergraduate analysis

(Problem 730) Show that if V C R and V is open then V = Ujf':le for some sequence {Ij}j?'il
of bounded open intervals.
(Problem 731) Let (X, d) be a measure space and let Y C X. Recall that G C Y is relatively

open (or open inY) if, for every g € G, there is a rg > 0 such thatif d(g,y) <rgand y €Y, then
y € G. Show that G is relatively open if and only if G=UnNY for some U € X that is open (in X).

[Definition: Inverse image] Let f: X — Y be a function and let AC Y. Then f~1(A) = {x €
X:f(x)eA}.

(Problem 740) Let X C R and let f : X — R. Show that f is continuous if and only if f~1(U) is
open in X whenever U is open in R.

(Problem 750) Let f : X — Y be a function and let A C Y. Show f~1(Y \ A) = X \ f~1(A).
(Problem 760) Let B C 2" be a collection of subsets of Y. Show thatf—l(UAGBA) =UnenfL(A).

(Problem 770) Let B € 2" be a collection of subsets of Y. Show thatf—l(ﬂAeBA) = Naesf L(A).

(Problem 780) Letf: X =Y and g:Y — Z. Let AC Z. Show that (g o f)~1(A) = f~1(g~1(A)).

[Definition: Increasing function] Let XS Randletf: X — R.

e fisincreasing if f(x) < f(y) forall x, y € X with x < y.
e fis strictly increasing if f(x) < f(y) forall x, y € X with x < y.

2B. Measurable spaces and functions

(Problem 790) What properties of the outer measure | - | did we use in the proof of Prob-
lems [650H720F

[Definition: o-algebra; measure] Let X be a set. Let S be a collection of subsets of S. Let
u:S—[0,00]. We say that (X, S) is a measurable space and u is a measure on (X, S) if:
* u(@)=0.
o |f {E;<},;'°=1 € S is a sequence of pairwise-disjoint subsets of X then u(Ule Ek) =
220:1 IJ(Ek)
e Sis a o-algebra on X, that is,
-QeSs,
-IfE€S, then X\E€S,
o0
- If {Ek}lcf;l C S then Uk:l Ex €S.

We call the elements of S measurable sets.

(Problem 800) Is u(E) = |E| a measure on (R, 2R), where 2R is the collection of all subsets
of R?
(Problem 810) Does there exist a measure u on (R, 2R) that satisfies

e U((a,b))=b—aforevery—co<a<b< oo,
e u(t+ E)=u(E) forall EC R and all t € R?



(Problem 820) Let X be a nonempty set. Show that S = {@, X} is a o-algebra on X.
(Problem 830) Let X be a nonempty set. Show that S = 2X is a o-algebra on X.

(Problem 840) Let X be a nonempty set. Let C= {E € X : E is countable}. Let S=CuU {E C
X :X\Ee€C}. Show that S is a o-algebra on X.

(Problem 850) Let (X, S) be a measurable space (that is, let X be a set and let S be a o-
algebra on X). Show that X € S.

(Problem 860) Let (X, S) be a measurable space. Show that if D, E€e Sthen DUE € S.
(Problem 870) Show DnE€S.

(Problem 880) Show D\ E € S.

(Problem 890) Let (X, S) be a measurable space. Let {Ek}l‘f:1 C S. Show that ﬂle Ex €S.

[Exercise 2B.11] Let (Y,7) be a measurable space. Let X e T andletS={Ee€ T :E C X}.
Then (X, S) is a measurable space.

(Problem 900) Let X be a set. Let 7 be a collection of g-algebras on X. Show that (51 S is
also a o-algebra on X.

[Definition: Smallest o-algebra] Let X be a set and let A C 2X be a collection of subsets
of S. The intersection of all g-algebras containing A is the smallest o-algebra containing A.

(Problem 910) Let X =R and let A= {{3}, {5}}. What is the smallest g-algebra contain-
ing A?

(Problem 920) Let X =R and let A= {{x} : x € R}. What is the smallest o-algebra contain-
ing A?

[Definition: Borel set] A set EC R is called a Borel setif E is in the smallest g-algebra on R
that contains all the open subsets of R.

(Problem 930) Show that all closed subsets of R are Borel sets.
(Problem 940) Show that all countable subsets of R are Borel sets.
(Problem 950) Let —0co0o < a < b < 00. Show that [a, b) is a Borel set.

[Definition: Measurable function] Let (X, S) be a measurable space. Let f : X — R. We say
that f is S-measurable if f~1(B) € S for every Borel set B.

(Problem 960) Show that any function f : X — R is 2X-measurable.

(Problem 980) Let S = {@, X}. Suppose that f : X — R is S-measurable. Show that f is
constant.

(Problem 970) Let (X, S) be a measurable space and let f : X — R be a constant function.
Show that f is S-measurable.

(Problem 981) Let X be a set and let S, T be two o-algebras on X. Suppose that 7 € S and
that f: X - R is T-measureable. Show that f is S-measurable.

(Problem 982) Let Y be a set, let 7 be a og-algebraon Y, and letf: Y — R be 7T-measurable.
Let X € 7 and let S be as in Exercise 2B.11. Show thatf|X is S-measurable.

[Definition: Characteristic function] Let E C X. Then xg : X — R is the piecewise defined
function given by
(x) = 1, X€E,
XEX)=10, x¢E.

(Problem 1000) Show that xr is S-measurable if and only if E€ S.

(Problem 1010) Let (X, S) be a measurable space and let f : X — R. Suppose that f~1((a, ®)) €
SforallaeR. Let T={AC R:f1(A) € S}. Show that 7 is a o-algebra on R.

(Problem 1020) Let —oco < a < b < co. Show that (a,b) e T.



(Problem 1030) Let U € R be open. Show that U e T.
(Problem 1040) Is f measurable?

(Problem 1041) Let (X, S) be a measurable space. Let f: X — R be S-measurable. Let a € R.
Show that af is also S-measurable.

[Definition: Borel measurable] If X C R, then f : X — R is Borel measurable if f~1(B) is a
Borel set for every Borel set B € R. That is, f is Borel measurable if f is B-measurable where B
is the set of all Borel subsets of R.

(Problem 1042) Let f : X —» R be Borel measurable. Show that X is Borel.
(Problem 1050) Let f : R — R be continuous. Show that f is Borel measurable.

(Problem 1060) Let X C R be a Borel set and let f : X — R be continuous. Show that f is Borel
measurable.

(Problem 1070) Let X € R be a Borel set and let f : X — R be increasing. Show that f is Borel
measurable.

(Problem 1080) Let (X, S) be a measurable space. Let Y C R. Let f: X — Y be S-measurable
and let g: Y — R be Borel measurable. Show that gof : X — R is S-measurable.

(Problem 1081) Let B be a Borel set. Let a € R. Show that aB = {ab: b€ B} is Borel.

(Problem 1090) Let (X, S) be a measurable space. Let f, g : X — R be S-measurable func-
tions. Show that f + g is S-measurable.

(Problem 1100) Show that fg is S-measurable.
(Problem 1110) If g(x) # 0 for all x € X, show that f/g is S-measurable.

(Problem 1120) Let (X,S) be a measurable space and let {fp}> , be a sequence of S-
measurable functions f, : X — R. Suppose that f(x) = limpow fn(X) exists for each x € X.
Show that f is S-measurable.

[Definition: Borel subsets of the extended real numbers] Let B C [—o0, ©]. We say
that B is a Borel set if BN R is a Borel set. If (X, S) is a measurable space and f : X —» [—o0, 0],
we say that f is S-measureable if f~1(B) € S for every Borel set B C [—o0, o0].

(Problem 1121) Let (X, S) be a measure space and let f : X — [—o0, ®]. Let X = f~1(R) and
let S={Ee€S:EC X}. Show that f is S-measurable if and only if

o fTl({o}) €S,

o fl{—} €S,

e (X,8) is a measurable space, and

e flg : X > R is S-measurable.

(Problem 1130) Suppose (X, S) is a measurable space and f : X — [—o0, o] satisfies f~1((a, ®]) €

S for all a € R. Show that f is S-measurable.

(Problem 1140) Let (X, S) be a measurable space. Let f, : X — [—00, 0] be S-measurable for
each n. Show that g(x) = sup{fa(x) : n € N} is S-measurable.

(Problem 1150) Show that h(x) = inf{fh(x) : n € N} is S-measurable.

(Problem 1151) If {f;}iez is a collection of measurable functions, and Z is an uncountable
index set, must g(x) = sup{fi(x): i€ Z} be S-measurable?



2C. Measures and their properties.

[Definition: measure] Let X be a set. Let S be a g-algebra on X. We say that u is a measure
on (X, 8) if:

e 4:S—[0, 0]
e u(2)=0.
o |f {E;<},;'°=1 € S is a sequence of pairwise-disjoint subsets of X then “(UZO=1 Ek) =
Z/io:l IJ(Ek)
We call (X, S, u) a measure space.

(Problem 1160) Let X be a set. Let u satisfy u({x}) =1 for every x € X. Can we extend u to
a measure on (X, 2X)?

(Problem 1170) Let X be a set, S a o-algebra on X, and w: X — [0, oo] a function. Show that
u(E) = Z w(x) = sup{z w(x):DCE,D ﬁnite}

xeE xeD

iS @ measure.

(Problem 1180) Let u(E) =0 if E is countable and u(E) = 3 if E is uncountable. Is u a measure
on (R, 2R)?

(Problem 1190) Let i be as in Problem|1180| Is there a g-algebra S on R such that U|s is a
measure on S§?

(Problem 1360) Let (X, S) be a measurable space. Let u satisfy
e U:S85—][0, 0]
o If {Ex}, € Sthen p(Up, Ex) < X u(Ek).
e IfA, BeSwithAnB =@ then u(AuB) = u(A)+ u(B).
Show that (X, S, u) is a measure space.

(Problem 1200) Let (X, S, u) be a measure space. Let D, E € S with D € E. Show that
H(D) < u(E).

(Problem 1210) Show that if u(D) < co then u(E\ D) = u(E) — u(D).

(Problem 1220) Give an example of a measure space (X, S, u) and sets D, E € S with D C E,
U(D) = u(E) = oo, and such that u(E\ D) =0.

(Problem 1230) Give an example where u(E \ D) = co.

(Problem 1240) Give an example where u(E\D)=17.

(Problem 1250) Let (X, S, u) be a measure space and let {Ex}}, ; € S. We do not require that
the Exs be pairwise-disjoint. Show that u(Ule Ek) < oo M(EK).

(Problem 1260) Let (X, S, u) be a measure space and let {Ex}}., € S. We require that
E € Exs1 for all k. Show that p(U;>; Ex) = limk—eo H(Ek).

(Problem 1270) Let (X, S, u) be a measure space and let {Ex}}., € S. We require that
Ex 2 Ex+1 for all k and that u(Ex) < oo for at least one k. Show that u(ﬂle Ek) = limgooo L(Ek).
[Exercise 2C.10] Give an example of a measure space (X, S, u) and a sequence of sets
{Ex}, € S such that u((%°, Ex) # limi—co H(Ek).

(Problem 1280) Let (X, S, u) be a measure space and let D, E € S. Show that uy(DUE)+ u(Dn
E) = u(D) + u(E).



2D. Undergraduate analysis

(Problem 1290) Let G € R be open. Show that G is the union of countably many pairwise-
disjoint open intervals.

(Problem 1300) Let X C R and let f : X — R be strictly increasing. Show that f is one-to-one.

(Problem 1310) Let X C R and let f : X — R be increasing. Let E = {y € R : f~1(y) contains
more than one element}. Show that E is countable.

(Problem 1311) Let f: R — R be increasing. Let E= {x € R: f is not continuous at x}. Show
that E is countable.

(Bonus Problem 1312) Let f : R — R be increasing. Let E= {y € R: y £ f(R)}. Show that E
is the union of countably many disjoint intervals.

(Problem 1320) Let X € R and let f, : X — R be increasing for each n. Suppose that there is
a function f : X — R such that f(x) — f(x) for each x € X. Show that f is also increasing.

(Problem 1330) Let X, Y be two metric spaces. Letf: X —Y andletf, : X — Y foreach n € N.
Suppose that each f, is continuous and that f, — f uniformly on X. Show that f is continuous.

(Problem 1331) Let X, Y be two metric spaces. Letf: X - Y and letf, : X — Y foreach n € N.
Suppose that each f, is uniformly continuous and that f, — f uniformly on X. Show that f is
uniformly continuous.

(Problem 1340) A sequence of functions f, : X — Y is uniformly Cauchy if, for every € > 0,
there is a K € N such that if m, n € N with m > n > K, then d(fr(x), fm(x)) < € for all x € X.
Suppose that {f,,};‘f=1 is uniformly Cauchy and that Y is complete. Show that f, — f uniformly
for some function f: X — Y.

2D. Lebesgue measure.

(Problem 1350) Let u(E) = |E|, where |E| is the outer measure of Section 2A. Is u a measure
on (R, 2R)?

(Problem 1370) Let A, Z C R. Suppose that |Z| = 0. Show that |JAuZ| = |A|+ |Z].
(Problem 1371) Let A, Z € R. Suppose that |[Z| = c0. Show that |[Au Z| = |A| + |Z].

(Problem 1380) Let AC Rand b < ¢, b, c € R. Suppose that An(b,c) = @. Show that
|Au (b, o)l = |Al + |(b, C)I.

(Problem 1390) Let G € R be open. Suppose G = Uy, ,Ix where each Ik is a (possibly empty
or infinite) open interval and the Ixs are pairwise-disjoint. Show that |G| = ZZO=1 L(Ik).

(Problem 1400) Let A, G € R. Suppose that AnG = @ and that G is open. Show that
|AuG| = |Al+|G|.

(Problem 1410) Let A, F € R. Suppose that AnF = @ and that F is closed. Show that
|AUF|=|A|+ |F].

(Problem 1420) Let £ = {D C R: If € > 0, then there is a closed set F with F € D and with
ID\ F| <&}. Let FC R be closed. Show that F e L.

(Problem 1421) Show that D € £ if and only if, for every € > 0, there is an open set G with
DuG=Randwith|GnD| <e.

(Problem 1440) Show that if {Dk}I‘f’=1 C L then ﬂl‘f’:l Dy e L.

(Problem 1440) Let F C R be closed. Suppose that |F| < co. Show that R\ F e L.
(Problem 1450) Let F C R be closed. Show that R\ F € £ even if |F| = .
(Problem 1460) Let D € £. Show that R\ D € L.

(Problem 1461) Show that if D € £ then for all € > 0, there is an open set G with D € G and
with |G\ D| <e.



(Problem 1462) Show that if for all € > 0, there is an open set G with D € G and with
|G\D| <¢, thenD e L.

(Problem 1470) Show that if {Dx}%2 | C £ then U,;°°=l Dk € L.
(Problem 1530) Show that the set of all Lebesgue measurable subsets of R is a o-algebra.

(Problem 1480) Show that if B is a Borel set and € > 0, then there exists a closed set F with
F € B and with |B\ F| <&.

(Problem 1490) Let A, B € R. Suppose that B is a Borel set and that AnB = @. Show that
|[AuB|=|A|+|B|.

[Exercise 2D.10] Let A, B C R. Suppose that B € £, where £ is as in Problem [1420| and that
ANnB=@. Show that |JAuB| = |A| + |B|.

(Problem 1500) Show that there exists an A C R that is not a Borel set.

(Problem 1510) Let B be the set of all Borel subsets of R. Let u(g) = |E| for all E € B. Show
that (R, B, u) is a measure space.
(Problem 1520) Let A C R. Show that the following statements are equivalent:
(a) If € >0, then there is a closed set F with F C A and with |[A\ F| < &.
(b) There exists a sequence {Fk}l‘f=1 such that Fx € A and Fk is closed for each kK € N, and
such that |A\ |J,._, Fk| = 0.
(c) There exists a Borel set B with B € A and with |[A\ B| =0.
(d) If € > 0, then there is an open set G with G 2 A and with |G\ A| <e.
(e) There exists a sequence {Gk};il such that Gk 2 A and G is open for each k € N, and
such that [}, Gk \ Al = 0.
(f) There exists a Borel set B with B2 A and with |[B\ A| =0.

[Definition: Lebesgue measureable] A set A C R is Lebesgue measurable if there is a
Borel set B € A such that |A\ B| =0.

(Problem 1590) Let £ be the set of all Lebesgue measureable subsets of R. Let u(E) = |E| for
all E € £. Show that (R, £, 1) is a measure space. (We refer to outer measure restricted to £ as
Lebesgue measure.)

(Problem 1600) Show that there exists an A € [0, 1] that is not Lebesgue measurable.

[Exercise 2D.12] Suppose that A € R is a bounded set. Let b, c € R be such that A C [b, c].
Suppose that
|JAu([b, c]\A)l=I|Al+|[b, c]\ Al

Show that A is Lebesgue measurable.
[Exercise 2D.13] Suppose that A € R. Suppose that

(An[—n,n])u([—n,n]\A) =|An[—n,n]|+|[—n,n]\ Al
for all n € N. Show that A is Lebesgue measurable.
(Problem 1610) Suppose that (R, S, u) is a measure space, where u(E) = |E| for all E € S.
Suppose further that S contains all closed bounded intervals. Show that S € £, where £ is the

set of all Lebesgue measurable sets.
k * k

[Definition: Lebesgue measurable] Let AC Rand letf: A — R. We say that f is Lebesgue
measurable if, whenever B C R is Borel, we have that f~1(B) is a Lebesgue measurable set
(that is, satisfies one of the six equivalent conditions of Problem [1520).

(Problem 1620) Let f : R — R be increasing and continuous. Let S = {E € R: f(E) is Borel}.
Show that S contains all intervals.

(Bonus Problem 1621) Show that the previous problem is valid if f is merely increasing (not
necessarily continuous).



(Problem 1630) Show that S is a g-algebra.

(Problem 1640) Show that if f : R —» R is increasing, and if B € R is a Borel set, then f(B) is
also a Borel set.
* * %k

(Problem 1641) Let Fp =F10=1[0,1]. If n, Kk € N and Fg,n—1 = [Ak,n—1, bk,n—1] exists, let
Faok—1,n = [Qk,n—1, 3Qk,n—1 + 2bi.n—1], and let Foi,n = [ 3ak,n—1 + $bk,n—1, bk,n—1]. Show that

e Fi pexistsforallneNandfor 1 <k <27,
e Fy nis a closed interval of length 37",
e If1<k<j<2", x€Fgnandy€F;n then x <y. In particular, Fx,n NFjn =@ if j #k.

Let Fn = J2_, Fin.
(Problem 1642) IfneNand 1<k <21 let Gik,n = Fik,n—1 \ (F2k=1,n U F2k,n). Show that
e Gg,n is an open interval of length 377,
e If1<k<j<2"! x€Gknandy € Gjn, then x < y. In particular, Gk, n NGjp = D if
J# k.
e If n#mthen Gk,n NG m=2.
[Definition: The Cantor set] The Cantor set C=[);__,Fk=[0,11\ ;. G«
(Problem 1650) Show that C is closed.
(Problem 1660) Show that |C| = 0.
(Problem 1670) LetI € R be an interval. Show that if I € C then I contains at most one point.

(Problem 1680) Let A¢(x) = W Show that Ak is continuous.
(Problem 1690) Sketch the graphs of Ag, A1, and A;.

(Problem 1700) Show that if n > m, then Ap(x) = Am(x) for all x € Gp,.
(Problem 1710) Show that {Ak}l‘f:1 is uniformly Cauchy.

[Definition: The Cantor function] Let A(Xx) = limg—eo Ak(X).

EPro;)Iem 1720) Show that A exists and is continuous, increasing, and surjective A: [0, 1] —
0, 1].

(Problem 1730) Show that A([0, 1]\ C) is countable.

(Problem 1740) Show that A(C)=[0, 1].

(Problem 1750) Show that C is uncountable.

(Problem 1760) Let A C [0, 1] be a set that is not a Borel set. Let E=CnA~1(A). Show that
E is Lebesgue measurable but that A(E) is not Lebesgue measurable.

2E. Undergraduate analysis

[Definition: Pointwise convergence] Let X be a set, let f: X —» R, and let {fk},‘f=1 be a
sequence of functions from X to R. We say that the sequence {fk},;”:1 converges to f pointwise
if limg—oo fk(X) = f(x) for each x € X. That is, if for every € > 0 and every x € X thereisa NeN
such that |fk(X)—f(x)| < e forall k = N.

[Definition: Uniform convergence] Let X be a set, let f : X — R, and let {fk}jf:l be a
sequence of functions from X to R. We say that the sequence {fk}iil converges to f uniformly
if for every € > 0 there is a N € N such that |[fx(x) —f(x)| < e for all k> N and all x € X.

(Problem 1770) Give an example of a sequence of functions that converges pointwise but
not uniformly.

(Problem 1771) Let X be a metric space and let Y € X be a subspace. Show that G € Y is
openinY (relatively open) if and only if thereis a U C X that is open in X and satisfies G =YnU.



(Problem 1772) Let X be a metric space and let Y € X be a subspace. Show that FC Y is
closed in Y (relatively closed) if and only if there is a D € X that is closed in X and satisfies
F=YnD.

(Problem 1773) Let X C R and let f : X — R. Show that f is continuous everywhere on X if
and only if, for every U C R open, the set f~1(U) is relatively open.

(Problem 1780) Show that if the sequence {f«}
quence {fk},‘f:1 converges pointwise to f.

(Problem 1790) Let X C R, let xg € X, let f : X —» R, and let {fk}jf=1 be a sequence of
functions from X to R. Suppose that each f is continuous at xo and that the sequence {fi}}, ;
converges to f uniformly on X. Show that f is also continuous at xg.

f=1 converges uniformly to f, then the se-

(Problem 1800) Give an example of a sequence of continuous functions that converge point-
wise to a discontinuous function.

(Problem 1810) Let F C R be a closed set. Let g : F — R be continuous. Show that there
exists a function h : R — R such that h is continuous and such that h(x) = g(x) for all x € F.
2E. Convergence of Measurable Functions.

(Problem 1820) Let X be aset. Letf: X — R and let {fk},il be a sequence of functions from

XtoR. Let Y ={x € X : limoofk(x) =f(x)} and let Ap mk = {x € X : [fk(x) —F(x)| < %} Write
Y in terms of unions and intersections of the sets Ap, m,«.

(Problem 1830) Let {mn};’il be a sequence of natural numbers. Show that fx converges
uniformly to f on the set

{x e X: k) —FOI < £}.

n

1k

D)
s

n

(Problem 1840) Let (X, S, u) be a measure space. Let f : X — R be S-measurable and let
{fk}l‘f=1 be a sequence of S-measurable functions from X to R. Suppose that fx converges to
f pointwise on X. Let

Anm= [ {xeX: k=0l < £}.
k=m

Show that limm—co U(An,m) = U(X).

(Problem 1850) Suppose further that u(X) < co. Choose some € > 0. For each n € N, let mj
be such that u(Anm,) > U(X) — 7. Show that u(X\ (", Anm,) <E&.

(Problem 1860) [Egorov’s Theorem] Let (X, S, u) be a measure space with u(X) < oo. Let
f : X = R be S-measurable and let {f/<},;'°:1 be a sequence of S-measurable functions from X
to R. Suppose that fx converges to f pointwise on X. Show that for every € > 0 there is a set
E € X with u(X \ E) < € such that fx converges to f uniformly on E.

[Exercise 2E.5] Give an example of a Borel measurable function f : R — R and a sequence
of Borel measurable functions fx : R — R such that fx — f pointwise but such that fx does not
converge uniformly on any set of infinite measure.

(Problem 1861) What is the best analogue to Egorov’s Theorem available in R? In an arbi-
trary measure space of infinite measure?
* * *

[Definition: Simple function] A function is called simple if it takes on only finitely many
values.

(Problem 1870) Let (X, S) be a measurable space and let f : X — R be a simple function. Let
f(X)={ck:1 <k <n}. Let Ex = f1({ck}). Show that if x € X then x € Ex for exactly one
value of k (so X = J,_, Ex and EjnEx = @ if j # k).



(Problem 1871) Show that f = ZZ=1 Ck XE, -
(Problem 1880) Show that f is S-measurable if and only if {Ex: 1<k <n} cS.
(Problem 1890) Let X be aset, let ke N, and let f : X —» R. Define f¢ as

l2’<lf(X)|J)

fik(x) = sgn(f(x)) min (k, T

where |y| =inf{ne€Z:n <y}. Find f(X) and show that fx is simple.
(Problem 1900) Show that {fk(x)}l‘f:1 is increasing if f(x) = 0 and decreasing if f(x) < 0.

(Problem 1910) Let X, = {x € X : |[f(x)] < m}. Show that fx — f uniformly on X, for each
m € N.

(Problem 1920) Show that limk_ fk(X) = f(x) for all x € X and that, if f is bounded, then fi
converges to f uniformly on X.

(Problem 1930) Let S be a o-algebra on X. Suppose in addition that f is S-measurable. Show
that fi is S-measurable for each k € N.
* * *

(Problem 1940) Give an example of a Borel measurable function f : R — R such that f is not
continuous at any point x € R.

(Problem 1950) Let B be a Lebesgue measurable set. Show that for all € > 0, there is an
open set U with |U| < € such that B\ U is closed and such that (R\ B)\ U is also closed.

(Problem 1960) Show that g = XB|R\U is continuous everywhere on R\ U.

(Problem 1970) Show that if s: R — R is simple and Lebesgue measurable and € > 0, then
there is an open set U with |U| < € such that S}R\U is continuous everywhere on R\ U.

(Problem 1980) Let f : R — R be Lebesgue measurable. Let B € R be Lebesgue measurable
with |B| < oo. For all € > 0, show that there is an open set G such that |G| < € and such that f
is bounded on B\ G.

(Problem 1990) [Luzin’s theorem] Let f : R — R be Lebesgue measurable. For all € > 0, show
that there is an open set U and a continuous function h : R — R such that |U| < € and such that
f(x) =h(x) forall x ¢ U.

(Problem 2000) Need f be continuous on R?
* * *

(Problem 2010) Let s: R — R be Lebesgue measurable and simple. Show that there exists a
function g : R — R that is Borel measurable and such that the set {x € R: f(x) # g(x)} is Borel
and satisfies [{x € R:s5(x) #g(x)}| = 0.

(Problem 2020) Let f : R — R be Lebesgue measurable. Show that there exists a function
g : R — R that is Borel measurable and satisfies [{x € R: f(x) # g(x)}| = 0.

Undergraduate analysis

(Problem 2021) Let {xn}gil C [—o0,0]. Suppose that x; < xp4+1 for all n. Show that
limpoe Xp exists and satisfies limp_c0 Xn = SUPpeN Xn-



3A. Integration with Respect to a Measure.

[Definition: S-partition] Let S be a o-algebra on a set X. An S-partition of X is a finite
collection of disjoint sets in S whose union is all of X. (So P = {A;j: 1 <j<m}, m< oo,
AiNAc=@ifj#k,and X = U,-’ZlAj-)

[Definition: Lower Lebesgue sum] Let (X, S, u) be a measure space. Letf: X — [0, ] be
S-measurable. Let P={A;:1 <j<m} be an S-partition of X. The lower Lebesgue sum L(f, P)
is

L(f, P) =D u(A}) inff.
j=1 J

(If either u(Aj) = 0 or infa, f = 0, then we take u(Aj)infs, f = 0 even if the other quantity is co.)

[Definition: Integral of a nonnegative function] Let (X, S, u) be a measure space. Let
f:X—[0,00] be S-measurable. Then

ffdu =sup{L(f, P): Pis an S-partition of X}.

(Problem 2100) Suppose that (X, S, u) is a measure space and E € S. What is fxE au?
(Problem 2110) What is [ xqdA? What is [ X0,11\q dA?

[Exercise 3A.5] Let {bk},;“=1 be a sequence of nonnegative real numbers. Define the function
b: N — R by b(k) = bk. Let u(E) = #E denote the counting measure. Then [bdu =3 bx.
% * %k

(Bonus Problem 2030) Let X =[a,b] forsomea,beR,a<b. leta=xg<X1 <:--<Xmpm=
b. LetAg={x;:0<(<m}andlet Ax = (Xk—1,Xk) for1 <k <m. Show thatP ={A;:0<j<m}
is a L-partition and a B-partition, where £ and B are the o-algebras of Borel and Lebesgue
measurable sets, respectively.

(Bonus Problem 2040) Let P be the partition in Problem[2030] Letf :[a, b] — R be Lebesgue
measurable. How does L(f, P) relate to the upper and lower Darboux sums U(f, Ag) and L(f, Ao)
of fover Ag = {xo,...,Xm}?

(Bonus Problem 2050) Suppose that X =[aq, b], S denotes the Borel (or Lebesgue) sets, A
denotes Lebesgue measure, and f : X — [0, o) is bounded and Borel measurable. How does
ffd)\ compare to the lower Riemann integral L(f, [a, b])?

(Bonus Problem 2060) Let (X, S, u) be a measurable space and f : X — [0, o) be bounded.
How would you define an upper Lebesgue sum U(f, P)? How would you define an integral in
terms of the upper Lebesgue sum?

(Bonus Problem 2061) Let P, Q be two partitions of X. What can you say about £(f, P) and
Uuf, Q)?

[Exercise 3B.4a] If u(X) <o and f: X — [0, ) is a bounded S-measurable function, then
the “upper” and “lower” Lebesgue integrals are equal.

[Exercise 3B.4b]

[Exercise 3B.4c]

(Bonus Problem 2080) Why did we use the “lower” Lebesgue integral (instead of the “up-
per” Lebesgue integral) as the definition of Lebesgue integral?

(Bonus Problem 2090) Suppose that X =[q, b], S denotes the Borel (or Lebesgue) subsets
of X, A denotes Lebesgue measure, and f : X — [0, o) is bounded and Borel measurable. How
does the (upper) Lebesgue integral compare to the upper Riemann integral U(f, [a, b])?

(Bonus Problem 2091) Suppose that X =[a, b], S denotes the Borel (or Lebesgue) subsets
of X, A denotes Lebesgue measure, and f : X — [0, o) is bounded. Show that if f is Riemann



integrable, then f is Lebesgue measurable, and moreover the Riemann and Lebesgue integrals
of f coincide.

(Bonus Problem 2092) Give an example of a function that is Lebesgue integrable (measur-
able) but not Riemann integrable.
* * *

(Problem 2120) Let (X, S, u) be a measure space. Let f be an S-measurable simple function,
sof= ka=1 CckXg, for some partition {Ex} and distinct values cx. What is ffdu in terms of ck
and Eg?

(Problem 2121) Suppose that f = ka=1 CkXE.,» Where the Egs are pairwise-disjoint, but pos-
sibly empty or not having union X, and where the numbers cx need not be distinct. What is
[ fdu?

(Bonus Problem 2122) What is ffdu if we relax the requirement that the Exs be pairwise
disjoint?

(Problem 2130) Let (X, S, u) be a measure space. Let f: X — [0, co] be S-measurable. Show
that

ffdu = sup{f sdu:sissimple and 0 < s(x) < f(x) for all x EX}.

(Problem 2140) Let (X, S, u) be a measure space. Let f, g : X — [0, 0] be S-measurable.
Suppose that f(x) < g(x) for all x € X. Show that [ fdu < [ gdu.

(Problem 2150) Let (X, S, u) be a measure space. Let fx : X — [0, 0] be S-measurable.
Suppose that fik(x) < fk+1(x) for all x € X and all k € N. Show that limi_ ffk du exists.

(Problem 2160) Let f(x) = limk—wo fk(X). By Problem [1120] f is S-measurable. Show that
limk—oo [fedu < [ fau.
(Problem 2170) Let s < f be a S-measurable simple function. Let 0 <t < 1. Let
_ts(q), if ts(x) < fi(x),
sk(x) = {0, otherwise.

Show that sk is simple and S-measurable.
(Problem 2171) What can you say about [ sk du and [ fi du?

(Problem 2180) What is limg_.c [ Sk du?

(Problem 2190) Show that limi_e [ fk du = [ fdu.

[Exercise 3A.8] There exists a sequence of simple Borel measurable functions from R to
[0, ) such that limg_w fi(x) = 0 for all x € R but limg_eo [ fk dA =1.

(Problem 2240) Let (X, S, u) be a measure space. Let f be a nonnegative S-measurable
function. Let ¢ > 0. Show that [ ¢fdu=c [ fdpu.

(Problem 2210) Let (X, S, u) be a measure space. Let f, g be two nonnegative S-measurable
simple functions. Show that f + g is also simple.

(Problem 2220) Show that [f+gdu= [fdu+ [ gduif f and g are nonnegative and simple.

(Problem 2230) Let (X, S, u) be a measure space. Let f, g be two nonnegative S-measurable
functions. By Problem (1090} f + g is also S-measurable. Show that [ f+gdu= [fdu+ [ gdu.

[Definition: Positive and negative parts] Let f: X - [—o0, 0] be a function. We define

b Jf) iff(x)>0, __ o [—f(x) iff(x)<0,
d (X)_{O tf0<o, (X)_{o if f(x) = 0.

(Problem 2250) Show that f(x) =f*(x)—f~(x) and that f* : X - [0, oo].



(Problem 2260) Let (X, S) be a measurable space and f : X — [—o00,]. Suppose f is S-
measurable. Show that f* and f~ are S-measurable.

[Definition: Integral of a real-valued function] Let (X, S, u) be a measure space. Let
f: X —[—0o0, 0] be S-measurable. If [ f+du < oo or [ f~du < oo (or both), we define

ffdu=ff+ du—ff‘du.

(Problem 2290) What are the two ways that ffdu can fail to exist?

(Problem 2270) Show that the definition of the integral of a nonnegative function given
above coincides with this new definition in the case where f is nonnegative.

(Problem 2280) Show that [ |f|du < oo if and only if [ f* du < oo and [ f~ du < co.

(Problem 2330) Suppose (X, S, u) is a measure space, f : X — [—o0, ], and ffdu exists.
Show that || fdu| < [ Ifl du.

(Problem 2300) Suppose (X, S, 1) is a measure space, f : X - [—00, 0], and ff du exists. Let
ceR. Show that [cfdu=c [ fdu.

(Problem 2310) Suppose (X, S, 1) is a measure space, f, g : X —» [—o0, 0], and foldu < 0,
[lgldu < co. Show that [f+gdu= [fdu+ [ gdu.

(Problem 2320) Suppose (X, S, u) is a measure space, f, g : X = [—o0, o], f(x) < g(x) for all
x € X, and [ fdu, [ gdu exist. Show that [fdu < [gdpu.

3B. Limits of integrals and integrals of limits

[Definition: Integration on a subset] Let (X,S,u) be a measure space. Let E € S. If
fi: X —[—o0,infty] is a S-measurable function, then we let

f fdu= f Xef du
E
provided the right-hand side exists.

(Problem 2350) Let A, B € S be disjoint. Show that [, fdu+ [gfdu= [, zfdu.

(Problem 2340) Show that | [, f du| < u(E) supg If].

(Problem 2360) [The Bounded Convergence Theorem] Let (X, S, u) be a measure space. Let
{fk}l‘f=1 be a sequence of S-measurable functions from X to R that converges pointwise on X
to a function f : X — R. Suppose that u(X) < co and that supyex SUPken [fk(X)| < 0. Show that
limkooo [ fedu = [ fdu.

(Problem 2380) Suppose that (E) = 0. Show that [ fdu=0.

(Problem 2370) Let (X,S,u) be a measure space. Let f, g : X — [—o0,00] be two S-
measurable functions. Suppose that u{x € X : f(x) # g(x)} = 0. Show that ffdu exists if

and only if [ gdu exists, and that [ fdu = [ gdu if they exist.

[Definition: Almost everywhere] Let (X, S, u) be a measure space. If E € S, then E contains
u-almost every element in X if u(X\E) = 0. If u is clear from context, we say E contains almost
every element in X.

(Problem 2390) Show that the Bounded Convergence Theorem is still true if we relax the
requirement that the fis are uniformly bounded to the requirement that there is some c € R
such that |fk(x)| < ¢ for y-almost every x € X.

(Problem 2400) Let (X, S, u) be a measure space. Let g : X — [0, ] be S-measurable.
Suppose that g is bounded. Show that for every € > 0 there is a § > 0 such that, if B€ S and
u(B) <6, then [pgdu <e.



(Problem 2410) Show that the preceding problem is true provided fgdu < oo even if g is not
bounded.

[Exercise 3A.1] Let (X,S,u) be a measure space. Let g : X — [0,00] be S-measurable.
Suppose that fgdu < 00. Show that if Ee€ S and u(E) = o then infeg = 0.

(Problem 2420) Show that for every € > 0 there is an E € S with u(E) < co and fX\Egdu <Ee.
(Problem 2430) [The Dominated Convergence Theorem] Let (X, S, u) be a measure space,
and letf, fk : X = [—o0, 0], g: X — [0, c0] be S-measurable. Suppose that

o H(X) <o,

o limg_oo fk(X) = f(x) for almost every x € X.

e [gdu<oo

o sUpken Ifk(X)| < g(x) for almost every x € X.
Show that limgew [ fidu = [ fdu.
(Problem 2440) [The Dominated Convergence Theorem] Show that the previous problem is

true even if u(X) = .
* * *

[Definition: The Lebesgue space] Let (X, S, u) be a measure space. Let f: X — [—o0, 0]
be S-measurable. Then the L1-norm of f is defined by

IfllL = j UFl du.

The Lebesgue space L1(u) is defined by
LY(u) = {f : f is an S-measurable function f : X — R and ||f]|1 < o}.

(Problem 2450) Let f, g € L1(u). Show that

e |Ifll. = 0.
e |[fll1 =0 if and only if f = 0 almost everywhere.

e |Icfll = IcllIfll1 for all c € R.
o |If+gllr <IIflla + llgllz.

(Problem 2451) Is || - |1 a norm on the vector space L1(u)?

(Problem 2460) Let u denote the counting measure on N. What is L1(u)? (This space is often
called £1.)

(Problem 2470) Let f € L1(u) and let £ > 0. Show that there is a simple function s € L1(u)
that satisfies [|f — s|[1 < €.

[Definition: Lebesgue space on the real numbers] L1(R) = L1(\) where A denotes
Lebesgue measure. (The underlying g-algebra is the Lebesgue or Borel measurable sets.)
[Definition: Step function] We say that g: R — R is a step function if g = Zjnll ajxi, Where
each Ij is an interval and each aj € R.

(Problem 2480) Let g be a step function. Show that we may require the intervals I; to be
pairwise disjoint.

(Problem 2500) Let f € L1(R) and let € > 0. Show that there is a step function s € L1(R) that
satisfies ||f —s|l1 < e.

(Problem 2510) Let f € L1(R) and let £ > 0. Show that there is a continuous function g € L1(R)
that satisfies [|f — g1 < €.

(Bonus Problem 2511) Can we require that g have compact support, that is, that g(x) =0
outside of some bounded set?

(Bonus Problem 2512) Can we require that g be continuously differentiable? Twice differen-
tiable? Smooth (differentiable to order m for all m € N)?



4A. Hardy-Littlewood maximal function

(Problem 2520) (Markov’s inequality) Let (X, S, u) be a measure space, let h € L1(u), and let
c € (0, 00). Show that

1
u{xeX:h(x)|=c}< E”hnl-

[Definition: 3I] LetI be a bounded nonempty open interval in R. Then 3I is the open interval
with the same center as I and three times its length.

(Problem 2530) Show that if I, / are bounded nonempty non-disjoint open intervals, and
L(I) = £(J), thenJ c 3I.

(Bonus Problem 2540) LetI; =(0,10),1, =(9,15),I3=(14, 22),14 = (21, 31). What subsets
of {I1,17,13,14} are pairwise disjoint?

(Bonus Problem 2550) Find I ulb, Ul Ul4.
(Bonus Problem 2560) Find | ;. ; 3I for each of the sets 7 you found in Problem 2540

(Problem 2570) [The Vitali covering lemma] Let {Ix}}_, be a list of finitely many bounded
nonempty open intervals in R. Show that there exists a sublist {ij}j”;1 such that the Ii;s are

pairwise disjoint and | J,_, Ik € Ujrzl 3I;.

[Definition: Hardy-Littlewood maximal function] Let h: R — R be measurable. Then
b+t
h*(b) =sup — |h|.
t>g 2t b—t
(Problem 2571) Show that if h is bounded and b € R then h*(b) < supg |h|.
(Bonus Problem 2580) Let h = x[0,17. Find h*.

[Exercise 4A.9] Let h: R —» R be measurable and let ¢ > 0. Then {be€ R: h*(b) > c} is
open.

(Problem 2590) Suppose h € L1(R) and c € (0, ©). Show that

3
I{beR:h*(b)>c} < Al

4B. Undergraduate analysis

[Definition: Derivative] LetI C R be an open interval, bel and g :I —» R. Then g’(b) =
limg—o 28*I=9®) if the limit exists, in which case g is differentiable at b.

(Problem 2600) Let f : R — R be continuous. Show that if b € R then
b+t

lim — If —F(b)] = 0.

t—0t 2t b—t

(Problem 2620) Let f € L1(R) be continuous. Define g(x) = ffoof. Let b € R. Show that g is
differentiable at b and that g’(b) = f(b).



4B. Derivatives of integrals

(Problem 2610) Let f € L1(R). Show that
b+t

1
lim —— lf fb)I=0

t—0+ 2t
for almost every b € R.

(Problem 2660) Let f € L1(R). Show that f(b) = Ilmt_,o+ 5t )b tf for almost every b € R.

(Problem 2630) Let f € L1(R). Define g(x) = f_oof. Let b € R. Show that g is differentiable at
b with g’(b) = f(b) for almost every b € R.

(Problem 2640) Let £ C [0,1]. Suppose that E has the property that |[EN [0, b]| = % for all
b e€[0,1]. Show that E is not Lebesgue measurable.

(Bonus Problem 2650) Can you show that such a set E exists?

[Definition: Density] Let E C R and b € R. The density of E at b is lim_q+
provided the limit exists.

(Problem 2670) Let E C R be a Lebesgue measurable set with |E| < c0. Show that the density
of E is 1 at almost every b € E and that the density of E is 0 at almost every b ¢ E.

(Problem 2680) Show that the above result is still true even if |[E| =

(Problem 2690) Let G € R be open and nonempty. Show that there exist two closed sets F,
FCcG\QwithFnF=@and |F| >0, |F| > 0.

(Problem 2700) Let S be the set of all nonempty bounded open intervals in R with rational
endpoints. Is S countable or uncountable?

(Problem 2710) If G C R is open, is thereanI €S withI C G?

(Problem 2720) Show that there exists a Borel set E such that 0 < |EnI| < |I| for all nonempty
bounded open intervals I.

(Problem 2730) Why don’t Problems|2680|and [2720| contradict each other?

|En(b—t,b+1t)|
2t

5A. Undergraduate analysis

[Definition: Cartesian product] Let A and B be sets. The Cartesian product A x B of A and
B is the set of all ordered pairs (a, b) with a€ A and b € B.

5A. Products of measure spaces
[Definition: Rectangle] If X and Y are sets, then R € X x Y is called a rectangle if there exist
sets ACX,BCY withR=AxB.

[Definition: Measurable rectangle] Let (X,S) and (Y, 7) be measurable spaces. A set
R € X x Y is called a measurable rectangle if there exist sets A€ S, B€ 7 with R=A x B.

[Definition: Product og-algebral] Let (X, S) and (Y, 7) be measurable spaces. Then S® T is
the smallest o-algebra on X x Y that contains all measurable rectangles in X x Y.

(Problem 2740) How is S® T different from S x 77?

[Definition: Cross section of a set] Let Xand Y besetsandletECXxY.IfaeXorbeY,
then the cross sections [E]q and [E]? are defined by

[Ela={yeY:(a y)€E}, [E]I°P={xeX:(x,b)eE}.

(Problem 2750) Let X =Y =R and let E = {(x,y) : X2+ y2 < 25}. Draw [E]3 and [E]* in
RZ=R x R.



(Problem 2760) Supposeac X,ACXandbeY,BCY. Whatare [A x B]q and [A x B]P?
(Problem 2770) Let (X, S) and (Y, 7) be measurable spaces. Let
E={ECXxY:[ElqeT, [E]°PeSforallaeX, beY}.
Show that £ contains all measurable rectangles in X x Y.
(Problem 2780) Show that £ is a o-algebra.
(Problem 2790) What can you conclude about £ and S® 77
(Problem 2791)Is£CS®T?
[Definition: Cross sections of functions] Let f: X x Y — R be a function. If a € X and

beY, we let
[fla) =f(a.y), [f1°(x)=f(x, b)
forallyeY, x e X.

(Problem 2800) Let AC X, BC Y, and f = xaxs. If a € X, what is [f]14? If b € B, what is [f]??
(Problem 2801) If a€ X and E C X x Y, what can you say about [ xe]lq and x[£],?

(Problem 2810) Let (X,S) and (Y,7) be measurable spaces. Leta € X and b € Y. Let
f:XxY — R be aS® T-measurable function. Show that [f]q is 7-measurable and [f]? is
S-measurable.
% * %k

[Definition: Algebra] Let W be a set and let A be a set of subsets of W. We say that A is an
algebra on W if:

e Je A

e IfE€e Athen W\E€ A

o IfE,Fe A then EUF € A.

(Problem 2840) Show that all algebras are closed under finite intersections.

(Problem 2850) Let (X,S) and (Y, 7) be measurable spaces. Let A be the set of all finite
unions of measurable rectangles in S® 7. Show that A is an algebra on X x Y.

(Problem 2851) Let A x B and C x D be two measurable rectangles in X x Y. Show that
(AxB)u(CxD)=(AxB)uHU]J, where H and J are two measurable rectangles that satisfy
(AxB)nH=(AxB)nJ=HnJ=0@.

(Problem 2860) Let E be a finite union of measurable rectangles. Show that E is a finite
union of disjoint measurable rectangles.

[Definition: Monotone class] Let W be a set and let M be a set of subsets of W. We say
that M is a monotone class on W if:

e IfE; CE> C... is anincreasing sequence of sets in M then UZ’:l Ex € M.
e IfE; 2 E7 2... is a decreasing sequence of sets in M then ﬂ,ilEk e M.

(Problem 2870) Show that the set of all intervals in R is a monotone class.
(Problem 2880) Show that the set of all intervals in R is not an algebra.

(Problem 2890) Let C be a collection of monotone classes on a set W. Show that [, ¢ M is
a monotone class on W.

[Definition: Smallest monotone class] Let B be a set of subsets of a set W. Let C =
{M:B S Mc 2%, Mis a monotone class}. We call () ec M the smallest monotone class
containing B.

(Problem 2900) Let B be a set of subsets of a set W. Show that the smallest o-algebra
containing B contains the smallest monotone class containing B.

(Problem 2910) Let A be an algebra on a set W. Let M be the smallest monotone class
containing A. Show that M is a o-algebra.



(Problem 2911) Show that M is the smallest o-algebra containing A.
* * *

[Definition: Finite measure] A measure u on a measurable space (X, S) is finite if u(X) < oo.

[Definition: o-finite] A measure u on a measurable space (X, S) is o-finite if there exists a
sequence {Xk}{>, € S with X = U;lek and u(Xx) < oo for each k € N.

(Problem 2912) Show that we may also require Xy C Xk+1 for all kK € N.
(Problem 2920) Give an example of a finite measure.

(Problem 2930) Show that Lebesgue measure on R is o-finite but not finite.
(Problem 2940) Show that the counting measure on N is o-finite but not finite.
(Problem 2950) Show that the counting measure on R is not o-finite.

(Problem 2960) Let (X, S, u) and (Y, 7, v) be measure spaces. Suppose u(X) <oo. IfE€S®T,
show that y — u([E]Y) is a T-measurable function on Y.

(Problem 2970) Show that the result is still true if (X, S, u) is a o-finite measure space.

[Definition: Integral notation] If (X, S, u) is a measure space and g : X —» [—o0,c0] is a
S-measurable function then

f g(x)du(x) = f gdu
X
where du(x) indicates that variables other than x should be treated as constants.

[Definition: Product of measures] Let (X, S, u) and (Y, 7, v) be o-finite measure spaces.
Let E€ S® 7. We define

(u x V)(E) =J H(LET) dv(y).
Y

(Problem 2980) Let A€ S and B € 7. Show that (u x V)(A x B) = u(A) - v(B).
(Problem 2981) Show that if E€ S® 7 then (u x V)(E) is well defined and nonnegative.
(Problem 2990) Show that u x v is a measureon (X xY,S® 7).
(Problem 2991) Let E; CE; C ... be an increasing sequence of sets in S® 7. Show that
J u(l | Ex1)dviy) = klim J H([E]Y) dv(y).
Y k=1 —®Jy

(Problem 2992) Let E; 2 E; 2 ... be a decreasing sequence of sets in §® 7. If u(X) < oo,
show that

f K () B dvy) = lim f H([Ex]Y) dv(y).
Y k=1 —®Jy
(Problem 3000) Suppose u(X) < oo and u(Y) < oo. Show that

Lu([E]y)dV(y)=f V([Elx) du(x)

X
forallEeS® T.

(Problem 3010) Show that
L/J([E]y)dV(y) = L V([E]x) du(x)

forall E€e S® T if X and Y are o-finite (and not necessarily finite).



5B. Iterated integrals

(Problem 3020) Let (X, S, 1) and (Y, 7, v) be o-finite measure spaces. Letf: XxY — [0, o] be
a S® T-measurable function. Let g(x) = [, f(x, y) dv(y) = [, [f1x(y) dv(y). Show that g : X = R
is S-measurable.

[Definition: Iterated integral] Let (X, S, u) and (Y, 7, v) be measure spaces. Letf: XxY —
[—oo, 0] be a S ® T-measurable function. We define

J ff(x,y)dv(y) du(x) = f ( J £x, ) dv(y))du(x)
XJY X Y

- L( fytf]xdv(y))du.

(Problem 3030) [Tonelli’'s Theorem] Let (X, S, u) and (Y, 7, v) be o-finite measure spaces. Let
fiXxY—>[0,00] beaS® T-measurable function. Show that

f fd(u><V)=f J f(x,y)dV(y)du(X)=J J F(x, y)du(x)dv(y).
XxY XJY YJX

[Exercise 5B.1] Tonelli’'s theorem can fail for measurable functions f: X x Y — R.

(Problem 3040) Let B be the o-algebra of Borel subsets of [0, 1]. Let u denote the counting
measure. Is ([0, 1], B, u) o-finite?

(Problem 3050) Let A denote Lebesgue measure on B. Let D = {(x,x):x€[0,1]}. Find
f J Xp(x, y) du(y) dA(x).
[0,11J10,1]

(Problem 3060) Find
f J Xp(x, y) dA(x) du(y).
[0,11J10,1]

(Problem 3070) Show that if x;x > 0 for all j, k € N, then Zﬁl Yo Xik = Doy Z;’lejlk.

(Problem 3080) Let (X,S,u) and (Y, 7,Vv) be o-finite measure spaces. Let f : X xY —
[—o0, 0] be a S ® T-measurable function. Suppose that fXxYLﬂd(u x V) < 00. Show that

[ If(x, Y)ldu(x) < oo for v-almost every y € Y and that [, [f(x, y)|dv(y) < co for u-almost
every x € X.

(Problem 3090) What can you say about the set {x e X : fo(x, y)dv(y) does not exist}?

(Problem 3100) Show that x — fo(x, y)dv(y) is a S-measurable function and that y —
fo(x, y)du(x) is a T-measurable function (up to a set of measure zero).

(Problem 3110) [Fubini's theorem] Show that if fXxY Ifld(u x V) < co then

fd(ux V)=f f f(x,y)dV(y)du(X)=f f Fx, y)du(x)dv(y).
XJY Y JX

* * *

XxY

[Definition: Region under a graph] Let X be asetand letf: X — [0, co]. The region under
the graph of f is
Ur={(x,t): xe X, 0<t<f(x)}.

(Problem 3120) Let £y, =~ ([ 2, ZE21) x (0, 2). Show that Ur = ;> , UZ_, Em k.

(Problem 3130) Let (X,S,u) be a o-finite measure space. Let f : X — [0,00] be a S-
measurable function. Let B be the Borel sets and let A denote Lebesgue measure on R. Show
that Ur e S® B.



(Problem 3140) Show that (u x A)(Us) = [, f du.
(Problem 3150) Show that [, fdu = f(o,oo)ll({x eX:t<f(x)})dA().

(Problem 3160) Show that if [, fdu < co then f(o,oo)u({x EX:t<fOOPAA(E) = f§° u({x e
X :t < f(x)})dt, where the right hand integral is an improper Riemann integral.

(Problem 3170) Use the above result to give another proof of Markov’s inequality (that is,
HUXEX: t<fOON < 1 [y fdu).

(Problem 3171) Can you do the converse, that is, use Markov’s inequality to get the above
result?
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